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Giai thudng Lé Van Thiém
va Chu tich dau tién

- GS Ha Huy Khoai

Lé Tudn Hoa

H#éi thao “Trudng heé Toan
hoc: Kinh nghiém Viét Nam
va thé gidi”

TIM DOC TRONG SO NAY

Alice § Xt s& Diéu kyl Céc ban hoc sinh nhé tudi tim doc ngay
nhé. Alice dang c6 stic gitp anhtho Jam mi thodt khoi hinh phat
ciia Hoang ha. Cin|bac hai ctia hai! Khé qua! Ma cdc ban c6 biét
ty gidy A4 1a gi khong? Trang 53.

Tiép tuc danh cho cdc ban tiéu hocla cich diing so d6 doan thing dé
gidi chc bai toan tinh tudi. Nhung, vi sao lai diing so d6 doan thing
dé giai? Bai viét sé gitip cac bé tim ra 16i giai dap, ddng thoi, gitip cic
bé rén luyén ki nang vé cc sg d6 doan thing ddy. Trang 54.

Trong Giai ton ciing ban ky nay, ta Cung tim 16i gidi cho bai
toan P228. C4c ban hoc sinh ditng doc lu6t qua bai viét nay. Poc
chim va suy nghi ky tiing budc nhiing chia sé ctia tdc gia, sé rit cd
1i cho cic ban dé gidi quyét nhiing bai todn khic, nht 13 trong
viéc dung bién d6i Abel, mot ky thuat don gian nhung rit hi¢u qua
trong mdt s6 trudng hgp. Trang 17.

Y nghia cita Bién déi Abel con dugc trinh bay trong mot bai viét
khac cia GS. Vit Ha Van vé Téng Abel va Tich phén titng phin.
Trang 42.

Trong Quén Toan s5 nay c6 bai viét “ma mi” cia GS. Phan Duong
Hiéu gti dén Toa soan ti Phap. Van la cau chuyén vé “P.va NP”
nhung con c6 thém “ma héa cong khai”. Cau chuyén thi vj vé
Bén thé gi6i 40 va mot thé gidi thuc sé gy to mo cho cic ban tré
nhung sé khién cho ngudi16n phai nhin tran day! Trang 50.

Muc Toan hgc va Ddi s6ng sé gidi thiéu v4i ban doc vé nhiing
tng dung ctia Théng ké todn trong doi s6ng xa hoi thong qua cau
chuyén vé Adolphe Quetelet, nha khoa hoc ngudi Bi da c6 rit
nhiéu déng gbp cho viéc sit dung thong ké toan hoc vao nhiing van
dé quan trong clia cudc s6ng nhu: phat hién gian 13n s6 liéu, danh
gid stic khoe va kham bénh, théng ké xa hoi hoc... Mot bai viét goi
md, danh cho tit ca moi ngudi! Trang 3.

Géc STEM tiép tuc gidi thiéu cho cac doc gid nhiing diéu chua biét
vé nuc. Ciing danh cho tét ca moi ngudi! Trang 43.

Sau d6, Quy tich béng ndng tiép tuc danh cho cic ban thich Hinh
hoc va Lugng giic! Trang 47.

Lich sit Toan hoc s6 nay tiép tuc gidi thiéu vé hai chi nhan con
lai ctia Huy chuong Fields 2018. Peter Scholze,thdn ddng toin hoc
ngudi Dic, ting tham dy ky thi IMO tai Viét Nam ndm 2007; con
Akshay Venkatesh 1A mt than déng todn hoc géc An Do, 16n lén
tai Uc va thanh danh tai Hoa Ky. Trang 10.

Trong muc Doi sdng Todn hoc clia s6 nay, doc gia sé tim thay
thong tin vé Giai thudng Lé Vin Thiém va vi chu tich diu tién caa
Hoéi déng Gidi thudng, ciing 1a hoc trd xudt sic cia GS. Lé Van
Thiém va hién dang 13 Tong bién tap Tap chi Pi cia Ehﬁng ta-GS.
Ha Huy Khodi. Trang 59.
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Ban doc quan tdm c6 thé dat bao theo mét trong céc hinh
thic sau:
Pat tai buu dién gan nhat: Tap chi Pi dugc phat hanh qua
mang ludi Buu dién Viét Nam. M3 ctia &n pham: C057
(c6 thé dat cac s6 bao da ra). Hotline: 1800 585855.
Pat tai website www.pi.edu.vn: chon nut Dat tap chiva lam
theo huéng déan.
» Pat voi Toa soan:
GUi email dén dia chi info@pi.edu.vn néu nhu cau dat béo,
chi tiét ngudi nhan bao (ho va tén, dia chi, dién thoai).
Chuyén tién d&t bdo vao Tai khoan Tap chi Pi:
Tai khoan s6: 0851000012293,
Ngén héng Vietcombank chi nhanh Ha Thanh
(trong ndi dung chuyén tién ghi rd ho tén _ dién thoai
ngudi chuyén tién).
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“TOANIHOC VA alc‘n SONG

Ung dung clia Théng ké toan hoc trong
phat hién gian lan va cac linh vuwc khac
Nguyén Hoang Vu

ADOLPHE QUETILET 17961976

Uaxmauummm

Adolphe Quetelet (1796-1874).

Adolphe Quetelet la mét nha thién van hoc, nha todn hoc, nha
thong ké hoc, va nha logic xd hoi hoc, nguoi Bi. Ong sinh ndm
1796, & thanh phé Gent (thuéc Bi), la con thit ndm trong mot gia
dinh c6 9 nguoi con. Khi con nhd, 6ng hoc rdt gidi, vdi ndng khiéu
todn dugc biéy hién tix som. Ong da danh phdn 16n nhitng nam
ddu doi cho nghé thudt. Quetelet xudt bén tho, trién lam tranh,

nghién citu diéu khdc, tham gia sdng tdc opera. Tuy nhién, sau
ndy 6ng chuyén sang todn hoc va bdo vé ludn dn tién sivé cdc
duong conic J dai hoc Gent nim 1819, khi méi 23 tudi. Sau do,

ong gidng day va nghién citu todn hoc, vit 1y, thién vén hoc &
Brussels. Ong giit vai tro quan trong trong vi¢c lanh dao va phdt trién Todn hoc é Bi, cho
dén liic mdt. Hinh trén la dnh cia ong trén con tem BI.

1. Phét hién gian 1an nho phéan phéi chufin
Phat hién gian 14n trong ddi séng x4 hoi (nhu
trong thi ct, tuyén chon, biu ci, hay trong cic
hoat ddng thusng mai, tai chinh, ...) ludn 13
mot nhu ciu thiét yéu, trong bAt cif x4 hdi nio.
Céu hdi dit ra: Lam thé nao dé nhan biét cic
déu hmu clia gian 14n, nhit 12 khi nhiing gian
lan 4y dugc ‘nguy trang mot cdch dd tinh vi,
kin dao? Chang han, 1am thé nao d€ nhan biét,
trong mot ky thi c6 gian 14n hay khéng, khi
moi thif gifly t3, viin ban lién quan (nhu Bién
ban coi thi, Bién ban chim thi, ... ) déu khing
dinh tit ca cdc khau trong ky thi 4y da dugc
tién hanh mot cdch trung thuc, ding Quy ché?
Ving, 1am thé nao, khi tru6c mit chiing ta Ia

=9

mét tap vin ban “sach s&”, ciing cac bang liét

ke chi chit nhitng con s6, trong rit . . . vui mét?
Loai ngudi da nghi ra mét y tudng, do 13, tim
cdch “cay rang” céc dit liéu — nhitng con sb.
Thdng ké toan hoc chinh 1a nganh khoa hoc
dé gitip con ngudi bién nhitng con sb tudng
nhu “vd hdn” thanh nhiing con sb “biét nGi”.
Nhu mét vi dy, dudi déy, chiing ta sé cling tim
hiéu xem nha todn hoc néi tiéng ddu thé ky
19, Adolphe Quetelet, da phat hién gian 1an
trong viéc nhap ngii nhu thé nio.

Ta hay xét dit liéu dugc coéng bd nim 1817,
vé sb do vong nguc cda nhitng ngudi linh
Scotland (thu dugc trong qud trinh may do
quin 40). Khi tién hanh phan tich cic dit liéu
nay, Adolphe Quetelet nhan thily, ching khép
vGi phan phéi chudn (xem Bang 1).

Tap 3 $6 2 Thang 2. 2019
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Bdng 1. Cdc tinh todn ciia Quetelet vdi sé liéu vong nguc ciia nhitng ngudi linh Scotland.
Cét 1 la chu vi vong nguc ciia mdi ngudi linh, tinh theo don vi inch.
Cot 2 va 3 1a tdn s6 va tdn s6 twong dbi cho 5738 cd nhdn nay.
Cot 4-7 la cdc tinh todn trung gian ciia Quetelet.
Cot 8 la phdn phdi tdn s6 twong ddi (trén 10000 ngudi), sau khi dd khdp vdi phdn phdi chudh.

Bing cich trén, Quetelet da tién hanh phan tich cdc dit liéu v& chiéu cao ctia 100000 ngudi
Phép, trong mot dot tuyén quan (xem Bang 2).

Chiéu cao | S6lwong | Tan sb S6 lwgng o
y s .. 2. .o~ | khac biét
(Do bang mét) nguoi | tuong doi | sau khi khép '
< 1,570 28620 0,2862 26345 +2275
1,570 - 1,597 11580 0,1158 13182 - 1602
1,597 - 1,624 13990 0,1399 14502 -512
1,624 — 1,651 14410 0,1441 13982 +428
1,651 - 1,678 11410 0,1141 11803 —393
1,678 — 1,705 8780 0,0878 8725 +55
1,705 - 1,732 5530 0,0553 5627 —97
1,732 -1,759 3190 0,0319 3189 +1
>1,759 2490 0,0249 2645 - 155
100000 100000

Bdng 2. 86 liéu chiéu cao tuyén linh Phdp sau khi phan tich bdi Quetelet.
C6 sut khdc bigt Ion giita dit liéu va phdn phéi chudn xung quanh ngudng
khong phdi nhdp ngii (1.57 m)

4 Tap chi Pi Tap 3 $6 2 Thang 2. 2019
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@ day, 6ng nhan thiy c6 mot sé lugng 16n
ngudi thuge mic chiéu cao thip nhit, va sy
thiéu hut nhitng ngudi & mic chiéu cao ngay
trén mic thip nhit. Sau khi phén tich, Quete-
let chi ra riing, dit liéu nay qué xa so véi phan
phéi chuan xung quanh ngudng 1,57m, va két
luan rang, ¢6 su gian 1an theo cdch nao do, tit
phia sT quan kiém tra hodc nhiing ngudi dugc
kiém tra nhip ngii; c6 khodng 2275 ngudi
da tranh dugce “di linh” do sy gian 1an nay!
Nhitng ngudi nay c6 thé cé chiéu cao ngay
trén mic 1,57m, nhung bing cich ndo dé, lai
xuét hién & danh sach cao dudi 1,57m, din
dén sy bét thudng v& phan bb ciia dit lidu.
V& mit toan hoc, khi tién hanh khdp dit liéu,
Quetelet khong sit dung cac cong thic tinh
phén phdi chuan dang gii tich nhu ciia Bessel
hay Laplace. Ong dya trén dinh 1y cia Lapla-
ce, va tién hanh tinh céc gia tri cho phéan phéi
chudn dya trén phan phéi nhi thitc. Ong da
xay dung mt phan phéi nhi thifc déi xing cho
1000 bién ¢, v4i mébi bién cb 1a mot két qua
¢6 thé x4y ra, khi thyc hién phép thit “liy ra
ngAu nhién 999 qua béng ti mdt chiéc thing
¢ chia hai loai béng, béng tring va béng
den, véi sb luong bong tring bang sb lugng
bong den, va s6 lugng béng c6 trong thing
1a rAt rit nhidu”. Ta biét ring, khi thyc hién
phép thit vira néu, s& xdy ra mét trong 1000
bién cb: “c6 0 qué béng den va 999 qua béng
trang dudc lay ra”, “c6 1 qua béng den va 998
qua béng tring dugc lay ra”, ..., “c6 999 qué
béng den va 0 qua béng tréng dugc 14y ra”
Ta ky hiéu P(X = n) 1a xédc sult cia blen cb

“c6 n qua bong den va 999 — n qua béng tring
dugc 14y ra”, n € {0;1;2;...;999}. Do tinh
db6i xding nén ta cé:

P(X =n) =P(X =999 —n),
n=500,501,...,999.

be & tinh P(X = n),n € {500;501;. 999}
cAn thyc hién mot khéi lugng tlnh toan rét
16n. Vi thé, Quetelet da dia vao viéc quan sit
ty 1é x4y ra clia cdc két qud thu dugc, khi thyc
hién 999 phép thi¥ néu trén, dé tim ra mot cach
tinh khac cho P(X = n). Qua quan sét, 6ng di

dén nhan dinh:

999 —n

n+1 " ®

P(X=n+1)=P(X =n)-

Tt nhian dinh trén, Quetelet di tinh
P(X =n),n =500,501,...,999, nhu sau:

— Trudc hét, sit dung (*), tinh P(X = n), v6i
gia thiét P(X = 500) = 1; ching han, vdi gia
thiét d6, ta cé:

P(X = 502)
999 — 501

501+1
999 —500 498

500+1 502
=0,988072;

=P(X =501)-

= P(X =500)-

499 498
~ 501 502

ong goi cac gid tri tinh dugc 1a xdc suit twong

. d6i (relative probability);

— Tiép theo, liy tSng tht ca cdc x4c sut tuong
dbi da tinh dudgc, rdi 14y titng x4c sult tuong
dbi chia cho tdng d6, két qua thu dugc duge
coi 12 gid tri cia xdc sut cin tinh.

V6i céach tinh trén, Quetelet da tinh dudc,
ching han, P(X = 504) = 0,024236. Hon
nita, 6ng cing chi tinh P(X = n), véi
n=500,501,...,579, do thiy véi cAc gid tri
tiép theo ciia n, P(X = n) rit nhd.

Quetelet di sit dung Bang x4c suit thu dugc
theo cach trén, cho céc tinh todn so khép dit
lidu véi phan phéi chudn.

Hinh 1. Phdn phdi nhi thitc @i xing, thu dugc
theo cdch tinh trén ddy ciia Quetelet (1846)

Tap 3 86 2 Thang 2. 2019
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LTOAN HOC VA B3I SONG

GROUPES DE
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caoUPE,

Table A.

ECHLLLE
de précision,
SOMMES

es probabilités A
artir du f’rnupc d
¢ plus probable.

Table B,

ECHELLE
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PRODABILITE
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Table ¢.

| 494

[| 482

498
497
490
495

501
502
503
504
505
506
507
508
490 509
489 510
488 id. 511
487 512
486 513
485 514
484 515

483 516
517

518

493
492
491

481

[ 480
479
H 478
i 477
i 476

499 boules blanches et 500 noires. .
i id. .

id,

id. .

id.

id, . .

id.

id. ..
id. . .
id. . .
id. .

id. .
id. .
id. ..
id. ..
id. .

i,

id. .

1
2
3
4
5
6
7
8
9

i et T T T S Sy
@mﬂ@mﬁ«@ll@—l;

L]
(=]

0.025225
0.023124
0.024924
0.024627
0.024236
0.025756
0.023193
9.022552
0.021842
0.021069
0.020243.
0.019572
0.018464
0.017528
0.016573
0.015608
0.014040
0.013677
0.012726
0.011794
0.010887
0.010008
0.009166
0.008300

0.025225
0.050349
0.075273
0.099900
0.124136
0.147892
0.171085
0.195657
0.215479
0.236548
0.256791

0.276165
0.204627
0.312155
0.338728
0.544335
0.558975

0.572652

0.385578

0.397172

0.408060

0.418070
0.427256
0.45550%

1.000000 §
0.996008
0.988072 |
0.976285
0.960789
0.941704
0.919429
0.894040
0.865882
0.855261
0.802506 |
0.767956 |
0.731958
0.694860
0.657008
0.618736
0.580364
0.542197
0.504516
0.467576
0.451600 |
0.396815 i
0.5053066 |
0.531407

Béng 3. Mot phdn ciia Bdng phdn phéi nhj thttc Aadi xing cho 999 phép thit ciia Quetelet.

Cot 1 1g cdc bién cé c6 thé xdy ra.
Cot2la $6 thit ty ciia cde bién ¢é.

Cot 3 la xdc sudt xdy ra ciia titng bién cé.
Cot 4 la xdc sudt cong gop tmh ti gid tri ddu nen (P(500 <X < 500+7),
vdi X = 56 bong denvar = sé thit tyt ).

Cot 5 la xdc sudt tuong ddi.

Tap chi Pl

Tép 3 86 2 Thang 2. 2019



2. Quetelet va thong ké trong y hoc

Nim 1823, dé phuc vu viéc xay dung dai thién
viin § Brussels, Adolphe Quetelet sang Paris
dé hoc thién vin hoc véi nhitn g nha toan hoc
néi tiéng nhu Joseph Fourier, Siméon Poison
va Pierre Laplace. Ho da gitip 6ng tiép xic
véi ing dung clia xdc suft théng keé, dic biét
12 phan phbi chudn, trong thién vin hoc. Khi
dé6, phan phéi chudn hiu nhu chi dugc quan
tam trong linh vuc thién vin hoc, véi nhitng
cong trinh nghién citu ctia Bessel. Tuy nhién,
Quetelet lai dem Iy thuyét nay ng dung vio
nhitng linh vyc khéc. Do ¢6 sy yéu thich hoi
hoa, Quetelet rit quan tim dén céc sb do clia
cd thé ngudi. Ong nghién ciu cac thong tin
thu thap dugdc vé chiéu cao va can ning cia
cu dan & cac vung khéc nhau.

Quetelet da dp dung phan phbi chuén cho
nhiéu dic diém co thé khic nhau cda con
ngudi; vi du nhu sb do vong nguc ma ta da
thdy & phan trén. Tuy nhién, quan hé giia
chiéu cao va can ning lai khong khdp véi
phén phdi chudn. Sau khi tién hanh danh gia
nhitng thay d6i vé chiéu cao va cén niing &
céc do tudi, tbe do ting trudng vé chiéu cao
va cin ning & cic c4 thé & céc thdi diém sau
khi sinh ra, tudi ddy thi va tudi trudng thanh,
Quetelet di d& xuit 14y ti sb giita cin ning va
binh phuong chiéu cao 1am chi s6 dénh gid
cd thé. Ong nhén thiy trong nhitng dit lidu
quan sét dudc, chi s6 nay phan b theo phan
phdi chudn.

D& xuit néu trén chia Quetelet sau d6 da bj
lich sif 1ang quén mot thdi gian dai, do x4 hoi
Iic d6, cling nhu ban thin Quetelet, chua quan
tam nhiéu dén dnh hudng ciia can ning t6i sic
khde. Dén ddu thé k¥ 20, do sy phat trién cia
ddi sbng, sb ngudi thira can ting 1én nhanh
chéng, va vi thé, sy lién quan giita béo phi va
céc bénh khéc nhau dugc nghién citu nhidu
hon. T nhitng nim 1940 dén cudi 1960, cic
nha nghién cifu tién hanh 13p céc bing cn
niing 1y tudng cho ting dd tudi. Nhiéu chi
sb danh gid co thé cling dugdc dua ra, nhung
khéng c6 stic thuyét phuc. Vao nim 1972, nha

nghién cifu Ancel Keys va céc ddng nghiép

da tién hanh do va nghién ctu mit dd xuong

(do can ning dudi nudc), va chi s6 md, bing

thudc kep trén da, & trén 7400 ngudi khoe ma-

nh thudc nim qubc gia. Nghién ctfu nay cho

thily, chi s6 ma Quetelet dd d& xuét, chinh x4c
hon hin so véi cdc chi s6 khéc. Tit d6, chi sb
Quetelet “can ning/binh phuong chiéu cao”
dudc goi 1a chi s6 khdi lwgng co thé (tiéng
Anh: Body Mass Index, viét tit 12 BMI). Ngay
nay, chi s6 nay dudc diing phd bién d€ danh
gid sitc khde ciia con ngudi. D& x4c dinh chi
$6 BMLI, can ning dugc tinh bing don vi kg,
va chiéu cao dugc tinh bang don vi mét; ngudi
6 chi sb BMI tit 18,5 dén 25 dudc coi 1a binh
thudng. Chi s6 BMI tuy c6 mot sb han ché,
do né don gian héa chu triic bén trong clia co
thé, nhung né vin dugc sit dung rong rai, do
céch tinh don gién va tién 1¢i.

O mot sb cong trinh ciia minh, Quetelet da
nhin manh vai trd cfia théng ké trong cic
nganh y khoa, va chéng lai su hoai nghi (gdm
c4 mdt s6 nguyén nhan bat ngudn tit ton gio)
clia ngudi thoi d6 dbi vé6i viéc sit dung théng
ké trong diéu tri. Ong chi ra ring, khi mét bac
si khdm cho ngudi bénh va néi ring, mach
clia ngudi nay la nhanh, hodc ngudi nay bi
kho th, thi cAn phai c6 mét gid tri chudn ma
dua trén d6, mot dic trung nao dé ciia ngudi
bénh dudgc coi 1a khéic thudng, va do 1éch khbi
gi6i han cta sy binh thudng din dén nguy
hiém cho siic khée. Quetelet chii triong thu
thap cdc sb ligu y khoa dé sit dung trong diéu
tri. Do ngudi bénh thudng khong thé giit cic
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$0 li€u thudng xuyén v& ban than, béc si cin
phai c6 mét thang chung, dé so sanh giita cic
bénh nhan. Ong ciing chi ra ring, do khong
€6 nguodn dt lidu chinh x4c, nhiing bdc si khic
nhau da dua ra nhitng nguyén nhan khéc nhau,
va céch diéu trj khdc nhau, cho cling mot loai
bénh. Ong @& xuét phai c6 so sanh théng ké
gitfa cdc phuong phap diéu tri khdc nhau. Mot
s6 vAn dé y hoc 6ng néu ra van c6 gid tri dén
ngiy nay.

3. Con ngudi trung binh va théng ké xa
hoi hoc

V6i Quetelet, nhitng dudng cong qué chudng
clia phan phéi chudn khéng chi tén tai trong
linh vyc khoa hoc tu nhién. Ong da sit dung
phén phoi xac suét nay trong nghién cifu cic
hién tugng xa hdi, nhu t6i pham va hanh vi
ctia con ngudi. Theo Quetelet, do mi c4 nhan
chiu anh hudng ciia nhiéu yéu t6 khac nhau
nén con ngudi ¢ cac dic di€m co thé va xa
hoi khic nhau. Tuy nhién, khi xét trén mot sé
lugng 16n va khi dic trung cin xét tudn theo
phan phbi chudn, ta c6 thé dua ra khai niém
vé mot con ngudi cé céc thoéng sb tring véi
céc thong sb trung binh clia cic dic diém vira
néu, xét cho mot s lugng di 16n ngudi trong
x4 hoi. Mt con ngudi nhu vy dude Quetelet
goi 1a “con nguoi trung binh”.

Khéi niém “con ngudi trung binh” khong chi
vé& mit co thé, ma vé ca céc dic diém x4 hoi,
d4 mé& diu cho viéc 4p dung théng ké vao
nhitng linh vyc trudc d6 duge coi 1a hoan
toan khong thé 4p dung todn hoc. Trong mét
khoang thdi gian dai sau khi trd vé tir Phdp,
Quetelet c6 nhiéu nghién cifu theo hudng nay.
Trong cubn séch “Luén vé& con ngudi” (1835),
6ng trinh by c4c nghién citu vé toi pham &
nam va nif, theo do tudi. Trong 4n ban 1an 2
n4m 1869, dng chi ra cic quan sat vé su Lip
lai s6 lugng ngudi tf ti theo ting ném, va
ti 16 k&t hon 8 mbi nhém tudi va giéi tinh.
Nhiing tinh todn niy dudc dng xep vao mdt

b6 mdn khoa hoc mdi: “vdt Iy xg hoi hgen
(social physics, )!. Khii niém nay di dyg, nh '
triét hoc ngudi Phip Auguste Come (17gg
— 1857) dua ra trudc d6. Sau nhitng cong b
cta Quetelet, Comte di bd thuat ngit nay v
chuyén sang st dung thudt ngit “xa hj hoe»
do khong tdn thanh cdc bd suu tap diy iié‘;
théng ké cia Quetelet. j

50 7 © 3
Courbes indiquant le penchant au crime

chez 'homme et chez la femme
Hinh 2. Biéu dé ciia Quetelet vé sy phdn bé tgi
pham theo dj tuéi & Bi, vdi dit liéu cho nam
(dwong nét lién) va nit (duong nét dir).

Theo Quetelet, nhitng phan phbi théng ké vé
hanh vi clia con ngudi khong phai la thanh qua
c£1a mot thé lyc siéu nhién didu khién cudc
song con ngudi, ma la do céc diéu kién x4 hoi.
Khi nhitng diéu kién nay thay déi, hanh vi cia
con ngudi ciing thay ddi. Cho du bén than cd
thé c6 ¥ chi ty do, dn dén sy khéc biét giifa
cdc cd thé, mot sb lugng 16n céc c4 thé trong
cling mdt xa hoi vin tuan theo mot phan phoi
nhi thic hogc phan phéi chusn. Quetelet da
viét trong mét cudn sdch, xuit ban vao nim
1835: “Xa hoi chudn bi cho tdi 4c, va ngudi
pham 3i chi 1a cong cu thuc hién viéc d6”
Ong ciing nhan xét v& sit 1ip lai ciia toi pham
theo nim, vé& sy bién thién theo miia, va ring,
ti 1¢ clia cdc loai t9i pham khong déi theo

Yyt Iy xd hoi hoc (social physics)' ld~mg‘ft lin\h vt_r(.: kifoa {1pc, n'ui fido’ ngudi ta sit dung cdc cong cu Todn ho¢
mang hoi thd Vat Iy d€'ly gidi, hiéu 16 cdc hanh vi, cdch iing Xt cila cdc ddm déng trong xa hgi, Vit Iy xd hdi ¢
lién quan mdt thiét voi Vit Iy kinh 'f hpg ( .ecani)physwx) - mpt’lm.h vitc khoa hoc, ma é dé ngudi ta sit dung cdc
phutong phdp vét ly d€'mé 1d cdc vdn dé kinh 1é. - BBT Tap chi Pi.

8

Tap chiPi

1ap 3 56 2 Thang 2. 2019



ndm: “Ta ¢6 thé dy dodn hang nidm c6 bao
nhiéu ngudi s& dinh méu ctia ngudi khic trén
tay, bao nhiéu ngudi s& gia mao, bao nhiéu
ngudi s€ dau doc ngudi khic, ciing giéng nhu
cdch ta dy dodn i 18 sinh va € 1¢ chét hang
ndm”. Trong nhitng xa hoi 6n dinh, hanh vi
con ngudi tudn theo mot trang thdi cin bing,
nhung cin bang nay ciing dich chuyén, do con
ngudi c6 thé thay ddi hoan canh va mang dén
su tién bo.

Nhitng nghién ciiu ting dung théng ké todn
hoc vao viéc nghién cifu hanh vi con ngudi
déng vai tro tién phong, khéi dau cho nganh
théng k& xa hdi hoc, va 1a tién d& cho su phat
trién va ing dung clia nganh nay vao cic vén
dé xa hi, trong suot thé ky 19, va cd thé ky
20. Quan di€m vé tinh déi 1ap gitta sy nglu
nhién cla y thitc con ngudi va tinh it dinh
theo quy ludt & quy mé 16n clia xa hoi van 1a
mdt vin dé phiic tap cho dén ngay nay.

4. Lui két

Nhitng nghién citu cia Quetelet danh diu giai
doan phat trién quan trong cia théng ké, tir
cdc tinh todn dic th cho thién vin hoc chuyén
sang cac nganh khdc, déc biét l1a y hoc va khoa
hoc xa hoi. Pdng thdi, théng ké cling khong
chi ditng lai & viéc thu thap sb liéu, ma bét
dAu chuyén sang phan tich (vi du, khdp dit liéu
v6i phan phéi chudn). Tuy nhién, cdc nghién
cifu Quetelet d tién hanh vin c6 mot sé han
ché, do sy so khép véi phan phbi chudn khong
dudc danh gid mot cdch dinh lugng. Nhitng
tinh todn nay dudc hoan thién dén véi sy ra
ddi cha hdi quy va tuong quan vao giai doan
cudi thé ky 19, dau thé ky 20, véi nhitng cong
trinh cla Galton, Edgeworth va Pearson.

Quetelet c6 anh hudng 16n dén nhiing nha
khoa hoc 16n ciia cdc nganh khdc, trong giai
doan cubi thé ky 19: Francis Galton (tim Iy
hoc), Thomas Buckle (lich sit), Emile Dur-
kheim (xa hdi hoc), Edward Tylor (cha dé cia
nhén chiing hoc). C6 thé, Karl Marx ciing chju
anh hudng cla Quetelet trong viéc danh gid
céc tién trién cla xa hoi cling tuan theo quy
ludt, ma sy duy y chi khong thé thay ddi dugc:

“Khi mét xd hdi da tudn theo cdc quy luat
tu nhién vé phat trién cia né — ma muc dich
chinh cla cudn sich nay 1a chi ra quy luat phat
trién kinh té cia xa hoi hién dai — n6 khong
thé nhdy céc cic giai doan phat trién tu nhién,
hoiic vugt qua chiing, biing cich ban bb cic
sic 1énh.” (Tuw bdn — 1867)

Quetelet c6 vai trd quan trong trong viéc
thiét 1ap nganh théng ké vdi tu cach 1a mot
nganh todn hoc, thay vi 1a mdt cong cu cho céc
nganh khdc. Ong di t8 chic Pai hoi Théng
ké Quéc té 1an th nhét, vio nim 1853. Ddng
thdi, trong subt cudc ddi hoat dong va nghién
ctiu ctia minh, Quetelet ludn gép phan d& cao
vai tro cia viéc thu thap dit liéu va phén tich
thdng ké trong cdc hoat déng ddi sbng. DE ghi
nhén nhitng danh gia ctia Quetelet cho khoa
hoc Bi néi riéng, va thé gidi néi chung, Vién
Khoa hoc Hoang gia Bi d4 cho dung tugng
ong & Brussels. Trong buc tugng, Quetelet
om qua dia cAu bén tay trai, thé hién su ghi
nhén nhitng déng gép khoa hoc cia dng cho
nhén loai.

Tugng Adolphe Quetelet & Brussels
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Chuyén vé nhitng nha Toan hoc tré duoc tang thuding

Huy chuong Fields nam 2018

Phin 2. Peter Scholze va Akshay Venkatesh
~ Lé Quang Anh

Peter Scholze

Peter Scholze (sinh thdng 12 nam 1987)

Théng thudng thi tén clia ngudi dugc chon
ting Huy chuong Fields cao quy dudc giif kin
dbi véi cong chiing cho t6i gid chét. Trudng
hop Peter Scholze thi khéc. Tin nha Todn hoc
tré tudi nay sé dugc trao ting Huy chuong
Fields loan ra & khip moi ndi, trong giang
dudng dai hoc, trén mang Internet, thm chi
trong nhitng chdn trang nghiém nhu cic hoi
théo khoa hoc, truéc khi Pai hoi Todn hoc
Thé gidi dién ra, khong phai mdt vai thing
ma 12 mdt vai ndm.

Nay tin don 4y 12 sy that: Peter Scholze, 30
tudi, thudc Trudng Dai hoc Bonn, Piic, 1a nha
Todn hoc tré nhit'® trong s6 bén nha Todn
hoc dugc nhan Huy chuong Fields 2018.
Trich 16i khen chinh thic cia Pai hoi Toan
hoc Thé giéi:

“Peter Scholze da khdi xudng cho mét cudc
cdch mang trong nganh Hinh hoc sé hoc
(Arithmetic Geometry).”

Micheal Rapoport, gido su huéng dan lun dn
tién si cda Scholze tai Pai hoc Bonn, ngudi
doc dién vin chinh thitc gidi thiéu Scholze
trudc Dai hoi, thi néi riing:

“Nhitng 1y thuyét va khdi niém ciia Scholze
dua vao da lam thay ddi thuc s bo mdt ciia
nganh Hinh hoc sé hoc. Téi tin ring ddy child
budc dau ciia Scholze, anh dy sé con ¢ nhiéu
dong gop mdi khdic ma chiing ta khong thé dy
dodn duoc.”

&soksk

Cudn sich Hinh hoc va déi dong diéu ciia
mét s6 da tap Shimura don cla hai nhd

BNha Todn hoc tré nhdt trong lich sit Todn hoc, cho 10i nay, ditge ting thiedng Huy chuong Fields la Jean—Pierr
Serre (sinh ndm 1926), nha Todn hoc Phdp, thupc nhom Bourbaki, Huy chitong Fields 1954, khi dy ong chita it

28 tu6i. Hién nay éng vdn con séng.

10 Tap chi Pi
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Todn hoc ndi tiéng la Michael Harris va
Richard Taylor14 day 288 trang, nhim muc
dich ching minh mét vén d& héc bia ciia Ly
thuyét s6, xuét ban nim 2001. Séch dugc gidi
Todn hoc dénh gid rét cao tir khi ra di. Bong
nhién, vao ndm 2010, c6 mdt tin loan truyén
trong gidi Todn hoc trén thé gidi, 1am cho moi
ngudi gidt minh, nhit 1a cic nha Ly thuyét
s6: C6 mot sinh vién da viét lai ching minh
280 trang clia Harris va Taylor con 37 trang.
Chang sinh vién &y méi hon 22 tudi, thudc
Trudng Pai hoc Bonn tén 14 Peter Scholze.
Jared Weinstein, gido su Trudng Dai hoc Bo-
ston, mét chuyén gia vé& Ly thuyét s6 va Hinh
hoc—Pai s6 thdt 1én: “Thdr khong thé nedng
tugng dugc, mot ngudi tré nhu vy lai cé thé’
lam duwgc mot viéc phi thuong nhie vay! C6 thé’
thdy anh ta phdt trién mét Iy thuyét ngay cd
khi Iy thuyét dy mdi bdr ddu.”

Hai ndm sau, nam 2012, sau khi cé b?mg Tién
si, Scholze dugc Trudng Dai hoc Bonn phong
Gido su va trd thanh gido su tré nhét trong
lich st cla trudng nay.

Trong cdc 1an nhan gidi thudng khac trudc
day, Scholze di titng dugc bi€u duong nhu:

“Peter Scholze la mét trong nhitng nha Todn
hoc ¢é dnh hudng nhdt trén toan thé gidi.”
“D6 la mét tai ndng hiém cé, mot kiéu tai
ndng phdi vai thap nién mdi thdy xudt hién
mot lan.” {

Eugen Hellmann, ban h()g va 1a mot dong
nghiép cta Scholze, tai Pai hoc Bonn, néi:
“Khi lam viéc chung vdi Scholze, anh dy
khong bao gio khién ban c6 cdm gidc la anh
dy qud viegt tri so véi minh.”

Scholze bt dau ti hoc Toan trinh d dai hoc
nim 14 tudi, khi dang con ngdi ghé trudng
trung hoc Heinrich Hertz Gymnasium, mot
trudng trung hoc chuyén Todn va Khoa hoc
& Berlin. Nim 16 tudi, Scholze biét ring 10
ndm trudc Andrew Wiles da ching minh duge
dinh Iy Fermat ldn, mdt phét bi€u c6 tif thé ky
17 chua ai chiing minh dudc. Dinh Iy néi ring
phicong trinh X' +y" = 2" khéng cd nghiém
nguyén khdc 0 khi sé nguyén n ldn hon 2.
Phit biéu ctia dinh 1y nghe c6 vé don gian,
nhung khi doc ching minh ctia Wiles, Schol-
ze néi: “Tdi chdng hiéu gi cd bdi vi Wiles sit
dung nhitng céng cu Todn hoc qud hién dai.”
Scholze bit dau 1am ngugc. Chd nio khong
hiéu, tim hoc ngay ci Iy thuyét dy. “Toi tham
chi khéng hoc cd Pai sé tuyén tinh nita. Toi
hiéu né théng qua viéc hoc cdi mdi,” Scholze
noi.

Trong khi dao bdi ching minh ctia Wiles,
chang bi hip din béi nhitng phuong tién Todn
hoc méi, ching han nhu dang modula va
duong cong elliptic, ching két ni huyén diéu
nhitng chuyén nganh Todn hoc khéc nhau va
rat xa nhau: Ly thuyét s6, Dai s6, Hinh hoc va
Giai tich. Scholze néi: “Doc va hoc nhitng cdi
mdi nay thii vi hon la chinh cdi chitng minh
dinh ly Fermat ciia Wiles.”

Hét trung hoc, Scholze tiép tuc theo dudi hoc
Ly thuyét s6 va Hinh hoc & Pai hoc Bonn theo
cdch ctia minh. Hellmann, ban hoc va sau nay
1a dong nghiép ctia Scholze, k€ lai riing & 16p
chang trai tré khong ghi chép gi c4, chi ling

Y Richard Taylor chinh 1a nguoi da gitip thdy minh la Andrew Wiles hoan chinh lai chitng minh Dinh I¥ cudi ciing
ciia Fermat. Tim xem cudn sdch ciing tén ciia tdc gid Lé Quang Anh.
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nghe, nhung anh higu vin dé thit sau cho nén
khéng bao gis quén.

Cudc cich mang trong nganh Dai sb va
nganh Hinh hoc s hoc bit diu tit mot cudc
héi thdo vao nim 2011, khi Peter Scholze
gidi thidu va mo ta khdi niém vé mot cu
tric khong gian ma anh dit tén 12 khong gian
phéng hoan thién. Khi 4y, Scholze vin con la
nghién citu sinh. Khdi niém nay nhanh chéng
dudc cdc nha Todn hoc ciing nganh trén toan
thé gidi quan tam va ngh1en ciu. N6 roi énh
sédng vao nhiéu vén dé tosn hoc ca chuc nim
nay bi bé tic. Ching ta s& khong tim hiéu
dinh nghia hodc xay dyng ctia né & déy viné
doi héi nhiéu ¥ twdng mdi va nhidu k¥ thuét
phtc tap.

DE dai chiing c6 thé hidu dugc khai niém phitc
tap nay, ta muon y tudng cia Kevin Buzzard,
gido su tai trudng Imperial College London,
giai thich nhu sau:
Mot ky thudt cdc nha hinh hoc hay lam khi
nghién citu nhitng khéng gian phitc tap la
chiéu mot khéng gian don gidn hon 1én né.
Thi du, mét duong thing la mét ddi tuong don
gidn hon mgt duong tron. Hay tudng tuong
xodn dudng thdng thanh mét hinh 16 xo réi
nén nd lai, ban da thu dugc mét phép chiéu
mot duong théng 1én mot dudng tron. Bing ky
thudt nay, cdc nha hinh hoc cé thé phdn tich
cde bai todn trén cdc duong tron bing cdch
dua vé cdc bai todn trén cdc duong thing.
Tit thap nién 1970, cac nha Todn hoc quan tam
rét nhiéu dén nhing vén dé lién quan dén tap
hop céc sb p-adic (p 1a s6 nguyén t8). Pay la
mot hé cic s6 dudc tao ra dé 14p diy khoang
tréng giita s6 nguyén va s hitu ty (ma khong
phai 1a cc s6 v6 t). Va ho con nhiéu van dé
véi cAu triic nay. Scholze di xdy dung nén mdt
khong gian phdng hoan thi¢n ti céc chu tric
4y, gitip gidi quyét dugc nhiéu bé tic cla cic
nha Toén hoc trudc dé.

ok

Mot thanh tyu néi bat khdc cia Scholze

c6 lién quan dén ddi dong diéu ciia nhﬁ’r\tg
khong gian déi xitng dia phuong. Mot lan

nita, 8 ddy ngudi ta thay r0 tinh hiyy hiéy
ctia khong gian phdong hoan thi¢n ma SChol
ze dd sing tao. Mot trong nhitng dinh 1y 14

sdu sic va gy nhiéu in tugng clia Scholze
trong nghién ctu la, anh dé ching mmh duge
ton tai nhitng biéu dién Galois gén lién Véi
ddi déng diéu ciia nhitng khong gian d6i Xiing
dia phirong. Piéu dang chid y Ta Scholze g3
xtt Iy céc 16p dbi dong didu xodn, va tit dg 6
dudc céc 16p dbi ddng diéu cd dién.

Két qua nay cho thiy ¥ tudng rit tién phong
va rt rong cla chudng trinh Langlands béla
mot mang ludi vucn rét sau va rt xa, bao 2bm
nhidu du doén, dinh hudng cho nhiéu nghign
cttu Todn hoc ngay nay.

Scholze khong chi 1a mot chuyén gia trén
céc chu tric p—adic v6i p 1a mot sb nguyén
t6 c¢b dinh. Vira mdi diy, anh dua ra
mot hinh dung v& mot 1y thuyét dbi ddng
didu phd quét, cé thé 4p dung cho bt cit
trudng ndo trén bét ci khdéng gian nlo.
Ta nhic lai ring, trong thap nién 1960,
Alexandre Grothendieck, mét trong nhitng
nha Toén hoc thién tai cda thé ky 20, da dua
ra Iy thuyét motive, nhim muc dich xay dung
Iy thuyét déi déng diéu phé qudt. Sau d6, Vla-
dimir Veovodsky (Huy chuong Fields 2002)
da phét trién dugc nhiéu két qua trén cong
trinh ma Grothendleck bd dé. Nay Scholze lai
dén véi van @& nay tit mot phia khac, (véi ly
thuyét cia minh), gii quyét dugc hu hét moi
trd ngai. Gidi Toan hoc ngudng mo va phén
khdi.

ko

D€ két luan bai viét nay, ta hdy nghe Jared
Weinstein, gido su Pai hoc Boston, ndi vé
Peter Scholze:

“Ban lugn Todn hoc vdi Scholze nhu dang hdi
chuyén véi mét nha tién tri. Khi anh ta ndi
dugc thi hdy tin la duoc va ta hay cb tim ra
10i gidi. Néu géip may thi anh ta sé gitip ban
cung lam. Khi anh ta néi khong thi didu dy
khong diing, hay ti b6 hutdng dy.”

Liéu Weinstein ¢6 néi qué khong?

12 Tap chi Pi
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Akshay Venkatesh

Nguoi ta thuong ndi thoi nay khéng con nhitng nha Todn hoc
théng thdi nita. Nhung truong hgp Venkatesh mai sau co thé

chiing ta phdi xem lai chdng.

Emmanuel Kowalski, gido sw Vién Ky thudt Lién bang Zurich, Thuy si.

Akshay Venkatesh (36 tuéi)

Akshay Venkatesh sinh tai New Delhi nim
1981. Khi 1én hai, anh cung gia dinh qua
sinh séng tai Perth, Uc. Anh tiing 12 thin dong
véi thanh tich déng né: huy chuong déng ky
thi Olympic Vat 1y qubc té nim 11 tudi va
huy chuong déng ky thi Olympic Todn quéc
té nim 12 tudi. Sau nay ai c6 nhic téi didu
nay, anh néi: “Hay lam on quén chuyén nay
di. B6 chi la nhitng tro choi thé’ thao ma théi.
Néu dé’tré thanh nha Todn hoc ma phdi hoc
nhu thé thi téi tha khong la nha Todn hoc con
hon.” Anh vao Dai hoc Western, Uc, niim 13
tudi va t&t nghiép niam 16 tudi. Tt d6 anh qua
Dai hoc Princeton, My, 1am nghién ciu sinh.
Anh néi: “Toi khéng cé chon lwa nao khdc, cit
nhu la dudng thdng 16i phdi di dén Princeton
hoc Todn, chit toi khéng thich mdy. Toi con cd
qud nhiéu diéu thi vi cdn phdi hoc.”

Tai Princeton, gido su hudng din cta Ven-
katesh 1a Peter Sarnak'®. Lan du tién gip
anh sinh vién néi tiéng nhung con qud tré ciia
minh, gido su Sarnak dua ngay cho chang

cudn sich lién quan dén Iy thuyét biéu dién
ciia nita nhém d€ vé& nha doc. Vi noi dung
cubn sich nay & trén trinh dd clia cdc nghién
citu sinh, cho nén gido su Sarnak nghi ring chi
vai ngay sau anh sé quay lai xin d&i cudn khac
don gian hon. Gido su Sarnak ké lai: “Sau vai
tudn, Venkatesh quay lai vin phong t6i dé
trinh bay nhiing gi cdu thu dugc. Khong
nhitng cdu dy hiéu ré ma con té ra ¢d truc gidc
rdt tinh tuong vé néi dung Iy thuyét néi trong
sdch.” Nhung Venkatesh thi néi: “T6i khong
thich lam nghién citu sinh theo kiéu nay.” Tam
su véi ban, anh té ra khong thich lam nghién
citu sinh ma bi bét phai theo nhitng gdi ¥ cla
gido su hudng dan: “Toi chi thich lam theo cdi
minh thich théi.” D6i lic, tb ra chdn nan vdi
nhitng cudn séch tham khao dugc chi dinh,
anh tam géc ngang chiing, tim doc nhitng tai
liéu sach v3 khéc anh ua thich. “Thdt thich
thii, thdt tuyét voi,” anh thdt 18n. Cit nhu thé
Venkatesh hoc dugc rit nhiéu chi trong vai
ndm lam nghién citu sinh, trong khi d6 anh
van phai danh thdi gian 1am luan 4n. Anh c6
rét nhidu kién thiic Toan hoc ngoai pham vi
Iuan an dang nghién citu, nhd d6 anh c6 mot
bifc tranh bao quit rong 16n ctia Todn hoc, né
gitip anh c6 nhiéu phuong tién lién két linh
vuc nay véi linh vyc khéc trong nhitng khim
pha sau nay.

Néam 2002, 21 tudi, Venkatesh bao vé luan 4n
tién si tai Dai hoc Princeton, rdi tiép tuc lam
nghién citu vién sau tién si tai Vién cong nghé

1S¥em cdc bai lién quan dén Henri Poincaré va David Hilbert ctia ciing nguoi viét trong trang nay: Roset-
ta.vn/lequanganh. Hai nha Todn hoc ndi trén dwgc ménh danh la hai nha Todn hoc théng thdi cudi ciing (ciia thé

k¥ 20).

16 peter Sarnak, hon 20 ndm trude, da timg la mét trong vai nguoi phy gilip Andrew Wiles trong viéc kiém tra
chimg minh dinh 1y cuéi ciing cia Fermat. Hign nay Peter Sarnak dang lam viéc tai IAS (Vién Nghién citu Cao

cdp Princeton).
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Massachusetts. Hién nay, Akshay Venkatesh
la gido su Dai hoc Stanford, My.

steskeskok

LDS MEDAL YVINNER

AKSHAY
NKATRSH

ATIONAL [ a1

JATHEMA™ _ .N

Akshay Venkatesh tai budi 1€ nhén
Huy chuong Fields

Cong trinh cia Venkatesh déng gép cho
Todn hoc qui nhiéu va qud da dang, bao
gdm nhiéu chuyén nganh khéc nhau, trong
dé c6 Ly thuyét sé, Ly thuyét vé cdc
dang te ding cdu, Ly thuyét biéu dién,
Khéng gian dbi xing dia phuong, Ly thuyét
ergodic, vv... Trong bai viét ngin nay,
ching t6i chon gidi thiéu véi doc gid ba
thanh tuu chinh ciia Venkatesh: mot thudc
linh vuc Ly thuyét sb, mot thudc linh vyc
Topo—Pai s6, va mot vé céc gia thuyét trong
chuong trinh Langlands.

Chiing t6i quan tdm dén céc sit kién lich sk
Jlién quan nhiéu hon la ni dung ctia céc vén
d@ vi tinh phtic tap cla ching.

Vé cic dang toan phuong

P& bt dau, chiing ta thi xét biéu thiic:

2+ xy+5y +yz+ 1228

P6 12 mot dang toan phuong nguyén, nghia la
mot da thitc gdm mot hogic nhiéu bién s6 ma
béc ciia cdc hang tif déu bing 2 va cé cdc hé
sb 11 céic s6 nguyén. Vin dé ta quan tdm 1, khi
thay cdc bién s6 bing nhiing 6 nguyén thi ta
dugc céc sb nguyén nao? Nim 1770, Joseph-—
Louis Lagrange chiing minh dugc rang, dang
toan phuong x + Y+ 4+ w? sé cho ta tt ca

1

céic s6 tu nhién khi ta thay cic bién g biing
céc sb nguyén.
Trong tdc phdm ndi tiéng Nghién citu vé 6
hoc xudt ban nam 1801, Carl Gauss chgy
minh dugc riing, ta c6 thé bién ddi dang toin
phuong nay sang mot dz.mg,toim phudng khgc
don gidn hon bang phép the, va C?C s nguyén
sinh ra bdi dang don gidn ciing ndm trong ¢4,
56 nguyén sinh ra bdi dang ban dau (nhung
didu nguoc lai thi khong ding).
Bling cach trén, néu ta c6 thé bién ddi dang
toan phuong P v6i m bi?n sO thanh dang toap
phuong Q véi n bién sb (m > n) thi ta néj p
dai dién Q. Chu héi dudc dat ra 1a: Khi ngo
thi P dai dién Q7 Déy chinh 12 mét bién thé
ciia bai todn s 11 trong s 23 bai toin ma
David Hilbert da phat bi€u vao ndm 1900
Nim 1978, Yoshiyuki Kitaoka, thudc Pai hoc
Meijo, Nagoya va Martin Kneser (1928 -
2004), thudc Pai hoc Gottingen, da tim ra
dudgc cau tré 16 la:

m > 2n+3.

Trong vdng ba muodi ndm sau dd, cic nha toin
hoc khéng biét c6 mdi quan hé chinh xdc hon
gitta m va n. Ngudi ta tin ring két qué tbt nhét
c6 thé s& 1a:

m>2n+2.

Nam 2008, Akshay Venkatesh va cong st
Jordan Ellenberg 1am thé gi6i toan hoc ngac
nhién khi dua ra dugc mét didu kién tot hon
de gidi ddp cau héi khi nao P dai di¢n Q. Cu
trd 18 la:
m>n+S5.

That ra, Venkatesh ciing v6i Ellenberg da gidi
quyet xong van d& nay vao nim 2005 va cho
cdng bd 1an thit nhét vao nim 2008. Sau ndy,
véi SU cdng tac clia Philippe Michel, ching
minh dugc t6ng qudt hon 1én va dugc cong bo
vao nam 2010.

Nét chinh cin néi & day 1a, Venkatesh V3
cac dong nghip da diing mot k§ thuat thudc
lm’h vue Iy thuyét h¢ dong lc dé gidi bai
toan nay. K§ thuat nay lai phai sit dung t9i
bai todn dudi~13i. Venkatesh da lién két hai

14 Tap chi Pi
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nginh Todn hoc hoan toan cdch biét dé gidi
bai todn ctia minh mt cdch sdng tao khong ai
ngd tdi.

S6 16p

Diéu ciin ban dé& thily 1a bit ci sb nguyén
duong nao cling c6 thé phan tich dudc thanh
tich cdc s6 nguyén t6, va chi c6 mot cach phan
tich ma thoi (khong quan tam tdi thit tu trudc
sau).

Tap hop cdc sb nguyén véi hai phép todn cong
va nhén tao thanh mot cdu triic vanh. Pay
1a vanh quen thudc nhit. Tap hop A cic sb
phtc dang a +bv/—35, trong d6 a,b 14 cic sb
nguyén, ciing tao nén mét vanh. Thé nhung
vanh A c6 mot nhugc diém: né khdng c6
tinh chit phan tich duy nht ra thira s6 nguyén
t6. Chang han, s6 9 ciing 12 mét sb clia vanh
A(a=9,b=0), nhung s6 9 c6 thé phan tich
thanh hai céch:

9=3x3=02+V=5)x(2-v-5).

86 1dp ctia mot vanh 12 mot s nguyén duong,
nhu mdt thudce do, cho phép ta biét vanh dé
¢6 nhuge diém dén mic do nao trong vn dé
phan tich duy nhit thanh tich cdc s6 nguyén
t6. S5 16p xuét hién qua khép cic vén dé ctia
ly thuyét s6. Do céc cong cu 1y thuyét hién tai
diing dé nghién cttu cdc s6 16p 1a kha it 8i, cdc
nha todn hoc chi ¢6 phudng sach don gian la
tinh todn chiing va tim hiéu cdc quy luit.

Nim 1984, dua vao céc tinh todn thit nghiém,
Henri Cohen va Hendrik Lenstra da phat biéu
mot sb két qua phdng dodn khd bt ngd.

Chiing han nhu, ngudi ta ¢6 thé ky vong ring
cdc 6 10p duge phan bd mot cich ngdu nhién
trong tap cédc s& nguyén duong, va nhu viy
$& tit ¢6 Iy néu khoéing mét phan ba cdc so
16p nay 13 boi ctia 3. Miic céc cb ging cia
nhiéu nha todn hoc trong sud30 nim sau do,
ciu tra 1di cho cdc phéng dodn dé van con
bd ngd. Thé rdi nim 2016, ciing véi hai cong
su 1a Jordan Ellenberg va Craig Westerland,
Venkatesh d c6 mot két qua dot pha. Bing
cdch tép trung vao mdt bai todn hep hon la
tim hiéu s6 16p clia cic vanh s6 nguyén ciia
cdc trudng ham thay vi ctia cdc vanh céc sb
nguyén, ho da thu dudc mot tién bd 16n trong
viéc tim hiéu céc phoéng doén clia Cohen va
Lenstra.

Chién lugc ciia ho 14 chuyén bai todn sang
mdt vén dé khéc niim trong linh vyc topd, mot
chuyén nganh todn hoc nghién cttu vé hinh
dang clia cdc vat thé. Nhung topd 1a mot linh
vitc qud rong v6i qua nhidu cong cu. Vay dung
cdc cOng cu nao ctia nganh nay? Va chinh tai
budc nay thi sy hi€u biét sau rong clia Venka-
tesh dd déng vai trd quyét dinh, din dit anh
va cdc cong sy dén viéc khai thac khdi niém
on dinh dong diéu trong tdpd mot khai niém
rit hién dai va hién vin dang 13 dbi twong ciia
nhiéu nghién cttu méi.

Mot 1an nifa, ta lai thiy Akshay Venkatesh da
phdi hgp hai nganh khéng c6 gi lién quan véi
nhau dé vugt qua bai toan bi bé tic trong subt
vai chuc nim qua.
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Mot s6 gia thuyét trong chuwong trinh
Langlands

Nhu da trinh bay trong phin vé Peter
Scholze, chuong trinh Langlands 1a mot
“mang luéi” cdc mbi quan hé giita rit nhiéu
hjén tugng dén’ tir nhiéu linh vy Todn hoc
rat khac nhau, trong dé c6 Topo, Giai tich,
Dai s6, va Ly thuyét s6. Nhidu gia thuyét ciia
chudng trinh nay da thic ddy Todn hoc phit
trién trong thdi gian qua va chic chén con tiép
tuc phat trién nita trong tuong lai.

Akshay Venkatesh trén gidng duong

C6 18, thi du tbt nhit 1a ching minh dinh
1y Fermat 16n vao du nhiing ndm 1990 do
Andrew Wiles thuc hién, v6i sy dong gép
6 tinh quyét dinh vao thdi gian cudi cia
Richard Taylor. Phuong phdp Wiles-Taylor
da sit dung trong céc cong trinh clia ho da trd
thanh mot cong cu manh két néi cc ddi tugng
hinh hoc, dugc biét dén dudi tén goi dudng
cong elliptic, véi cdc dbi tugng giai tich, duge
biét dén dudi tén goi dang modula. Day chinh
13 loai két ndi dugc dy dodn trong chuong
trinh Langlands. Cho dit 1a rit manh nhung
phuong phdp Wiles-Taylor nguyén gbc chi
¢6 thé dugc ap dung cho mét dbi tugng hinh
hoc khé diic biét 1a céc da tap Shimura. Trong
mot sb hoi théo dién ra trong thdi gian méi
day giita ndm 2017 - 2018, Venkatesh da 1am
cho gidi Todn hoc ngac nhién khi anh di dua
ra mot s6 m3 rong ciia phuong phdp Wiles—
Taylor cho céc da tap phi Shimura. Cong cu
chinh ma Venkatesh va cic cong su cua anh da

e —f——*

stt dung, dén tir mot sb dbi xing bat ngyy cig 1
cic nhom dong diéu cla nhitng khong gia.
déi xing dia phuong. Venkatesh da dq r,
mot s6 phat biéu vé hinh dung ciia anh nhjp,
gidi thich cdc doi xing nay thong qua cic d4;
déng diéu motivic.

Cong trinh ciia Venkatesh tuy chua hoan t4;
nhung ngudi ta ky vong nd s& la mét bué(;
ban 1& trong nghién ctu vé chuong tripp
Langlands.

Héu hét nhitng nha Todn hoc déu duge x¢,
viio mot trong hai loai: nhiing ngudi giai quyét
bai toan hodc nhitng ngudi xdy dung 1y thuyé,
Akshay Venkatesh 12 trudng hop ngoai 1&: anh
thuoc vé c4 hai loai trén. Hién nay, anh chi
méi hon 36 tudi, nén ngudi ta c6 nhiéu co s§
dé tin riing anh s& con dem lai cho Todn hoc
nhiéu kham pha m&i ma chiing ta khong thé
dy dodn trude dugc.

Thi liéu tham khao

1. http://www.icm2018.org/portal/en/about-i
cm-prizes

(Trang web chinh thitc ciia Pai héi Todn hoc
Thé gidi (ICM).

2. https://www.mathunion.org/imu-awards/fi
elds-medal/fields-medals- 2018.

(Trang web chinh thiic ciia Lién doan Todn
hoc Thé gidi (IMU)).

3. Nhiing bai viét ciia Allyn Jackson trong
trang web ndoi trén.

4. https:/fnews.cnrs.fr/articles/alessio-figalli
-fields-medal-2018

(Trang web tin tifc ciia Trung tam Nghién cifi
Khoa hoc Phdp (CNRS)).

5. hitps:/fwww.quantamagazine.org/tag/2018-
fields-medal-and- nevanlinna-prize—winnerS/
(Trang web ciia tap chi Quanta Magazine).
6. https://plus.maths.org/content/test-1-0
Nhitng bai viét lién quan dén Fields Medal
2018 trong trang web nay. Va nhiéu tai liéu
hinh dnh trén Interner.

: ©lequanganh2018
Ngllén dnh.. Internet
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CUNG TIM LUI GIAI CHO BAI P228

Trédn Nam Dung

DE ban doc tién theo doi, chiing t6i nhic lai
§ day dé bai clia bai P228 (da dugc déng tai
trong muc “Théch thiic ky nay” ctia Chuyén
muyc “Théch thdc todn hoc”, Tap chi Pi tap 2
sb thang 10.2018, trang 27).

P228. Cho s6 nguyén n > 1. Cho n sé nguyén
diwong doi mot khdc nhau ay,ay,...,a, thda
mdn diéu kién: moi téng co dang

n
Ze,-ai, trong do g;€{—1;0;1},i=1,2,...,n,

i=1
doi mot khdc nhau. Chiing minh ring

Nhu véi moi bai todn khic, dé’gidi duwoc bai
todn trén, ngudi giai bai khong c6 con dudng
nao khac, ngoai con dudng “tridc hét, cdn tim
hiéu, phdn tich cdc gid thiét ciia dé bai; roi tir
do, xdc dinh cdch sit dung cd hiéu qud nhdt
(theo khd ndng ciia minh) cdc thong tin thu
dugc”.

O bai toan P228 néu trén, gia thibt chi von
ven “ay,ay,...,a, 1a cc sb nguyén ducng

n

doi mot khdc nhau, va cic tong Y &a;,

g € {—1;0;1}, cling d6i mot khic nlllal].l”.Vi
thé, viéc chiing ta cn lam, trude hét, 1a tim
c4ch khai thac djc thu vé dang va tinh d6i mot
khac nhau ciia céc t8ng vita néu.

Mot cdch ty nhién, ta cé nhan xét sau:

Nhdn xét 1: Tt dang cla cdc tdng dudc xét,
dé dang suy ra, k s6 ddi mot phan biét thy ¥

ai,,aiy, .., aj, trong n s6 da cho, cliing thda
min diéu kién ma n s6 d6 thda mén; nghia 1a,
ta cling c6 cdc tong

k
Ze,-ja,-j, trong dd €;,€{~1;0;1},j=1,2,...,k,
j=1
doi mgt khdc nhau. (Ban doc hdy ty ly giai
vi sao!)
Tiép theo, ta thiy ring, cé tit ca 3" tdng c6
dang dd néu trong d& bai (do & € { — 1;0;1},
v6i moi i = 1,2,...,n), mbi tdng la mot sb
nguyén (do ay,ay,...,a, 1a cic sb nguyén),
n
tong 16n nhit 1a Y a; (ing véi & = 1, véi
=
] : . n
moii=1,2,...,n), vatdng bé nhit1a — )" a;

i=1

(Uing véi & = —1, v8i moi i = 1,2,...,n). Véi

nhitng nhan xét don gidn d6, xuét phat tit gia

thiét cdc téng do6i mot khac nhau suy ra, khi
n

xép cic tong Y ga; theo thit tu ting dén, ta
=1

s€ thu dugc mdt ddy ting thyc sy, gdm 3" sb

n

nguyén, bit diu tit sb — Y ai, va Két thiic bsi

i=1

n
) Z a;. Vi thé, ta cé:

- ):a, <_,)_:; ,~>z3"~1;

va do do

n
3n—
Yaz
i=1
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Ly

TIZI déy,’thgo Nhén xét 1 trén day, ta sé c6 tong
cua k s0 bat ky (1 < k < n), trong n sé di cho,
luén 16n hon hoic bing 3T— N6i riéng,
chiing ta cé:

Nhdn xét 2: Néu'gid st a; < ap < --- < ay, thi

k k_q
Zai_>_3
i=1

2 x
véimoi k = 1,2,...,n.

Theo danh gia chi quan cta ching t6i, khé cé
thé tim dugc thém nhitng théng tin “cd ich va
ly thlé” tlf gia thiét ctia bai di ra (con ban?).
Vi the, chiing ta ditng viéc tim hiéu, phan tich
gid thiét ctia bai todn & day, va chuyén sang
budc tiép theo cin lam, d€ giai dugc bai todn:
Tim céch st dung c6 hiéu qua nhét céc thong
tin da thu dugc.
Vi thong tin thu dudc (xem Nhén xét 2) dé
cap danh gid cho céc tng riéng cla céc sb
hang thudc ddy s6 aj,as, .. .,a, nén mot trong
nhitng diéu ta c6 thé nghi dén, khi tim toi cach
stt dung thdng tin d6, 1a cong thic tdng Abel
(hay con dugc goi 12 “bién d6i Abel”). Cong
thitc dé dugc phét biéu nhu sau:
Céng thitc tdng Abel. Cho hai ddy s6 thuc,
ai,az,...,dan Va bi1,ba,. .. by, n > 1. V6i mbi
k=1,2,...,n,dit
Ak:al+"'+ak'
Khi d6, ta cé:
n n—1
Z arby = Z A (b —brs1) +An- by
k=1 k=1 i
=Ay-bi+ Y, (A —Ak-1) b
=2
(Ban doc hay tu ching minh cong thifc trén.)1
Két qua néu trén thudng dudc st dung khi ta
cAn tinh hay dénh gid tSng
aiby +azbr+ -+ + anbn,
dya trén thong tin vé cdc tong riéng
Al 7A27 L 7A"'
Truéc khi ban thio viéc sit dung cong thic
tdng Abel dé giai bai P228, Chling t(”)i’ muon
ban doc tim hiéu 10i gidi clia hai bai toan dudi

—f‘

day, dé c6 khdi nigm can thiét vé céc iing dung
ctia két qua do.

Bai toan 1. Cho s6 nguyén duong n. Cho 3,
sb6 thuc ajy,az,.--;an; va by,ba,... by, thdg

min:
lzbl .>_b22"'2b1120.
Chitng minh ring ton tai s6 nguyén dudng
k < n sao cho
|a1by +azbz+ - +anbn| < lay+ay +---+ak|_
o Phdn tich. Ta thiy, vé trdi clia bat ding thyc
cin ching minh khong phu thude vao £, con
vé phai clia bat dfu)g thifc d6 phu thudc vao k.
Do d6, vé& thuc chat, yéu cau chiing minh cga
4 bai tuong duong v6i yéu cau ching minh
bAt ding thic sau:
|a1b1 +aybr+--- +anby| <A,
Vv6i A 1a sb 16n nhét trong céc s6 |ay |, |ay +ay),
..., |a1 4+ +an| (hay concé thé viét vén tit,
biing ky hiéu, nhu sau:
A= max |a;+--+al).
1<k<n
Tt d6, ta nghi dén viéc st dung cong thic
tSng Abel, dé tao ra sy két ndi gilta tdng
arby +axby + - +apby
va cac tong riéng ay,ai +ap, . ..,a1++--+an.
o Loi gidi. Vi mBi k= 1,2,...,n, dit
Ar=a1+ - +a.
Ky hiéu A = max |a; +---+ag|.
1<k<n
Theo cong thiic tdng Abel, ta c6:
aibi+asbr ... +apb,
=A; (b —bz) +A2(b2—b3)+"'+
+Ap (bn—l - bn) +Anby.
Tir d6, dp dung bit déng thiic gid tri tuyét ai,
va luu ¥ t6i gia thiét
12b12by>--2b, 20,
ta dugc:
la1by +azby + ... + apby|
< ALl (b1 —b2) + |A2| (b —b3)+ -+
- |An—1| (bn—l - bn) + [Anl by

<Ay —b2)+(ba—b3)+-- A (byet —b,,)+b")

1Yéu cdu chitng minh cong thitc tong Abel la mgt cdu ]lt)ii trong Dé thi danh cho hoc sinh THPT ciia Olympic o
hoc sinh vién va hoc sinh ndm 2018 (xem Tap chi Pitdp 2, 50 thdng 7.2018, trang 33) — BBT Tap chi Pi.
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Bit d‘zzmg thic vita thu dugc, hién nhién, cho
ta diéu can ching minh theo yéu cu ciia
dé bai.

Bai todn 2. Cho s nguyén duong 1. Cho 1 s6
thyc dudng x1,X2, ... ,X,, thda man diéu kién:
X+ x> Vi,

véimoik=1,2,...,n.
Chitng minh rZ”mg
1
S+ x5 > <1+1+---+1) :
4 2 n
o Phan tich. D€ ¥ ring
x%—i-xg—i----—!-x,z,
chinh 14 téng c6 dang
aiby+azbr + - +ayby,
viiai=bi=x,i=1,2,...,n.
Do d6, yéu ciu chitng minh diit ra & bai toan
thudc dang yéu cau chiing minh mét ddnh gid
cho téng
aiby +axby + - +anby,
dya trén thong tin vé cic tdng riéng

Ar=a1+-ta=x1+--+x,k=1,2,...,n.

Nhién xét trén ggi y cho ta sit dung cong thiic
tdng Abel d€ biéu dién tSng
B+t
qua céc tong riéng Ay; tif d6, hy vong, c6 thé
tim ra cach st dung gia thiét d€ dan t6i danh
gid dé bai yéu ciu.
Theo cong thifc tdng Abel, ta cd:
BB+ .+
=A; (x; —x2) +A2 (2 —x3) +- -+
+Ap_1 (Xn—1 = Xn) +AnXn-
D& théy, tit déng thiic trén, bing cch sit dung
“thd” gia thiét A > Vkk=1,2,...,n, ta
s€ ¢
X% +x% +: +xﬁ
> V1 (i —x) + V2 (p —x3) 4
/=1 (K1 —Xn) + V1 X
néu nhit ta ¢ x1 > x2 > -++ 2 xy. Tuy nhién,
didu “néu nhu” nay lai khong c6 trong dé bai.
Ta c6 thé “khong mét tinh tdng quat, gid st co
didu Ay” dugc ching? DE trd 18i cau hdi nay,

ching ta cin hiéu “khéng mét tinh tdng quét”
nghia I gi? Trong trudng hgp nay, “khong mét
tinh téng quat” cé nghia la: ta c6 “dit tén” cho
n sb da cho nhu thé n3o di chiing nira (titc, cé
20i 6 nao 1a x, s6 nao 1a xz,..., 6 nao 1a
x, di ching nita), cling khong dnh hudng gi
t6i gi thiét va két luan cla bai todn. Véi viée
hiéu nhu thé, chiing ta thdy ngay cau tra 15i
cho cau hoi dit ra d trén 12 “khong duge”, do
gid tri clia tdng Ay phu thudc vao “tén goi”
cia céc sb di cho, va gié thiét A; > vk chi cé
dbi véi “tén goi” ban diu cla céc sb iy. Phai
chiing, cin tim c4ch khéc d€ két nbi tdng
R R

véi c4c t8ng riéng Ag?

Theo ching t6i, trudc khi chuyén hudng,
ta nén suy nghi doi chiit v& céch vugt qua
“chudng ngai vat” néi trén; bdi, ddu phai con
dudng ndo ciing bing phing. Nhu ta da théy,
mét trong nhitng “céi gd ghé” trén con dudng
ta mudn di chinh 12 sy phy thudc cua téng
Ay vao “tén goi” ciia c4c s da cho. Gid nhu
...gid nhu ... thay cho gi thiét A¢ > vk Ia
gié thiét tdng ciia k s6 16n nhét trong n s6 da
cho 16n hon hoic bang vk nhi? Vi khi d6, ta
s& ¢4 quyén gia sif c6 cdi “néu nhu” & trén. A

..a...,“on Gidi, cau dy rdi”! Tir gia thiét
ciia bai todn, duong nhién ta c6 gia thiét mong
mudn, vi hién nhién A khong thé vuot quéa
téng ctia k s 16n nht trong n s6 da cho! Thé
ma, ndy gio ...

o Lyii gidi. Sép xép n sb duong dé cho theo thi
tu tir 16n dén bé (hay néi mot cach khdc, sap
xép n s6 duong da cho thanh mot day khong
ting), roi 14n lugt, tir trdi qua phai, goi cic sb
d61ay1,y2,..-,yn; khi dd, ta cé
)’]ZyZZ"'ZJ’n>O» (€))

vay%+y§+...+y,2,=x%+x§+...+xﬁ. %))

(Néu da quen thudc v6i khai niém hodn vi,
ban c6 thé dién dat didu néu trén, theo mot
cach khéc, nhu sau: Xét hodn vi y1,¥2,..-,¥n
clia n s6 duong di cho, thda mén diéu kién
(1). Khi dé, hién nhién ta c6 (2).)
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V6i mébi k = 1,2, 0., it
) Be=yi1+-+n.
Hién nhién, ta ¢6
B 2 x4+ +xy,
v6imoi k = 1,2,...,n. Do dé, tir gia thiét ciia
bai todn, suy ra
B>V, véimoik=1,2,....n. (3)
Tit (2) suy ra, bit déing thic ctia bai ra s& dudc
chitng minh, néu ta chiing minh dugc bit ding
thic sau:
2,2 5 1 1 1
NV e s b ) wl®
4 2 n
Theo cong thiic tdng Abel, ta c6:
RV + . +?
=B1(1—y2) +B2(y2—y3)++--+
+By_1 (yn—l _YM) + Bpyn.
Ket hgp véi (1) va (3), ta dudc:
y%+y%+...+y3
>VI-01=y2)+V2-(n—ys) +-o+
+vn—1- ()71171 _yn) 1 \/;l_')’n
=1-y1+ (V2= Dyz -+ (VA= V=Tl
=1-B;+(vV2—1)(Bo—B1)+---+
+(vn—+vn—1)(By—Ba_1)

=(1—(\6—1))Bl+((\/§—1)—(«/§—\/§))32

+-- ._;_((\/;1——1—\/};——2)—(\/——@))1%—1

+(v/n—+vn—1)By.
Tix d6, do

(V- VE=T) - (VEFT - f)
\/_+\/_—— \/I?+—+\f

v6imoi k=1,2,...,n,nén taco:

2
AT

> (1—(\/5—1))~1+((\/5—1)—(\/5—\/5))~x/§+

+---+((m_m>—<f—m>)x
xv/n—1+(/n—vn—1)-v/n

véi moi k = 1,2, mdin, nén tif (5), ta dugc;

R+t > % (1 +%+---+%).
Bt déng thitc (4) dude chiing minh, va do dg,
bat déing thiic ctia bai ra dudc chiing minh,
Tré lai véi bai P228.

Nhu trén dd néu, do khong mét tinh tng quit,
c6 thé gia st

af <@y Sirr & dy, ()
nén xut hién y tudng gii bai da ra, bing cich
sit dung cong thic téng Abel, d€ tim ra dany
gid cho tong

1 1 1
S=— + + 7
ay a,,
dua trén cdc danh gla
. 3k—1
e ;=
Ak ,; a2 )

véimoik=1,2,...,n
RG rang, d€ thyc hién y tudng néu trén, trude
hét, can viét lai téng S dudi dang:

1 1 1
_2+a2'—2‘+"'+an';'

1 2 n
Tt d6, theo cong thifc tdng Abel, ta s& c6:

1 1 1 1
a 4 a .43

1 1 1
+An~l N 2 ) +An’“§.
G G ay

Két hop vdi (6) va (7), ta dugc:

1_ D
szl iy 1
a; a 2 a% a2 2
1 7y gl iy 3n-1
44 _ 1.
(aﬁ_l a2> 2 +a2 2

3T

S=a-

ay

+31. 2, ®

Nhung bit déng thic (8) thi ¢6 gi lién quan?

=124+ (/2-1)*+- .+(\/——\/n——1)2, (5) Ta cin ching minh § < % c6 ma? Tinh

Vi { ! hinh xem ra c6 vé& khong 8n réi! Tuy nhién,

by s X binh tinh suy ngim h thiy
Vk—vVk—1= > y ngam mét chiit théi, ban sé

Vik+vVk—=1  2vVk c6 mdt con dudng (khd quen thudc v6i cic
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fan clia bt dmg thiie) c6 thé gilip ta thodt ra
khoi tinh thé éo le nay D6 1a, tim mét biéu
thic X > 0 sao cho bing céch nhan ca hai
vé clia (8) véi X, ta s& c6 dugc mot bit ding
thic dang

X-S>v.-8", ©)
trong d6, Y 1a mot biéu thic nhan gid tri
duong, va m 1a mot s6 nguyén 16n hon 1.
V4i y tudng trén, quan st biéu thitc & vé bén
phai ciia (8), ma ban khéng nghi t8i viéc chon
X d€ c6 thé dung bat ding thic Cauchy T
Schwarz 1am ciu ndi, tao ra bit déng thic
dang (9), méi 12 diéu ddng ban. Tom lai 13, ta
s€ Jam nhu sau:

Tu (8), suy ra
1 1 1 1
+3 3 At s 3n— 2 +oT 3n— 2n—1

S
1 1 1 1
+3+ +3112+3n 1 IE_*_

3. —+ 4372,

a3 a5
Do do, ta co6:
S<14L 1 P R 1 1 3" —1 . é
3 3n— 3n n—1 2'3n—1 %

Nhur thé, chiing ta da cing tim ra 16i gidi cho
bai P228. Ban hay trinh bay lai 16i giai ay.
Xem ky lai 15i gidi ciia bai todn 2 va ciia bai
P228, ta thiy, c6 thé khai qudt budc 1ap ludn
chinh trong hai 15i gii 4y, thanh ménh dé tdng
quat sau:

M¢nh d&. Cho hai day sb thuc, (a;1,az, .. +an)

va (by,by,...,by) (n>1), thda méan céc diéu
kién sau:

Day>2ay>--->a,>0;

i) by + - 4+ b = f(k), v6i moi
k=1,2,...,n; trong d6, f(k) 12 mot bidu

thitc cho truée nao d6 cla k.

Khi d6, ta c6 bét ding thic:
ayby+azbr+ -+ +auby

>ar-f(1)+a- (F(2) - f(1)) +
+an- (f(n)—f(n—1)).

1 +3]1—1~i2 ZSZ-
an

Céng thifc téng Abel, ciing véi ménh dé trén,
1a mdt cong cy hiéu qua dé danh gid cic téng
c6 dang

aiby +azby + -+ - +auby,
khi biét thong tin v& cic tdng riéng.
D€ tim hiéu thém vé céch 4p dung cong thidc
tong Abel, ban doc hiy tu giai mot sb bai
todn sau.
Bai tap 1 (BAt dfing thitc Abel). Cho hai ddy
sb thuc (al,ag, $ia ,a,,) va (b] ,ba ... ,bn). Véi
méik=1,2,...,n, dit:

By=bi+--+b

Ky hiéu m = min Bk va M = max By.
1<k< 1<k<n

‘NVS SNNO NYOL Y19

Chitng minh ring, néu
agzay>-->an20
thi L
ay-m S Zakbk S ai M.
k=1
Bai tap 2. Cho céc sb thyc x,y,z thda man
ddng thdi céc diéu kién sau:
D0<x<y<z<l;
ii) 3x+2y+z<4.
Tim gi4 tri 16n nhét cda biéu thic:
P =32 +2y* 4+
Bai tap 3 (Bét ding thitc Karamata). Cho
bR (xl,xg,...,xn) vay = (y1,y2,.--,yn) 12
hai ddy so thuc khéng téng. Ta ndi, day x
trgi hon dﬁy ¥, vaky hiéu x > y, néu c6 ddng
thdi céc dieu sau:
X1 2y
Xi+x2y1+y

XXt Xy 2Y1Hy2t Y-
xitagte X X =y1ty2 e Y1+
Gia st f 12 m6t ham sb xéc dinh trén khodng
I C R, nhan gid trj trong R, va 13i trén khodng
La= (alan: cop) VA b= (bl,b2:~ . 7bn)
1a hai ddy s6 thuc khéng ting, ma day a troi
hon day b. Khi d6, ta cé:

fla)+f(a2)+---+ f(an)

> f(b1)+f(b2)+- -+ f(by).
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vién ndm thd méy).

¢6 181 giéi dugc déng tai trén Tap chi.

e Céc bai toan dé xuét di giti cho Chuyén muc khong dudc cong bd hodc gii ding & bét ot
ndi nao khéc, khi chua c6 sy ddng y clia Tap chi Pi.

o Pi tin chic rang cdc 16i giai da dugc ding tai trén Tap chi cho cdc bai todn clia “Thach ‘
thitc ky nay” chua hén da 1a nhitng 16i gii t5t nhét c6 thé cho cic bai todn d6. Vi thé, Pi l‘
rét vui long d6n nhin tif ban doc nhiing 16i gidi méi tét hon, hay hon cho c4c bai todn di | r

e MGi bai toan dé xuét (kem theo 151 giai) cin dugc néu rd la bai sdng tac hay bai suu tam
(néu 1 bai suu tAm, cin ghi 1o nguon) va phal dugc trinh bay trong mdt file riéng (néu gul
qua dudng e-mail) hoic mét t3 gidy riéng (néu gli qua dudng buu dién).

e Bai gidi cho mbi bai toan can dugc trinh bay trong mot file riéng (neu gli qua ducng
e-mail) hodc mot t5 gidy riéng (néu giti qua dudng buu di¢n). \

° Ngudx d& xuét bai todn hoic giti bai gidi cho céc ba1 toan trong muc “Thach thifc ky nay” | !
cin ghi 16 ho, dém, tén va noi lam viéc/hoc tap, sb dién thoai lién hé trén trang bai todn | J
hodc bai giai. Néu 1a hoc sinh (hoic sinh vién) cin ghi 1 la hoc sinh 16p méy (hoic sinh |

J
\
|
\

i,

THACH THUC KY NAY

Danh cho cép THCS
P261. Cho H 14 truc tim cla tam gidc nhon
ABC, AH =2, BH = 12, CH = 9. Hay tinh
dién tich ctia tam gidc ABC.

1. Gorodnin (CH Belarus)
P262. Chiing minh ring, vdi moi s6 nguyén
duong n, ta ludn cé

] i

([x] ki hiéu phan nguyén ciia s6 thuc x; titc, s
nguyén 16n nhét khong vugt qud x.)
Nhom TTTH st.
P263. Cho a,b,c 1a cdc sb nguyén sao cho
(ab-+bc +ca-+1) chia hét cho 5. Chiing minh
ring
abe(a+b+c+abc)

2 Tap chi Pi

cling chia hét cho 5.

Ha Duy Hung (Ha Noi)
P264. C6 2019 qua ciu nhd, duge lam bang
nhya dic; trén méi qua ciu cé ghi mot sb
nguyén duong khong vugt qua 2019, va khong
¢6 hai qua cdu nao ma trén dé dudc gh1 cung
mot s6. Hdi ¢6 ton tai hay khong sb nguyen
duong n, sao cho ta c6 thé x&p 2019 qua cau
néi trén vao n chiée hép, dam bao diéu kién
sau dugc théa man: Trong mbi hOP ta déu
thay c6 mot sb (c6 the 1a mot) qué cau, ma
tong tht cé cdc sb dude ghi trén cic quéi cAu

dé bing e tOng tit ca cic sb dugc ghi trén

cdc qud cau con lai, trong cling hop?

(Luu y: Téng ciia mot s 1a chinh sb d6.)
Ha Thanh (Cn Tho)
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panh cho cép THPT
P265. Cho I ]1a tam dudng tron ndi tiép tam
glﬂC ABC. Goi A1,B1,Cy, tUOng ung, la tlep
diém ctia dudng tron ndi tiép tam gidc ABC va
céc canh BC,CA,AB. Dudng tron ngoal tiép
tam glac BC)B; va dudng tron ngoai uep tam
gidc CB,C}, tuong tng, cét lai dudng thang
BC tai diém K (khac B) va tai diém L (khdc
C). Chitng minh riing, cic dudng thing LCy,
KB valAj ddng quy.

A. Voidelevich (CH Belarus)
P266. Cho ham sb f xdc dinh, lién tyc trén
doan [0; 1], va £(0) = f(1) = 0. Chiing minh
ring ton tai hai s6 thuc o, B € [0;1] thoa méan
ddng thoi cdc diéu kién sau:
Dla—Bl=0,1
2) f(a) = f(B)-

Trdn Nam Diing (Tp. H Chi Minh) st.
P267. Cho céc sb thuc khong dm a, b, ¢ thda
min ddng thdi cdc diéu kién sau:
Na2+b2+ct=1;

ii) a(b+c) > 0.
Ching minh ring
a® v+

s > V2.
b2 —bc+c? T a’, .

Hobi ding thitc xay ra khi va chi khi nao?
V& Quéc Bd Cdn (Ha N6i)
P268. Hai c6 ton tai hay khong mét day so
thuc (a,)u>1 khdng tuin hoan (tit bat ki s6
hang ndo), nhung véi mi sb nguyén duong n,
déu tdn tai s6 nguyén dudng k sao cho
ap = An+tky
vdi moi s6 nguyén duong ¢.
Phing H6 Hdi (Ha N6i) st.
P269. Tim tt c4 cdc s6 nguyén duong 7 sao
cho tdn tai cdc sb nguyén tb p va g, thda man
=p(p*—p—1)=4q(2q+1).
Trdn Song An (Tp. H6 Chi Minh) st.
P270. Xet hai tap con A, B hitu han, rdi nhau
cla tap s6 nguyén duong N*, c6 tinh chét: V6i
mbi sb k thudc AUB, it nhét mot trong hai
diéu sau dugc thda mén:
1) k+2019 € A;
2)k—19€B.
bitm=|A| van= lB| Hay xdc dinh tht ca
cdc gid tri c6 thé cla ;

(|X| ki higu sb phén ti cla tdp hitu han X.)
Lé Huy (Nam Dinh)

GIAI BAI KY TRUGC

P204. Xét tap hop A gdm cdc sb nguyén
duong, théa méin ddng thoi cac diéu kién sau:
1) S6 16n nhit thudc A 1a 100;

2) Véi mbi s x thudc A, ma x khong pha1 la
s6 nho nhét thudc A, ludn tdn tai ba sb a,b,¢
(khong nhét thiét d6i mot khdc nhau) thudc A
saochox=a-+b+c.

Hoi tap A c6 téi da bao nhiéu phan tif?

Li giai (dwa theo y tudng gidi cila cdc ban
Ding Dinh Ven, lop 9/11, truong THCS
Tdn Phii, Dong Xodi, tinh Binh Phudc, va
Trdn Nguyén Nam Hung, 16p 10 Todn, triong
PTNK, PHQG Tp. H6 Chi Minh).

Xét tap A théa mén céc didu kién ciia dé bai.
Gié st tp A c6 n phén tif , va cdc phén t cia
Alaay,ay,...,an.

Vi100 € A (theo gia thiét), va 100 khong chia

hét cho 3 nén tit gia thiét 2) suy ra phai c6

n>3.

Khong mét téng quét, gia st

ap<ay<...<ap. €))

Khi do, theo gia thiét 1), a, = 100. 2)

Vi mbi phan ur a,2 < k <n, theo gla thiét
2), ton tai cdc sb a,b,c (khong nhét thiét d6i

mdt khdc nhau) thudc A, sao cho

ar=a+b+c; 3)
va do (1) nén hién nhién phéai c6
a,b,c € {ay;...;a5-1} @

Tit do, suy ra

a, =a;+a1+a; =3ai.
Gia s, v6i moi k = 1,2,...,m, véi m 1a mot
s6 nguyén duong théa méin 2 Sm<n,ta da
¢6 ag = I -ay, trong d6 I 1a cic sd nguyén
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g, duong 1€,

<Z( Xét a1 Theo (3) va (4), ta cé

;Q Amy1 =x+y+z, &)
L trong do, x, y,z 1a cic s6 (khong nhét thiét doi
§ mot khdc nhau) thudc tap hop {ai;...;am}-
\% Theo gid st néu trén, mbi sb x,y,z déu bing
R mot sO 1€ 1an ay; do do, tir (5) suy ra a1

cling bing mot s6 18 1an a;.
Vi véy, theo nguyén ly quy nap, v4i moi
k=1,2,...,n,a; bing mot s6 18 1an a;. Nghia
1a, véimoi k= 1,2,...,n, tacéd

ai=l-ay,
trong dé, /i 1a cdc s6 nguyén duong 18.
Do (1) va (2), ta cé:

LSl &b @iy
va 100 = I a;.
Tit d6 suy ra, n khdng vugt qué sb s6 18 trong
phz;lm vi tir 1 dén 1, véi [ 1a wéc duong 18 16n
nhat cda 100; nghia 13, ta c6:
[+1

n< ——.
2

Tir ddy, do udc 18 16n nhét cta 100 1a 25, ta

dugc: n < 13.

Hon nifa, tap A gdm tit ca céc sb:
a=(2k—1)-4,k=1,2,..,13, (6

1a tap c6 13 phén ti, va théa mén tat ci cdc

diéu kién cta dé bai.

That vy, theo (6), ta co:

4=aqa <a2<---<a|3=(2~13—1)-4=100.

Nhu thé, s6 16n nhit thudc A 1a 100. Piéu kién

1) ciia dé bai dugc thda man.

Tiép theo, vdi k 1a s6 nguyén duong thy ¥, ma

2<k<13,tacé:

ap=2k—1)-4= 2k-1)— 1)-44+4+4
=ay_|+ay+ai;

va diéu nay chiing t6 tip A thda man diéu kién

2) ctia dé bai.

Vay, tap A, thoa mén cdc didu kién ctia dé bai,

¢6 tbi da 13 phan ti.

Binh luén va Nhn xét.

1. Tinh chit diic trung ciia mbi quan hé gilta

cdc sb thudc tap A, dugc chi ra trong 10i gidi

trén day, khong phi la tinh chét duy nhi, mi
ta c6 thé dua vao dé tim ra danh gid cho g§
phén tif cda tap hop ay. Tic glﬁ pai todn va dy
phﬁn céc ban c6 10 gidi gui tdi Tba soan dj
ching minh va st dung tinh chat (kh thiy
hon) sau day dé tim ra ddnh gid cho s6 phip
tir cda tap A:

“T4t cd cdc phdn 1t cia tdp A déu la cge
56 dong di vi 4 theo modulo 8 (titc, chig 8
dird).”

Tinh chét trén 12 mot hé qua Fﬁa Nhin xét
“Tét c4 cdc phén tif clia tap A deu 1a s6 chin”,
vi ciia tinh chit “chia 8 du 4” ca s6 100.
Theo tinh chét néu trén, hién nhién ta ¢6 s§
phan tit ciia tap A khong vugt qud s6 céc s
chia 8 du 4, trong pham vi tf 1 dén 100.

2. D& thiy, ¢ 10i gidi trén day, khi thay 100
bdi N, v6i N 1a mot s6 nguyén 16n hon 2 cho
trudc, ddng thdi bS sung thém ddi dong xi 1y
trudng hop N chia hét cho 3 (“vi sao phii bg
sung?” 1a mdt cdu héi danh cho cac ban), ta sé
c6 191 gii cho bai todn khdi quat, nhan dugc
tit bai dé ra bang cach thay 100 bdi N:

Bai toan khdi quat 1. Cho s6 nguyén N > 2.
Xét tap hop A gdm cdc sb nguyén duong, thoa
mén ddng thoi cic diéu kién sau:

1) A c6 it nhét hai phfm tw;

2) Sé 16n nhét thudc A 1a N;

3) Vei méj s6 x thudc A, ma x khong phai la
s6 nhd nhat thudc A, luon tdn tai ba s6 a,b,¢
(khong nhat thiét d6i mot khac nhau) thudc
A,saochox=a+b+c.

Hoi tap A ¢6 tdi da bao nhiéu phn ti?
(Pdp s6: Viét N duéi dang N = 2% - m, trong
d6, o 1a mot sb ty nhién va m 1 mot sb Ié.
Tap A ¢6 t6i da ﬂg—l phin t)

3. Biing cdch thuc hién 14n lugt tht ca cac bude
gidi trong 16i gidi Bai todn khai quat 1, ban
s thu dugc 18i gii cho bai todn khai quat (8
miic cao hon), nhin dudc tt bai da ra bing
cch thay 3 bdi n, va ddng thdi, thay 100 bdi
N, trong d6, n va N 1a cic sb nguyén cho
trude, théa min N > »n > 2. Bai todn do ban

24 Tap chi Pi

Tap 3 $6 2 Théng 2. 2019



i S

Trdn Nguyén Nam Hung d& xuit (va giai chua
chinh xdc).
Bai todn Khéi quat 2. Cho cdc s6 nguyén
2N, théa man N > n > 2. Xét tdp hgp A gom
cde s6 nguyén diong, théa man (7511g thoi cdc
diéu kién sau:
1) A ¢é it nhdt hai phdn tit;
2) 6 16n nhdt thugc A la N;
3) le mdi 56 x thudc A, ma x /\hong phal
la s6 nhd nhdt thudc A, luén tén tai n sé
ay,az,---,ay (khong nhdt thiét déi mot khdc
nhau) thugc A, sao cho
x=ar+ay+-+ap.
Hdi tdp A ¢6 t6i da bao nhiéu phdn ne?
4. Trong s6 cdc ban da giti 1oi gidi dén Toa
soan, ¢6 mgt vai ban 16 ra chua hiéu khdi niém
tdp hop. Diéu nay thé hién qua viéc cdc ban
dé cho ring d& bai chua rd rang, cin néu rd
mé&i phén tit trong tap A dugc phép xult hién
bao nhiéu 14n, hoc cho ring, d& bai cin néi
16 tip A gdm céc sb nguyén dudng doi mot
khéc nhau.
Luu y cdc ban rdng, trong mot tdp hop khdc
réng, méi phan ti chi dugc phép coé mdt diing
mét ldn.
5. Trong sb cac ban da gt 16i g1a1 dén Toa
soan, co mot s ban to ra chua nim dugc céc
budc can thUC hién, khi g1a1 cdc bai toan véi
yéu ciu tim s6 t6i da (hodc tdi thiéu) cdc phén
ti clia mot tap hgp hitu han. Cu thé, trong 18i
giai cua minh, cac ban d6 chi dua ra ddnh gid
cho sb phin ti¥ ciia tap A, ma khong dé cap gi
tdi khé nang xdy ra dAu bing & danh gia do.
6. Toa soan da nhan dugc nhiéu 13i gidi cho
bai todn, tif cac ban doc thudc nhiéu ving,
mién khéc nhau. Pay thuc sy 1a mdt tin hiéu
vui, diu ring c6 t6i 1/2 sb ban c6 10i giéi
chwa ding. La mot tin hiéu vui bdi vi theo
quan diém cla nhitng ngudi chim ba1 nay,
diéu quan trong la céc ban c¢6 ham mubn gidi
todn hay khong, va khi ¢6 ham mudn, cdc ban
¢6 chiu kh6, manh dan, kién tri “tén cong”
c4c bai todn (thuc su c6 chét to4n) hay khong;
viéc ¢6 liic giai ding, c6 lic gii sai cac bai
todn nao dé, au ciing 1a chuyén thudng tinh

(va c6 thé thi mdi phai hoc chit, phai khong

cdc ban?).
7. Céc 10i giai khong dudc chép nhén la 101
gidi ding, ma Toa soan nhén dudc, da mic
phai it nhit mot trong cac 16i sau:
— Puta ra cdc dénh gi sai hojc chua chit cho
s6 phén tit cia tip A, chiing han, |A] < 12, hay
|A| <25,... (8 day, |X| ki hiéu s6 phén ti ciia
tap hitu han X);
(Nguoi gidi bai da khong phdt hién ra 16i
“chuta chét” do di bé qua biedc kiém tra khd
néng xdy ra ddu bang trong cdc ddnh gid ma
minh dita ra.)
_ Néu ra céc lap luan mang tinh cdm tinh, ma
khong phii la céc 1ap luén todn hoc chat ché
(ching han, “tap A c6 cang nhiéu phén t khi
cac phan tk ay,az,...,an—1 (theo ki hiéu da
st dung trong 16i g1a1 trén day) cang bé”, hay
“tap A c6 nhidu phin t& nhét, khi cic phan ti
ai,az,...,a,—1 6 gia tri nhd nhét”,
— Chi liét ké céc khing dinh, ma khong chung
minh hoic chitng minh hoi hgt cac khing dinh
d6 (ching han nhu “cd thé tiép tuc ta s& c6

..”, ma céc budc trinh bay trudc dé khong
cho thiy “cit thé tiép tuc” nghia la phai lam
gi,...).
8. Hau hét cdc ban c6 15i giai ding déu mo t&
tap A c6 13 phin tit bing cach liét ké tudng
minh c4c phan t& cla tip hgp dé (mic di, qua
16i gidi cfia cac ban, c6 thé thiy cdc ban hiéu
15 quy téc sinh ra cic phén ti y). Diéu nay
lam cho viéc kiém tra tinh théa mén cdc diéu
kién dé bai clia tip A trd nén niing né, do budc
phai liét ké toan bo két qua kiém tra viéc théa
mén diéu kién 2) cia ting phin ti. D& khic
phuc sy niing né vira néu, tAt ci cdc ban déu
ding phép “d& thiy”. Vi sb dong “dé thiy”
nén nhitng ngudi chim bai nay danh ... dong
¥ 1a “d& thiy”!

Luu Thi Thanh Ha - Nguyén Khic Minh
Loi ban.
Tinh chét dic trung, dudc chi ra trong Loi gidi
trén déy, ciia méi quan hé giita céc s thudc
tap A, ma ta di dya vao d€ dva ra dénh gid
cho s6 phin ti ca tap hop d6, 12 mot tinh
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chét d& nhin thiy. Vi thé, néu ban gip khé
khiin trong viéc giai bai da ra thi phfm nhiéu
1a do ban chua biét phai 1am gi, phai bit dau
tir déu d€ gidi bai todn, Thong thudng, d€ gidi
cdc bai todn véi yéu ciu ddnh gid sb phin t
ciia mot tap hgp, khi biét mot sé thong tin ndo
dé, dugc cho trong dé bai, vé cic phin tit cla
tap hgp 4y, trude hét, ngudi ta tim hiéu, phan
tich, tim cdch khai thdc cdc thong tin da dudc
cho (tdc, cdc gia thiét ciia bai todn), d€ tim ra
nhiing théng tin méi vé cdc phén ti (ching
han nhu tim céch dinh dang céc phén ti, hay
dénh gid do 16n clia cac phin ti¥ (trong trudng
hgp cdc phén tit 1 céc sb), ...), vé quan hé
tuong dbi gitta cdc phén ti, rdi v6i mbi thong
tin dugc tim ra, ngudi ta xem xét, kiém tra
khd niing st dung né cho viéc tim ra dénh gid
cho sb phén ti¥ clia tip hop dang xét. Cac bai
toan dé hon c&, thudc loai nay, 1a cdc bai todn
ma chi cin tim hiéu, khai thc so bd gia thiét
clia bai todn da c6 thé tim ra céc thong tin cin
thiét, gitip ta c6 dudc danh gia cho sb phan ti
cta tdp hgp dugc xét. Nhitng bai todn khé hon
ca 12 nhitng bai todn, ma d€ tim ra dugc cic
thong tin méi can thit, ngudi ta can tim hiéu,
phén tich, khai thdc gia thiét ciia bai todn theo
mét dinh huéng xdc dinh, dugc hinh thénh tir
viéc nhin nhin, dinh gid téng quan vé tinh
hubng da dit ra (chang han, ciin cif vao thé
(kiéu) ctia tinh huong dugc dit ra, xac dinh
céc cich c6 thé fim ra dénh gid cho s6 phan
ti clia tap hgp dang xét, ... ), hodc la IlhlIng
bai todn, ma phai phan tlch khai thac giA thiét
mot cich khéo 1éo, té nhi, ... mdi c6 thé tim
ra c4c thong tin cin thiét, . ...
V6i céch nhin nhan nhu trén, Nném TTTH
cho riing, xét v& muc d0 khé — d&, bai dira 1a
mot bai toan & mifc do trung bmh dé, gitip cdc
ban hoc sinh (khong chi g cap THCS) hmh
thanh hodc ren luyen t duy loglc cling cb
hoiic md rong hiéu biét v& cich tiép cin mot
loai tinh hubng todn hoc c6 thé gdp trong qué
trinh hoc todn, ....

Nhém TTTH

P228. Cho sé nguyénn > 1.Chon s6 nguyén
duong doi mot khdc nhau ay,a2,...,dn thoa

min didu kién: moi tong c6 dang

ieial, trong do ge{-1,0,1},i=1,2,... 4
i=1
d6i mot khdc nhau. Chitng minh riing

S N ..

—a—l o (—l; i o o e
Lui giai. Xem bai viét “Cing tim 10i gidi che
bai P228”, dugc ddng tdi trong Chuyén myc
Gidi todn cing ban, ciia 6 Tap chi nay (trang
17 -21).
Binh luan va Nhan xét.
Cho tdi thoi diém bén thdo 1€n trang, Toa soan
chi nhan dugc diing mot 161 giai cho bai todn,
tit mot ban hoc sinh 16p 10 chuyén Todn. b6
12 mot 1i gidi ding, va khong theo hudng clia
16i gidi dugc tim ra trong bai viét vita néu trén,

“Pjiém tya” cho 10i gidi ndi trén 1a cong thic:

(1 1>+( +a)(1 1)+ -
oy & i ARy L A e

"i‘ 1 1 L 1
+ ai||l 5——= |+ ai | -
i=1 l ‘1171—1 az ,; ; a2

Ngudi giai bai da chiing minh cong thic trén
bang phudng phép t3 hgp (dém sb lugt xudt
hién ciia don thic = & hai vé).
as
J
Viéc 14y cong thitc trén 1am “diém tya” da lam
cho 16i giai vira phifc tap, vira thiéu tu nhién
(tai sao lai nghi dén dfng thitc néi trén?).
Nhém TTTH
P231. Cho hinh thang ABCD, véi BC va AD
1a céc canh ddy. Pudng tron dudng kinh AB
cit cdc dudng chéo AC va BD tuong ting tai
M va N. Pudng tron dudng kinh CD cit cic
dutng chéo AC va BD tuong ting tai K va L.
Chitng minh riing NK || ML.
Lui gidi (ciia Ha Minh Tho, Phii Tho).
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Do M va L, tuong ng, nidm trén dudng tron
duong kinh AB va dudng tron dudng kinh CD
nén
BM 1 AC vaCL 1 BD;

suy ra

/BMC = ZBLC =90°.
Do dd, M, L nim trén dudng tron dudng kinh
BC. 1
Hoan toan tuong ty, ta cling ching minh dugc
N,K nim trén dudng trdn dudng kinh AD. (2)
Tit (1) va (2), két hgp véi gia thiét K, M nim
trén dudng chéo AC, va L,N nim trén dudng
chéo BD, suy ra: N nim giita B va L; L nim
giffa N va D; K nim gifta C va M; M nim giita
K va A. Do dé:
—Tir (2), ta c6:

/NKM = /NKA = /NDA = /BDA. (3)
—Ti (1), ta cé:

/KML= /CML= /CBL= /CBD. (4)
Vi ABCD la hinh thang, c6 BC va AD la cic
canh déy (theo gi thiét) nén BC || AD; suy ra

Z/CBD = /BDA.
Vi thé, tit (3) va (4), ta dudc:

/NKM = ZKML.
Do d6, NK || ML. Ta c6 diéu phai ching minh.
Binh luin va Nhin xét.
1. Ngoai cdch gidi néu trén, bai da ra con
¢6 thé dugc gidi bing cach sit dung dinh ly
Thales dao.
2. Mot sb ban da giai bai todn trong trudng
hgp mot trong bén giao diém M,N,K,L nim
& phan kéo dai clia cac doan théng AC,BD.
Tht ca cdc 10 gidi nay cho thiy, ngudi gidi bai
chua ndm dugc mét khdi niém rdt co bdn ciia
Hinh hoc — khdi niém “dudng chéo cia mgt
da gidc”. V6i viéc hiéu diing khai niém vira
néu, tit ci céc 161 giai d6 déu khong phai la
18i gidi cho bai da ra, va vi thé, khong dude
chép nhan 1 1 gii ding.
Ching t6i xin nhic lai khdi ni¢m dwong
chéo ciia mét da gidc: “Poan thing ndi hai
dinh khong ké nhau cia mot da gidc dugc goi
1a duong chéo ciia da gidc d6.”

3. Ldi gidi trén day cho thiy bai dd ra la mot
bai todn thudc hang co ban, va § mic do trung
binh, xét v& do khé — d&. Vi thé, nhitng ngudi
chim bai nay rét bin khoin, khong ly gidi
duge vi sao sb ban doc giti 16i giai t6i Toa
soan khong nhiéu (chi cé 9 ban, trén pham vi
toan qudc).

Tran Quang Hiing - Ha Minh Tho
P232. Giai phuong trinh;

Vx2—1+x=vx3-2.
Lui giai.
Cich 1 (dua theo 10i gidi ciia ban Dding Dinh
Vin, lop 9/11, truong THCS Tdn Phi, Pong
Xoai, tinh Binh Phudc).
Piéu kién xdc dinh cda phuong trinh:
x> V2. (1.1)

Véi diéu kién néu trén, phuong trinh da cho
¢6 thé dugc viét 1ai dusi dang tuong duong:

(V22—1-2)+(x—3)=Vx3—2-5. (1.2)

Do (1.1) nénx?—1>0vax —2>0; suy ra

2 =12 +43/x2 —1+4£0,
va Vx2—2+4+5#£0.

Vi thé, ta c6:
* -9
(1.2) & 3 = +(@x=3)
V=1 +4Vx2—1+4
o x-27
Vx3—-2+45
& (x-3) x+3 41

(2 =1)*+492=1+4
i (x—3) (¥ +3x+9)
Vx3—-2+5

x=3
x+3

& -1’ +4V2—1+4
_2+3x+9 (13
V=245 3

Vid>+V2nénx=31 mot nghiém cla
phudng trinh di cho.

+1
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Xét phuong trinh (1.3).
K}' hiéu VT va VP, tuong ting, 1a biéu thiic &
ve trdi va & vé phai cda (1.3).
D€ y ring, v6i x théa min (1.1), ta ¢
P —1>0,va
(¥-1)°
=(x=1)%x+1)
> =12 (x+1)> (x=1)%

V2= 44732 -1 +4
>/ (x=1)>+4=x+3>0.

Suy ra

Do dé

x+3

x+3
Miit khic, theo bat déng thifc trung binh cong
— trung binh nhan (bt déng thic Cauchy), ta
co:

VT <

+1=2. (1.4)

2
\/x3—2<\/;§x ;—x.

Tir d6, véi luu y x théa man (1.1), ta cé:
S X349 2 (x*+3x+9)

vP 3
x“+x x2+x+10
2
2(2x—1)
=240 L5
Jrx2+x+10> 2

Tir (1.4) va (1.5), hién nhién suy ra phuong
trinh (1.3) v6 nghiém.
Vay, tém lai, phuong trinh da cho c6 nghiém
duy nhét x = 3.
Cich 2 (dia theo 10i gidi ciia ban Pham Cong
Tai, I6p 11T, truong THPT chuyén Ha Tinh,
tinh Ha Tinh).
Piéu kién xdc dinh clia phuong trinh:

x> V2. 2.1
o Biing kiém tra tryc tiép, dé thiy x = 3 1a mot
nghiém cla phuong trinh da cho.
e Xétx > 3.
Ta sé& chitng minh:

That vdy, ta c6:
(22)eR-1<x=1)
o0 <x(x—1)(x=3). (2.9)
(23) & @x—1)7 <# =2

s0< (x=3)F—x+1). @5)
Vix>3 vaxt—x+1 >’0, v8i moi x, nép
(2.4) va (2.5) la cdc bit dang thic ding. Vi
thé, (2.2) va (2.3) dugc chiing minh.
Tir dé, ta cé:
I —1+x<(x-1)+x=2x—1< \/)T—z
Do d6, phuong trinh da cho v6 nghiém (tic,
khong c6 nghiém) trén khodng (3;40).
e XétV2<x<3.
Biing céch hoan toan tucng ty trén, ta ching
minh dugc:

YRl >x-1 va 2=1>+/B_2,

Tir d6, ta c6:
V2 —1+x>(x=1)+x=2x—1>/ 2.
Do d6, phuong trinh da cho v nghiém trén
khoang [\3/2, 3).
o Viy, thm lai, phuong trinh da cho c6 nghiém
duy nhat x = 3.
Binh luin va Nhén xét.
1. Phuong trinh trong bai ra cé chida cic
can thic v6i bac khac nhau va céc biéu thic
bc cao. Vi thé, rit khé c6 thé gidi phuong
trinh d6 bing céc phép dit &n phu, hoic ning
1én ldy thita. Trong c4c tinh hudng nhu vy,
ta c6 the sit dung phuong phap “nhan lugng
lién hop” (nhdm khit cin thitc), dé bién ddi
phudng trinh, nhu c4c ban d théy trong 16i
gidi C4ch 1 trén day.
2. Ngoai trlt ban Pham Céng Tai, tht ca céc
b%n con lai, trong sé cac ban da giti 15 giai
t0i Toa soan, déu sit dung phuong phap vila
néu trén de gidi bai todn. Va trong sb nay, ban
Ddng Dinh Vin 1a ngudi tim ra céc danh gid
gon va dep nhit,

3. O mot s6 15i gii, trong s6 cac 16i gidi Toa

AR (22 :i(:rlll}l] nhin du]g?, ngudi giai bai chi néu ra cic

‘ AN g1a ma khong chitng minh, tuy riing cic
va 2—1< V5 -2 (23)  danh gi4 46 1a khong da thay. Tit ca cic 16i
28 Tap chi Pi
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gidi nay déu khong dude chap nhan 1a 1 gidi
dang.

V6 Quéc Bd Cn
Loi ban.
Qua xem xét céc 18i gidi cia ban doc cho bai
p232 trén day, ching t6i nhan thiy mot didu
mubdn luu ¥ ban doc. D6 1a, trong mot sb 15i
gidi, ngudi giéi bai c6 nhitng dién dat chua
chuén xdc vé mit toan hoc; ching han, 6 ban
dd vibt réing “néu x > 3 thi phuong trinh . .. v
nghiém”. Theo chiing t6i, dién dat nhu thé s&
tao nén mot su 16 mo trong tiém thic vé khdi
niém phuong trinh va nghiém cta phuong
trinh. Su 16 md nay c6 thé nay s& lam cho
ban bi réi trong suy nghi, khi phai xi 1y cdc
phuong trinh cd chifa tham $6; 16 c6 thé gy ra
sy nhim 14n gitia dn s6 va tham sb, trong suy
nghi clia ban, ... V6i dién dat dugc trich din
& trén, cdc ban nén thay né bdi “phucng trinh
...v0 nghiém trén khoang (3;+e)” (nghia 13,
trén toan bd khoang d6 khong cé mdt sb nao
12 nghiém ctia phudng trinh), hodc “tt ca cdc
gié tri x > 3 déu khong phai la nghiém ctia
phuong trinh ...”.

Nhom TTTH
P233. Cip sé nguyén duong (a,b) dudc goi
12 cdip cdn bdng néu hai sb nguyén duong a,b
c6 cling tap udc nguyén t6.
1) Tim At ca cdc sb nguyén duong n sao cho
(n,n+6) 1a cip can bang.
2) Ching minh réng cip s6 nguyén duong
(a+2%,b+2%) 1a cdp can bang véi moi sO
nguyén duong k khi va chi khi a = b.
Loi gidi (dwa theo loi gidi ciia ban
Nguyén Quang Minh , St. Joseph Institution,
Singapore).
Truéc hét, ta chitng minh hai két qué sau day:
BS & 1. Tt ci céc nghiém tyf nhién cla
phuong trinh
3x —1= 2

1a (x,y) = (1,1) va (x,y) = (2,3)-
Chiing minh. DE théy, phuong trinh da cho
khong c6 nghiém ty nhién dang (a,0), véi @
12 56 tu nhién.
Véiy =1, dé thy, tacé x= 1.

Tap 3 $6 2 Thang 2. 2019
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Xéty > 2. Kpi d6, 27 chia hét cho 4. Do dé,
3% — 1 chia hét cho 4. Suy ra, x la s6 chin.
Viet lai phuong trinh da cho duéi dang tudng

duong:

(3t-1) (3t+1)=2.
Tit d6, vi x 1a s6 chin nén suy ra

33_1=2""wva 3ir1=2",
v8i m,n 1a cdc s6 ty nhién.
Ta cé, 2" — 2™ = 2. Do d6, phai c6 m =1,
n=2.Suyra, x=2,kéotheoy=3.
Biing cach thit truc tiép, ta thdy céc cdp sb
(x,y) = (1,1) va (x,y) = (2,3) la nghi¢m ctia
phuong trinh da cho.
B& dé 1 duge ching minh.
B& dé 2. Tht ca cdc nghiém tu nhién cda
phuong trinh
F+1=2"

1a (x,y) = (0,1) va (x,y) = (1,2).
Chiing minh. V6i x =0, d& thiy, tacy = 1.
Xét x > 1. Khi d6, do 2¥ —1 = 3%, nén?2’ —1
chia hét cho 3. Suy ra, y 12 sb chén.
Viét lai phudng trinh d4 cho dudi dang tudng

duong:

(2-1) (2F+1) =3
Tir d6, vi y 12 s chdn nén suy ra

25 _1=3" va 2841=3",

v3i m,n 1a céc sb ty nhién.
Ta c6, 3" — 3™ = 2. Do d06, phéi c6 m =0,
n=1.Suyra,y=2,kéotheox=1.
Bling céch thit tryc tiép, ta thiy cdc cip sb
(x,) = (0,1) va (x,y) = (1,2) 1a nghi¢m cla
phudng trinh da cho.
B& dé 2 dugc chitng minh.
Tr6 lai bai todn.
1) Gia sit n 1a s6 nguyén dudng, sao cho
(n;n+6) 1a céip can b?ing (tic, n va n+6
¢6 cling tap udéc nguyén to). Dé thay, ta cd
n>1.
Xét udc nguyén té p tiry y cta n. Khi d6, do
p ciing 1a udc clia n+6 nén suy ra p 1a uéc
nguyén tb clia 6. Do d6, p € {2;3}.
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Nhu szfxy; n v n+6 chi ¢é thé c6 hai ude
nguyén 10 1a 2, 3; nghia 13, 7 va n+6 ¢ dang:
n=2%3" v py6=2°39

trong dé, a,b,c,d 1a cédc s6 ty nhién.
Ta c6:
2¢.37_20.3b ¢, ¢))
—Néua=0thic=0(don van+6cécing
tdp udc nguyén tb). Vi thé, trong trudng hop
nay, ta c6
39-3b=¢;

do dé, d > b, va
331 =6.
Suy ra, b= 1; dan t6i, n = 3.
—Néu d =0 thi b= 0. Vi thé, trong trudng
hgp nay, ta ¢
2°—29=6;
do do6, ¢ > a, va
2a(20—a .Y 1) ~'g.
Suy ra, a = 1; din t6i, n = 2.
—Xéta,d > 0.Khidd, by,c >0(donvan+6
¢6 cling tip udc nguyén td).
Tir (1), ta cé:
2c—l 3d—l 2(1—1 317—-1 =1. ©)
Tir d6 suy ra, phal ¢6 it nhAt mot trong hai sb
a,c bang 1, va ddng thoi, it nhét mdt trong
hai s b,d bang 1. Hon nita, vin+6 > 7 nén
khong thé ¢6 ¢ = d = 1. Vi vdy, chi cé thé xay
ra mot trong cdc kha ning sau:
+a=b=1 Tadugcn=06.
+a=d=1.Khidé, tit (2), ta cé:
2ol 3=
Vi thé, theo B6 dé 2, (b— 1) € {0;1}; hay,
b € {1;2}. Do vay, n € {6;18}.
b = 1. Khi dé, tir (2), ta c6:
311—1 __20—1 =1.
Vi thé, theo BS dé 1, (a—1) € {1;3}; hay,
a € {2;4}. Do vy, n € {12;48}.
Nhu vdy, tém lai, ta c6:
n € {2;3;6;12; 18;48}.
Biing cich kiém tra truc tiép, dé thiy, tit ca
céc gid tri n thudc tap néu trén thoa man yéu

+c=

saassssaamaans st

clu dé bai; va vi thé, chiing 1a tht ca cdc gig
trin cn tim.
2) Xét a,b 1a (,dC s6 nguyén dudng, sao cho
(a+25b+ 2K 1a cilp cén biing véi moi s§
nguyén dudng k.
Giastta 75 b.
Vi mbi sb nguyén derng k, xét udc nguyén
td p tuy ) ctia a+ 2% Do (a+ 2%, b+2‘) la
cap cin bang nén p ciing la uéc nguyen t6 cia
b+2% Do dé, plaudc nguyen t cla (a— b).
Vi diéu nay ding cho s6 nguyén duong k tly
y, va cho udc nguyen t6 p tiy y chaa+2%, nén
suy ra, véi mbi sb nguyen dudng k, tht ca cac
uéc nguyén td cha a+ 2k d&u thude tap cac
udc nguyen t6 ctia (¢ — b) Goi p1,p2,-.,py
13 tht ci cdc udc nguyén t6 ddi mot phin biét
ctia (a—b).
Xét t s6 nguyén duong a(2' - 1),
fide o) i
Vi ¢ s6 nguyén dudng vita néu trén chi cé
hitu han vdc nguyén t6 déi mot phén biét, nén
tdn tai s6 nguyén duong m sao cho vdi moi
i€ {1,2,...,t}, pI" khéng 1a udc cta bit cit
s6 ndo trong ¢ s6 nguyén ducng do.
Goi ko 12 6 nguyén dudng sao cho véi moi s
nguyén duong k > ko, ta déu cé:

a+2k> phpht.pm. (©)]
Theo chiing minh trén, céc wdc nguyén to cia
t+1sba+2°s=koko+1,...,ko +1, déu
thude tap hop {p1:p2;...;pi}. Vi the, i ©)
suy ra vii mbi s = ko, ko + 1,...,ko+t,tontai
chi sb ], vii 1< j <1, sa0 cho a+2° chia hét
cho p. Cét+1 s6, nhung chi c6 t6i da f chi
$6 j, d6i mot khdc nhau, c6 tinh ch[lt nhu vira
neu nén theo nguyén ly Dirichlet, tn tai ha1
sb ¢c6 chung mét chi s6 nhu vily. Nghia 12, ton
tai hai soa+2"',a+2‘2 ko <ky <k <kot!
vasb h,1 < h <t, sao cho

a+2% = a+2% =0 (mod pJ).

Tir d6, ta c6:

a (2"'2*"" - ]) =g 2Rk _ 4

= (-—2"1) voka=kyin Zians (a+2kz)
= 0 (mod pfi"). “
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Mit khdc, do 1<h<tva
1<k2——k| (k0+f) ko=t,
nén theo dinh nghia sb m, ta cé:
(2/\2 ki _ 1) 7% O(modp’”) )

Méu thuén gitra (4) va (5) cho thiy, “gia si
a# b’ auen la sai; nghla 1a, phdicé a=b.

Nguge lai, véi a = b, hién nhién,
Lok b+2k) 1a cip can bing v6i moi s6
nguyén ducng k.

Vi viy, ta c6 diéu phéi ching minh.

Binh luén vA Nhan xét.

1. Cho dén thdi diém ban thio 1én trang, Toa
soan chi nhan dudc duy nhét 10i giéi ctia ban
Nguyé?l Quang Minh (vala 1di giai ding). C6
&, didu gay khé khin cho cdc ban 12 cu héi
2) clia bai da ra. Loi gidi néu trén cho thay,
diém mAu chét dé giai quyét dude cau hdi 4 ay
1a két qué “tgp cdc wdc nguyén té ciia cdc 56
cd dang a+ 2 1a tap vé han”, hay néi céch
khdc, “cd v6 han s6 nguyen 16 p, ma méi s6
déu la wéc ciia it nhdt mét s6 cé dang a+ 2k,
D&y ki chitng minh ctia két qué vira néu, dudc
trinh bay trong 131 gii trén day, ban sé thiy
két qua d6 c6 thé dugc tim ra, dua trén cdc 13p
luan ciia Euclid trong chiing minh tinh v han
cta tip cic sb nguyén t.

2. Cau héi 2) cda bai da ra lién quan dén
mot gid thuyét ciia Erdos-Woods, ndi rang,
16n tai mot sé nguyén dwong N ndo do, sao
cho néu (a+i,b+ i) la cdp cdn béng vi moi
i=1,2,...,N, thia=b.

Cﬁu hoi 2) néi trén 12 mot két qua ma tc gia
bzil todn tim ra, khi tim hiéu gia thuyét néu
tzl'fn, trong trudng hgp thay i bdi sb c6 dang
3. Ngudl ta da chitng minh dugc ring, ton tai
V6 56 cdip cdn béng (a,b), véi a #b, sao cho
(a+1,b+1) ciing la cp cdn béng.

Chitng minh két qua vira néu trén khong qua
khé, va cac ban doc c6 quan tdm cé thé
thf{ stic minh biing céch tu chitng minh két
qua d6.

Ha Duy Hung

Lai ban.
Theo danh gid chd quan cla chung toi, ciu
hoi 2) clia bai da ra 1a mot bai todn rat khé dbi
véi cdc ban hoc sinh khong chi & cip THCS,
miic dii cic két qua can st dung dé gii dude
ciu hoi d6 chi 8 mitc THCS. Tuy thé, chiing
tdi vin dua cau h01 dé6 ra “thach thic” ban
doc, vi hy vong riing, khi doc, tim hiéu 13i giai
ddp cho cau héi d6 néi riéng, va cho toan bai
todn néi chung, ban doc sé hoc héi dugc nhiéu
diéu hitu ich cho viéc hoc todn ciia minh.
Nhom TTTH
P234. Ngudi ta dién vao mbi 6 vudng con
ctia bang 6 vudng kich thudc 11 X 11 mot sb
thuc, sao cho tich ctia tht ca cdc sb trong mot
béng con bét ky kich thudc 5 x 5 bang tich
ciia tAt c4 cdc sb trong mot bang con bat ky
kich thudc 6 X 6.
Hai c6 tdn tai hay khong mot cach dién sb
thda man diéu kién néu trén, sao cho tich ciia
tAt ca cdc sb trong bang 11 x 11 bing 2018?
Lui gidi (ciia nguoi chdm bai).
Cau tra 16i 1a “C6”.
That vdy, xét cach dién s6 vao bang nhu sau:

alblalblalb|lal|blal|b]|a
blajbla|blalblalb|al|b
alblalblalblal|lblalbla
blalblalblalbla|blal|d
111111 {1j1|1]1
alblalbla|blalbla|b|a
blalblalblalblalb|alb
alblaldblalblalblal|b|a
blalblalblalblalb|a]|b
(11111 f1f1f1]1]1
alblalblalblalbla|b]a

trong 6, a va b 1a céc s thuc c6 tich bing 1.
Bing quan sét truc tiép, ta thiy:

— & méi cot clia mot béang con 5 x5 tuy y, déu
¢6 hai sb a, hai so b, va mot s6 1. Vi thé, tich
ciia tht ca cdc sb trong mbi bang con 5 x 5
bing 1.

— & méi hang ciia mot bang con 6 x 6 thy ¥,
d8u ¢6 hoiic ba sb a va ba s6 b, hotic sdu sb 1.
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Vi thé, tich ciia tht ca cac s trong m&i bing
con 6 x 6 bing 1.

Tir do, ta c6 tich cha tt ca cdc s6 trong mot
bang con 5 x 5 bét ky biing tich ciia tAt ci cic
s6 trong mot bang con 6 x 6 bét ky. Nghia 13,
céch dién sb néu trén thda man diéu kién ctia
dé bai.

Tiép theo, xét 10 cot dau tién clia bang (tinh
tlf trdi qua phai). 10 cot ndy sé tao thanh mot
bang con 11 x 10 (bang gébm 11 hang va 10
cot), ma tich ciia cdc sb trong méi hang bing
1 (do & méi hang déu c6 hotic nim sb a va
nim sé b, hodc 10 s 1). Vi thé, tich cla tt
ca cdc s6 nam & 10 cot dau tién bang 1.

VG6i cot thid 11 cia bang, do trong cft nay cé
ndm sb a, bbn sb b, va hai sb 1, nén tich cia
tht ca cdc sb trong cot bing a.

Tit d6 suy ra, tich ciia tit ca cdc sb trong bang
b?mg a. \/“1 thé, chon a = 2018 (va liic nay,

2018) ta s& c6 mot cach dién sb vao

bang 11 x 11 thdéa mén diéu kién dé bai, va
tich ciia tAt ca cic sb trong bang bing 2018.
Binh luin va Nhin xét.

1. Theo nhin nhén chii quan ca ngudi chim
bai, viéc tim ra cch dién sé nhu & 15i gidi trén
day khong hén 1a khé. Bing cich xét cdc bing
con 5 X 5, 6 x 6 c6 chung hang, chung cot,
hoic bao nhau, ching ta co thé tim ra nhitng
rang budc (101 véi céc sb can dién, glup tim
ra céch dién cin thiét. Vi khuon khé cia Tap
chi, chiing t6i khong thé trinh bay & ddy cic
phuong 4n “mod tim” da thuc hién, dé c6 dugc
céch dién trong 13i gidi trén.

2. Cho t8i thdi diém bén théo phai 1én trang,
Toa soan chi nhan dugc ding mot 13i giai,
tr nguoi dé xuit bai toan, va dé 1a mot 16i
giai ding.

3. Trom nghi, néu bai todn yeu cdu chimg
minh ton tai mét cdch dién 50 thi rdt cé thé’
Toa soan dd nhdn duwoc khong it loi gidi, tir
ban doc. Béi IE, rét c6 thé cdc ban da du dodn
sai céu tra 18i. Do da tung gip rit nhiéu ba1
todn véi cau hoi “c6 ton tai hay khong ..

“c6 hay khong ...”, va & da phin cdc bai fodn
6, cau tra 10i 1a “khong ton tai”, “khong c6”,

nén rét c6 thé vi thé ma din dan cdc ban d3
miic dinh (mot cdch vo thic) rang, véi nhun&
bai todn “cé hay khong” thi ciu trd 16i gin
nhu tit yéu phai 1a © ‘khong”! Phéi ching 13
nhu thé?
4. Rit co thé sé khong dén nbi budn &, chén
ngét, néu nhu vao nhiing ldc ranh r6i nao dg,
céc ban thit ng,hl xem, két qué bai todn s¢ thay
ddi thé nao, néu thay bang 11 x 11 bai béng
(2n+1) x 2n+1), va ddng thdi, thay cdc
bang con 5 X 3,6 X 6 bdi cdc bang con n x n,
(n+1)x (n+1)?
(Khi n =1, véi cdc rang buoc da néu trong bai
ra, ta chi c6 thé dlen cdc sb vao bang sao cho
tich ctia tht ca cdc sb trong bang 3 X 3 bang 0
hoiic bing 1. Khi n =2, cdch dién s6 di mo
ta trong Loi gidi trén ddy théa man céc rang
budc dat ra, nhung vdi céch dién dé, tich tht
A céc sb trong bang 5 x 5 s€ ludn bang 1....)
Ha Thanh

P235. Cho tam gidc khong can ABC. Goi A,
12 trung diém canh BC, va goi G la trong tam
cla tam gidc d6. Trong nita mit phéing bo
BG khéng chia A, iy cdc diém K, L sao
cho GBKL 12 mot hinh vudng. Trong nifa mit
phing b3 CG khéng chita B, 13y cic diém M,
N sao cho GCMN la mét hinh vudng. Goi A2
la trung diém ciia doan théng ndi tim cla hai
hinh vudng vita néu. Pudng tron ngoai tiép
tam gidc A1A,G cit lai canh BC tai diém thit
hai X (khac Ay).

Hay tinh ty sb A_

XH’
dudng cao xufit phét tir A ciia tam gidc ABC.

Loi gidi (cita nhitng nguoi chdm bai).

trong d6, H la chan

Goi I va J, theo thit ty, 1a tim ciia céc hinh
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uong GBKL va GCMN. Ta cé:
GI' yaidlind . GJ
GB_ 2 _ GC' (1)
/BGI = LCGJ = 45°. )

va
Khong mét tinh tdng qudt, gia s cdc dinh clia
am gidc ABC dudc dit tén theo chiéu ngugc
chiéu kim déng hd. Khi d6, dinh C sé nim 8
bén trai dudng thiing AB, nhm theo huéng tir
A dén B; do do, tt ia thiét vé vi tri clia céc
hinh vuong GBKL va GCMN, suy ra I nim
bén trdi tia GB, va J nim bén tréi tia GC.

Xét phep bién hinh H, la tich clia phép quay
am G, géc quay 45°, theo chidu ngugc chidu

kim dong hd, va phép vi tv tdm G, ti s6 —

Khi dé, tir (1) va (2), v6i luu y téi vi tri tuong

déi cta I, J, nhu da néu trén, suy ra tam gidc

1GJ 12 4nh clia tam gidc BGC qua phép bién

hinh H. M2 A5 1a trung diém clia IJ, v A 12

trung diém ctia BC (theo gid thiét), nén suy ra

GA; 13 4nh ctia GA| qua H. Do dé, ta cé:
GA, 1

LA1GAy =45° vi - =—.
1GA3 va GA, \/E

Ké hop véi (1) va (2), suy ra
ABGI ~ AA1GA,. Ma BGI 1a tam gidc vudng
tai I, nén A; GA, 1a tam gidc vudng tai A2. Do
6, dudng tron ngoai tiép tam gidc A1A2G la
dudng tron dudng kinh GA;. Suy ra, GX LBC.
Ma AH 1 BC (theo gi4 thiét), nén GX || AH.
Vi thé, theo dinh 1y Thales, ta c6:
AlX _AG 1

XH GA 2
(do G 1a trong tAm tam gidc ABC, theo gid
thié).
Binh lugn va Nhén xét.
L Theo dénh gi4 chii quan clia nhitng ngudi
chim bai niy, bai da ra 1a mot bai todn co bdn
va hay, gitip cac ban hoc sinh 6n tdp cic kién
thic ¢o ban v& phép bién hinh (phép dong
d‘j“g, phép vi tu, phép quay), va céc Ung dung
cua ching trong giai toan hinh hoc.
2. C6 thé théy, hinh dugc cho trong dé bai c6
cdu tric don gidn va r rang (vt dé dang xdc
dinh duge vi tri tuong déi ciia cdc diém, cdc
dudng trong hinh, khi biét c4c dinh ctia tam

gide ABC dugc dit tén theo chidu nao (chiéu
ngugc chidu kim déng hd, hay chiéu kim déng
ho)). Vi thé, viéc st dung c4c cong cu manh,
nhu vecto hay géc dinh huéng, d€ gii bai da
ra (nhu mot s6 ban doc da lam) thuc sy 1a mot
su “lang phi” kién thic.
3 Khi sﬁ‘ dung phép vi ty quay, mot sb ban,
da “quén” v1¢c phai xdc dinh chiéu quay. Vi
day la mot bai todn vdi cau hinh don gién nén
16i vira néu dugc cham chudc, khi danh gid
tinh diing — sai cda cdc 10i giai.
4. Theo ¥ kién cta thiy Ha Vi Anh, v6i cAu
hinh d cho trong bai ra, ta c6 thé chitng minh
dudc mot s6 két qua thd vi sau:
o Két qua 1. Cic diém 1,X,A,,J thing hang.
o K&t qué 2. Céc dudng thing BC,KM va LN
ddng quy; goi Y 1a giao diém ciia ba dudng
thing vira néu, ta c6 GY LKM.
Viéc ching minh hai két qué vita néu trén xin
dugc danh cho ban doc.
5. C6 thé thiy, bai da ra c¢6 “ho hang” khong
xa vdi bai toan quen thudc sau:
Bai toan. Cho hai dudng tron,(O;) va (07),
cit nhau tai hai diém phéin biét A,B. Mot
duong thing di qua B cit lai (0) va (02)
tuong ng, tai M va N. Chifng minh ri‘lng, tam
gidc AMN ddng dang véi tam gidc AO; O-.
Ha Vil Anh — Ha Minh Tho
P236. Trong mit phing, cho hai dudng thing
a va ¢ song song véi nhau. Xét dudng thing
b song song vdi hai dudng thing a, ¢, va nim
trong déi tao bdi hai dudng théng dé. Dung
tam gidc ABC, v6iA € a, B € b, C € ¢ sao cho
/ABC = 60° va BA = k- BC, trong do, k la
mot hiing 6 cho trudc, thude khoéng (0; 2).
1) V&i B 12 mot diém cho trudc trén b, héi c6
thé dung dugc bao nhiéu tam gidc ABC théa
min diéu kién néu trén?
2) Chitng minh ring dién tich clia tam gidc
dung dugc chi phu thuge vao vi tri cla dudng
thing b. V6i moi derng théng b, ky hidu S,
Ja dién tich ciia méi tam gidc dung dugc. Hay
xdc dinh vi tri ctia b d€ S}, dat gid tri nho nhit.
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Loi giai (ciia ngueoi chdm bai).
Ki hi¢u d(X,I) la khoang céch tir diém X dén
dudng thing 1, va d(u,v) 1a khoang cdch gilta
hai dudng thing song song u,v.
bith=d(a,c), vax=d(a,b).
o Trudc hét, ta gidi bai d ra, véi gid thiét
k=1.
Liic nay, tam gidc ABC cin dyng la tam gidc
déu.
1) Gia sit di dung dugc tam gidc déu ABC,
véi B 12 mét diém cho trudc trén b,A € a, va
C € c. Xay ra:
— Truong hgp 1: (BA,BC) = 60°.

a A

fon i

b

C

Trong trudng hgp nay, do ABC la tam gidc
déu nén C 12 anh cla A qua phép quay tim B,
gbc quay +60°. Vi thé, do A € a nén C thuge
dudng théng aj, 12 anh cta a qua phép quay
néi trén. Tir day, do C € ¢, suy ra, C 1a giao
diém cta a; va c.
V6i diém C di dudc xdc dinh, do A € a va
/ABC = 60° nén A 1a giao diém cia a va
dudng thing di qua B, tao vdi dudng thing
BC gbc 60°.
— Trudng hop 2: (BA,BC) = —60°.

a A

Bﬂ

C c
Lap luan hoan toan tuong ty trén, ta s& co:
+ C la giao diém cla ay va ¢, trong d6, az Ia
anh clia dudng thing a qua phép quay tdm B,
g6c quay —60°.
+ A 1a giao diém cia a va dudng théng di qua
B, tao véi duding thing BC géc 60°.

Tit viéc phan tich néu trén, ta co ‘c:‘ich dung
tam gidc déu ABC, khi biét vi tri diém B, nhy
sau:

_ Dung dudng thing a1, 12 nh ciia dudng
thing a qua phép quay tam B, goc quay +60°,
Via| cvaarffanénay s& cit ¢ tai mot diém,
goi 1 C. )

— Dung dudng thang d di qua B va tao véi
dudng thing BC gbc 60°. Vib || a vad citp
(tai B, do B € b) nén d sé cat a tai mot diém,
goilaA. :

— Dung dudng thang a, 1a anh cla dudng
thiing a qua phép quay tam B, goc quay —60°.
Via| cvaay ffanénaysécate tai mot diém,
goilaC’.

— Dung dudng théng @' di qua B va tao véi
dudng thing BC' gbc 60°. Vib || avad cith
(tai B, do B € b) nén d’ s& cat a tai mot diém,
goila Al )

Theo céch dung trén, dé dang ching minh
dugc ABC va A'BC’ 1a céc tam gidc déu.
Vay, vdi m&i diém B cho trudc trén dudng
thing b, ta dung dugc hai tam gidc déu ABC.
2) D& thy hai tam gidc déu ABC dung dugc
& 1) 12 hai tam gidc bing nhau. Vi thé, ching
¢6 dién tich bang nhau. Do d6, dé tinh dién
tich cia m&i tam gidc déu ABC dung dugc, ta
chi can xét mét tam gi4c tly ¥, trong hai tam
gidc dé.

Xét tam gidc déu ABC ma C 1a anh ciia A qua
phép quay tdm B, gic quay +60°.

Theo gié thiét, & 12 mot hiing 6, va x thay doi
trong khoang (0; k).

ay

a A F/ D
D' /N

b B

1

c /C F'E

Goi D va E, tuong iing, 1a chan dudng vuong

gée ha t}xB xudng a va ¢; do a || ¢ nén D,B,E
thang hang. Ta ¢6 BD = x va DE = h.
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Goi p' la anh ciia D qua phép quay tim B,

w60 qUay +60°. Ta ¢6:
¢ BD = BD', 6))
/DBD' = 60°. )

Goi F 1a giao diém ctia dudng thing CD' va
o F' 1a chan dudng vudng géc ha tit F xubng
* Hién nhién c6 FF' = DE = h.
Tit dinh nghia diém D' va cdch dyng diém C,
quy ra CD' 12 dnh clia a qua phép quay tam B,
goc quay +60°. Vi thé:
_ /FCF'=60%;
_TuBDLasuyraBD' LCF. )
Vi ABC la tam gidc déu nén
V3
SaBc = TBCQ. @
Tit (1) va (3) suy ra ABDF = ABD'F. Kéo
theo BF 1a phén gidc goc ZDBD'; két hop véi
(2), suy ra ZFBD = 30°.
Xét cdc tam gidc vudéng BDF va FCF', ta
dugc:
FD=BD-tan ZFBD = x-tan30° = —;
V3

h
CF'=FF'-cotZFCF' = h-cot60° = —.
V3
Do d6
CE =CF'+F'E=CF'+FD
h X 1
=—+-—==—7(h+x).
o B
Suy ra

BC? =CE?+BE* = %(h +x)2 4 (h—x)*

= g (xz—xh—i—hz).

Két hop v6i (4) ta dugc:
3
Sasc = % ("2 —xh ‘H’Z) .

S}ly 13, dign tich tam gidc ABC chi phu thudc
vao x, va

dl,IPg dudc chi phu thudc vao vi tri cia dudng
théing b, va dién tich d6 dat gi tri nhd nhét
khi va chi khi b cdch déu hai duding thing a,c.
e Biy gid, ta gidi bai di ra, v6i gia thiét
ke (0;2) vak#1.

1) V6i B 1a mot diém cho trudc trén b, gid
st da dung dugc tam gidc ABC, véi A € a,
Cec,/ABC =60° vaBA =k-BC.

Trén tia BC, lay diém M sao cho BM = k- BC.
Khi d6, ABM 1a tam gidc déu.

a A
N

b \ 60°

c \/C

m M

Vi b || ¢ nén theo dinh ly Thales, ta co:
dM,b) BM _ L
d(b,c)  BC
Do dé, M nim trén dudng théng m, song song
véi b, cach b mot khoang bing k-d(b,c), va
n¥m trong nita mit phing bd b chita c.
Tit d6, suy ra céch dyng tam giac ABC, khi
biét vi tri diém B, nhu sau:
_ Trong nita mit phing bd b chia c, dung
dudng thing m || b va d(m,b) = k-d(b,c);
— Dung tam gidc déu ABM, v6i A € a va
M € m (theo cch dung & trudng hop k = 1);
_ LAy C la giao diém ciia dudng thing BM va
c:
Vi chi dung dugc duy nhét dudng thing m, véi
dudng théng m dung dugc, ta dung dugc diing
hai tam gidc ddu ABM (theo két qua trudng
hdp k = 1), va v6i m&i tam gidc ABM, ta xdc
dinh dugc ding mot di€ém C, nén suy ra vdi
mbi diém B cho trudc trén b, ludn dung dugc
diing hai tam gidc ABC.
Tit cdch dung trén, d& dang chiing minh dugc
cé hai tam gidc ABC dung dudc déu thda min
céc didu kién dé bai.

: V3 V3, Vay, v6i mbi diém B cho trudc trén dudng
min b ) : BN 2\ ML pavar 2 ..’y’ g
Sapc = - U (x xh+h ) 4 ! "thing b, ta dung dudc ding hai tam gidc thoa

O<x<h 3 o<x<h

dat dugc khi va chi x = {25
Vay, dién tich S, ctia mbi tam gidc déu ABC

min céc diéu kién dé bai.
2) D& théy hai tam gidc ABC dyng dugc 6 1)
12 hai tam gidc bing nhau. Vi thé, chiing ¢6
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dién tich biing nhau. Do dé, d€ tinh dién tich
ctia moi tam gidc ABC dyng dudc, ta chi cin
xet mot tam gidc tly y, trong hai tam gidc d6.

Theo gid thiét, &,/ 14 cdc hiing s6, va x thay
doi trong khoéng (0; 4).

Ta co:

SaBc

1
=§BA -BC -sin ZABC

1 BM . 1
=§BA- (T) -sinZABM = %SABM. )
Véi Iuu ¥
d(a,m) =d(a,b)+d(b,m) =x+k-d(b,c)
=x+k(h—x),

theo két qua tinh toén & trudng hop k = 1, ta
co:

g
<

(x2 x-d(a,m)+ (d(a,m)) >

( —x(x+k- (h—x))+(x+k- (h—x))z)
((kz——k+1)x2 k(2k—1)hx+ k%) .

hgp véi (5), ta dugc:

2 wtawmw\a

A

Sapc= 7
Suy ra, dién tich tam gidc ABC chi phu thudc
vao x, va
min SABC
0<x<h
V3

=——- min
3k O0<x<h

Vi
flx) = (B —k+1) 2> —k(2k— 1)hx+ k*h?
Ja mot ham bdc hai (cla bién x), va
—k+1 >0, nén tdn tai min f(x) khi va
O<x<h

chi khi

L] (@ k1) P —k(2k—=)hx+K1)

(@ —k+1) x> —k(2k— D)hx+K*1?)..

va khi d6 f(x) s€ dat gid tri nh6 nhit tai
k(2k — 1)h

xo=m'

0
Ta cé:

(6) =0 < k(2k—1) < 2 (K —k+1)
< % <k<2.

Viy, dién tich Sp ctia mdi tam gidc ABC dung
dugc chi phy thudc vao vi tri clia dudng thing
b, va

—néu 1 < k<2 vak# 1, thidién tich d6 dat
gid tri nho nhét khi va chi khi d(a,b) = x,
trong d6 xo dugc xac dinh 6 (7);

—néu0<k< % thi dién tich do khong c6 gia

tri nhd nhét.

o Tom lai, véi k la s6 thuc cho trudc thude
khoang (0; 2), ta c6:

1) Véi mbi di€ém B thude dudng théng b, ta
dung dugc duing hai tam gidc ABC théa méan
céc diéu kién dé bai.

2) Dién tich ctia tam gidc dlmg dugc chi phu
thudc vao vi tri cia dudng thing b; va véi mdi
duding thang b, ky hiéu S, 1a dién tich cta mdi
tam gidc dyng dudc, ta co:

—Néu0<k§%

trong déi tao bdi hai duting thing song song
a,c, sao cho Sy, dat gia tri nhd nhét;

thi khong ¢4 vi tri nao ciiab

(1 5
— Neéu 3 < k <2 thi S, dat gié tri nh6 nhat
khi va chi khi b nfim cdch @ mot khoang béng
Xo, V6i xg 1a gia tri duge xdc dinh & (7).
(Lun y: Khik =1 thixg = g.)
Binh luén va Nhén xét.
1. Bai todn dyng tam gidc d&u c6 dinh nim
trén ba dudng théng d6i mot song song cho
trude 1a mot bai toan kha quen thudc, mot
minh hoa dep cho itng dung ciia phép quay.
2. Phép dung tam gidc ABC véi k #£ 1 ciing

” _2_%((%% , gxa t nhién, dya Vao nhan xét tam gide ABC
anh ciia tam gidc déu ABM (M thugc tid
S BC) qua phep vi ty tdm B, ty s k.
S -(__‘_1_)' 2 6) 3 Cho dén thdi diém ban thio 1én trang, T?
< gt soan chi nhan dugc ding mét 15i giai, tit mdt
= Tap chi Pi T6p 3 56 2 Thang 2. 2017
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pan hoc sioh cip THPT. Rat tic, 15i gidi d6
chong ding, do ngudi gidi bai da cho riing,
gyong thang m (duge dinh nghia trong 10i gidi
rén) 1a mot dudng thang cb dinh, va vi thé,
{rong truong hop k # 1, ban d6 da dp dung két
1 thu dugc & trudng hop k =1, d€ khiing
dinh Sp dat gid tri nhd nhat khi va chi khi b
qim & vi trf sao cho d(b,a) = k-d(b,c) (theo
ki hiéu trong 151 giai trén).
(Luu ¥ rﬁyzg, khi duong thdng b thay déi thi
dwong thang m cing thay déi, do luén cé
d(b, m)= k-d(b,c). Vi thé, khong thé dp dung
két qud thu dugc ddi véi gid tri nhé nhdt ciia
s, & truong hop k=1, cho truong hop k # 1
(do & truong hop k=1, ta cé c la mét dwong
thing cd dinh).)
4, Bai toan sé tron ven hon néu chi xét k trong
khodng (%2) bdi khi d6 sé ludn tdn tai
vi tri ciia dudng thing b d€ S, dat gid tri
nhd nhat.
Tran Nam Diing
P237. Gia st P1 (x),Pg(x), een ,on]g(x) la
2018 da thiic vGi hé sé nguyén, khic hing,
vi thda man diéu kién: V6i mdi sb nguyén
n, ton tai chi s6 i € {1;2;...;2018} sao cho
phuong trinh
P(x)=n
¢6 nghiém hitu ty.
Chiing minh riing, trong 2018 da thiic n6i trén,
¢6 it nhit mot da thitc bac nht.
Lui gidi (duwa theo 10i gidi ciia tdc gid bai
todn).
Tllféc\ hét, ta chiing minh hai két qué sau:
BS de 1. Gia sit P(x) 1a mot da thic khdc
hing, v6i hé 6 thyc. Khi d6, ton tai s6 thuc
a >’0 sa0 cho P(x) don diéu thuc sy trén mbi
khodng (—c0; —q), (@t; +0).
Cflting .minh. Trutng hgp da thic P'(x) khong
[Ct‘l’ nf‘éhlém thye, lay o 1a mot s thyc duong
Y ¥, ta ¢d diéu cAn ching minh.

Trtng hop da thiic P/(x) o6 nghiém thuc,
229" fé thuf a > 05sao cho moi nghiém thuc
nth (x) déu niim trong doan [—a; @] (50 &

thé t3n tai, vi P'(x) chi c6 hitu han nghiém

o o
9P 386 2 Thang 2. 2019
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tl’luc). Khi El('), hién nhién, P'(x) s& khong dai
dz}u trén moi khodng (—oo; —ct), (a; -+20). Do
dOA; P(x) don diéu thuc sy trén méi khodng do.
B:) dé 2. Gid sit P(x) Ia mot da thic véi hé
s thutc, c6 bic khong nhd hon 2. Khi d6, véi
moi o thuc ¢ # 0, ta cé:

lim [P(x-+¢t) — P(x)| = +oo.

x40
Chiing minh. Gia sit:
n
P(x) = Za;x’, a,#£0,n>2.
i=0
Vi mbi sb thuc ¢ # 0, xét da thifc
0(x) = P(x+1t) — P(x); ta co:
0(x)
n . n .
=Y ax+1)' =) ax
i=0 i=0

=ay ((x+1)" —x") +an-1 ((x+t)"—l —A"_l)
n—-2 X J
+ Y a((x+1) —x
Lai (w40 =~)
n n—1
=a, Z Cﬁ,f’*iti +a,—1 Z CL_lx"“l_iti
i=1 i=1

n=2
+) ai ((X—I—t)i —xi)
i=0
=a,Cl" "t +R(x) = napt?~! +R(x),
trong d6, R(x) 1a mdt da thiic c6 bac khong
vudt qua n—2.
Do nayt # 0, nén degQ(x) =n—121 (do
n>2). Vithé, tacé:
lim ()] =+
x| —4-e0

B§ dé 2 dugc ching minh.
Trd lai bai todn.
Gia st phan ching ring,
i—1,2,...,2018.
Véimbii=1,2,..
nhét ctia da thic Pi(x).
pit t = min —15 Theo cdc b6 dé trén,

1<i<2018 ¢7
v6i mbii=1,2,...,2018, tdn tai a; > 0520
cho P;(x) don di¢u thyc sy trén mdi khodng
(= —ay), (s +o0) va dong thoi
|Pi(x+1) — Pi(x)] 2 2-2018+ I,

37

degP; > 2, v6i moi

.,2018, goi¢; l1a hé b cao
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THACH THUC TOAN HOC

v6i moi x ma |x| > o.

Vivéi méi i =1,2,...,2018, |P(x)| 1a ham
lién tuc trén doan [~ a,, ;] nén né dat gid tri
16n nhét trén doan dé. Pit:

M= mnax [P,( )|, VAL = i M;. (2)

Lay s6 nguyén k> Lty y. Khi d6, theo gid
thiét, v6i méi sb nguyén
ne€A={k+1;k+2;...;k+2-2018+1},
t6n tai chi sé i, € {1;2;. .32018}, sao cho
phuong trinh P, (x) = n c6 nghiém hitu ti.
Do c6 tit ca 2-2018+1 sb in, ma trong do
chi c6 t6i da 2018 sb doi mot khac nhau, nén
theo nguyén 1y Dirichlet, phai ton tai ba sb
c6 ciing gid tri; néi cach khéc, tdn tai ba sb
d6i mét phén biét ny,ny,n3 thude A, sao cho
in, = illz = i113~ D:lt §= inl = inz T in;-
Goi x; 1a nghiém hitu ti cia phuong trinh
Pi(x) = nj,j =1,2,3. Vi nj,ny,n3 ddi mot
phéan biét nén x;,x5,x3 ciing ddi mot phan
biét.
Do v6imoi j =1,2,3,n; >k > L, nén tit (2)
suy ra, x; ¢ [—0t; &), v6i moi j = 1,2,3. Do
do, xj # 0, v6i moi j = 1,2,3. Vi the, theo
nguyén Iy Dirichlet, trong ba 6 x1,x2,x3, phéi
c6 hai sb ciing diu. Gia s hai s6 d6 c6 cing
dAu duong (trudng hop hai s ¢6 cing déu 4m
dudgc xét tuong t). Khi d6, khong mét tong
quat, gid st x; > x2 > 0.
Theo chiing minh trén, x;,x; ¢ [—0i; 0s]; do
do, tir x; > xp > 0 suy rax; >xp > 0.
Vi x1,x; 12 cdc s6 hitu ti nén
P1 ! P2
X]=— Va X=—,
q1 92

trong d6, pi,q1,p2,g2 12 cdc s6 nguyén
duong, va (p1,q1) = (p2,42) = 1.

Vix = it >x = P2 hen p192 > p2q1. Suy
q1 q2
ra
pig2—p2q1 2 1. 3)
vi 24 j— 1,2, Ia nghiém ciia da thic
q;’

Py(x) —nj, khéc hang, v6i hé sb nguyén, va
c6 hé s6 cao nhit bing c;, nén g;,j =1, 2,1a
udc duong cia ¢;. Do d6, g5 < |esl,j=1,2.

Tir day va (3), ta dudc
_pa—pd 12 0
qi1q2 Y
suy ra, O < xp <x2t+f < x1. Vi thé, theo (N,
va luu ¥ Py(x) don diéu thyc sy trén (0;; o),
ta cé:
2-2018+1 < |Ps(x2+1) — P (x2)]

<Py (x1) — Ps (x2)| = |m1 — n2 £2-2018,
1a didu vo ly. Diéu vo ly nay cho thiy gia
it phan ching & trén la sai, va vi véy, ta c6
didu dé bai yéu ciu chitng minh; d6 13, trong
2018 da thitc Py (x),Pa(x),-- -, Pao1(x), théa
man diéu kién dé bai, co it nhat mot da thite
béc nhét.
Binh luén va Nhén xét.
1. Pay 1a mot bai todn kh6 dbi véi hoc sinh
THPT.
2. Cho t6i thoi di€ém bén théo 1én trang, Toa
soan chi nhan dugc ding mot 1i giai tit
ban doc. Tiéc ring, 151 gidi d6 1a 10i gii
khéng ding!

—X2=

Nguyén Duy Thai Son
Lgi ban.
T4c gid chia bai toan P237 1a mdt cyu thanh
vién ciia Pdi tuyén hoc sinh Viét Nam tham
dy IMO 2014 va IMO 2015, ban Nguyén Thé
Hoan. Viéc “nhin ra” hudng gidi cho bai todn
do, theo chiing 61, khong hén 1a viée khé, néu
ban da doc va hiéu bai viét “Db thi ciia da
thitc”, déng tai trén Tap chi Pi tap 1, s6 thang
8.2017 (trang 15 — 18), ctia mot cuu thanh
vién Doi tuyén hoc sinh Viét Nam tham du
IMO 1986, GS. TSKH. Phing Hd Hai.
Nhém TTTH

P238. Tim tét c4 cdc sb thuc a va tit ca cic

ham s6 f: R — R théa man déng thdi hai

diéu kién sau:

1) V6i moi s thyc x,y, ta ludn c6:
a-f(x)=x<a-f(f() -

2) Ton tai sb thuc xy sao cho S (xo) = xo.

Ldi gidi (dwa theo 10i gidi ciia ban Chu Thi

Thanh, Idp 11T, truong THPT chuyén Vinh

Phiic, tinh Vinh Phiic).

38 Tap chi Pi
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Gidsitava f: R — R, wong wing, 12 s6 thuc
va ham 6 thoa man céc diéu kién cia dé bai;
nghia 1a, taco:

a-fX)-x<a-f(fM)-y, (1)

v6i moi x,y € R; va ton tai xo € R sao cho:

f(x0) = xo. )
Khi dé, trong (1), chon x = f(y), ta dugc:
f) 2y VyeR. 3)

Trong (1), chon x = xg, Vi xg 12 56 thyc thoa
man (2), ta dudc:
a-xo—xo<a-f(f(y)) -y VyeR. (@)
Theo (3), ta cé:
FEOGNZf0)2y VyeR;
do dé, néu a < 0 thi
a-f(f()) <ay VyeR.
Két hop vdi (4), ta dugc:
a-xp—xp<a-y—y VyeR;
suy ra
(a—1)(x-y) <0 VyeR.
Tir d6, chon y = xg + 1, ta dugc:
(a—1)(-1) <0,
ladiduvo1y,doa—1<0.

Didu vo 1y nhan dudc & trén cho thiy phai c6
a>0. Vithé, tir (3), ta cé:
a-x<a-f(x) VxeR,

suy ra

a-x—x<a-f(x)—x VxeR. (5
Trong (1), chon y = xg, véi xo la s6 thuc thoa
man (2), ta dugc:

a-f(x)—x<a-xo—xo VxeR. (6

Két hgp véi (5), suy ra

a-x—x<a-xg—Xxo
dén t6i

(a—1)(x—x) <0 VxeR.
Dé thiy, bit ding thitc vita nhin dugc chi
dingkhia—1=0,haya=1.
Véi a = 1, theo (6), ta co:
fx)—x<0 Vx€eR,

hay fx)<x vxeR.
Két hop v6i (3), suyra f(x) =x VxeR.

Vx eR;

Biéing céch thit truc tiép, dé thdy, a = 1 va
f(x) = x théa man tit ¢4 cdc diéu kién cla dé
bai.
Viy, ¢6 duy nhét gi4 tri a va duy nhit ham s6
f thda man yéu cau dé bai, 1a gi4 tri a vd ham
s6 f vita néu trén.
Binh luiin va Nhan xét.
1. Khi khai théc diéu kién 1) clia d& bai, viéc
chon x = f(y) hay x = xo, y = xo d€ tdn dung
dugc diéu kién 2), o rang la nhitng thao tdc
tu nhién va hitu ich.
2.C6 vo sdham £ : R — R thda mén diéu kién
1), véia=1, tic 13, c6 vo sé ham f: R —» R
théa man bit déng thic

fx) —x < f(F) — >
v6i moi x,y € R.
Thét vy, v6i mbi sb thuc a > 0, xét ham
fa : R — R, dudc cho bdi cong thic

fa(x) =x+ o

DE théy, tht ¢ cac ham f,, thda man bat ding
thifc vita néu trén, véi moi x,y € R. ‘
Tuy nhién, 16 rang, tit cd cic ham fy déu
khong thda man diéu kién 2).
Nhitng didu néu trén cho thiy sy can thiét cia
diéu kién 2), trong viéc x4c dinh céc cip (a, f)
thda mén diéu kién 1).
3. Dé bai yéu ciu tim diéu kién cin va dg,
d€ mot cip (a, f) thda min céc diéu kién 1)
va 2). Do qu4 trinh di dén két qua “a=1va
f(x) = x” 12 mdt chubi céc 1ap luan “suy ra”,
nén két qui d6 mdi chi 12 didu kién cén, dé
mdt cdp (a, f) thda min cic didu kién dé. Do
vay, d€ hoan tat 15i gidi cho bai todn, cén thuc
hién buéc “thit lai”, dé khing dinh két qué da
tim ra cling dong thoi 1a diéu kién dd.
Pidu néu trén ddy di dwgc nhic nhd nhiéu
14n trén céc trang ciia Tap chi Pi. Thé nhung,
trong sb céc 15i gidi Toa soan nhan dugc, vin
c6 mot 15i gidi thiéu phan “thit lai”! Ldi gidi
d6 khong dudc chip nhan 12 18i gidi ding (vi
vé& miit todn hoc, d6 chua phai 1a mét 18i gidi
cho bai toan).
4, Trong 18i gidi cia minh, c6 ban viét “Thay
x=f(x) vao...,tacd...”. Cu vira trich din

Tap 3 56 2 Thang 2. 2019
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12 mot cdu sai vé& miit toan hoc, vi x = f(x)
thé hién mot phuong trinh.

Trong tiéng Viét, tit “bdi” cé nhitng khi ddng
nghia véi tif “biing”, chit khong phai 1a diu
“=""trong todn hoc!

Dé dién dat ding, vé& cé todn hoc I4n tiéng
Viét, ciu trich din trén can dugc sifa thanh:
“Trong ..., thay x bdi f(x), tacd...”, hoic
“Trong ..., thay x bing f(x),tacd...”.

Nguyén Duy Thai Son

P240. Ban Pi vita mua dugc mot manh dit,
va dinh xay nha. Khé mét ndi 1a § khu vuc dé
c6 mot quy dinh rit odi oiim: cic nha khong
dugc phép che 14p nhau hoan toan, theo nghia
moi dudng thing ndi dinh cta hai nha tay ¥
déu phai tao v&i mit dat mét géc khong vugt
qua 45°. Céc nha da xay déu tuan thi nghiém
ngit quy dinh dé, va hién nhién Pi cling phai
tuan thu khi x4y nha. Ban thtt nghi xem, Pi c6
xdy ndi nha hay khong?

Loi gidi (cia tdc gid bai todn).

PE giai bai da ra, ta coi vi tri cla mbi ng01
nha 1a mot di€m trén mat phdng (titc mit dat),
mbi ngdi nha la mot doan thang vudng géc
v6i mit phéng do, va c6 mot dau miit 1a dinh
nha, ddu mit con lai la nén nha (tu’c 1a diém
trén mat phang, ma tai d6, doan thing vudng
gbc v6i mit phang).

Ta goi ngdi nha ¢6 vi tri tai di€m X 1a ngdi
nha X.

Ki hiéu hy la chiéu cao ctia ngdi nha X, va
dxy 1a khoéng cach giita ngdi nha X va ngoi
nhaY.

Xét hai ngm nha X,Y tiy y. Gia st dudng
thing ndi dinh cla hai ngdi nha dé6 tao véi
mit dét géc o Khi d6, quy dinh odi odm néu
trong dé bai dugc “phién dich” sang ngdn ngit
toan hoc thanh:

Gia sit Pi di mua manh dit & vi tri P. Ta sg
xem Pi c6 the xay duge ngdi nha véi chidu cag
bao nhiéu, néu tuan thi nghiém ngit quy dinh
odi odm.
Gia st /ip 12 chidu cao clia ngdi nha ma Pj
dinh xy. Khi do, theo (1), Pi phai tinh toan
sao cho
|hp — x| < dpx,

véi moi ngdi nha X da dugc xay.
Vi chi ¢ hitu han ngdi nha dé dugc xdy nén
phai ton tai ngdi nha A, sao cho

hp +dap = mXin {hx -l—dpx} ,

trong d6, minimum dudc 14y theo tét ca cic
ngdi nha X da dugc xay.
Theo tinh todn cia Pi thi khi x4y ngdi nha véi
chiéu cao

hp = ha+dap,
Pi s& khéng vi pham quy dinh ctia khu vuc
(noi Pi mua dét).
That vay, gia sit ngudc lai, ton tai mot ngdi
nha B ndo d6, ma ngdi nha (s& xay) cha Pi va
ngdi nha d6 vi pham quy dinh néu trén. Khi
do, theo (1), ta s€ c6:

|hp — hp| > dpp. @
Tir céch chon /2p, hién nhién suy ra khong thé
cé:

hp—hp > dpg;
vi thé

(2) & hg—hp > dpp < hp < hg—dps
< ha+dpa < hg—dpp
< hg—ha > dpa +dpp.

Tir do, do

dpa+dpp > dyp,
nén suy ra

Ihx —hy| —tano < tand5° =1, h —ha > das,
oy mau thudn véi viée cac ngdi nha A va B di

hay |hx —hy| < dxy. (1) dudgc xdy theo diing quy dinh.
40 Tap chi Pi Tép 3 $6 2 Thang 2. 2019
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Méu thun nhin dugc & trén cho théy, gia sit
phan chiing d trén 1a sai; nghia 13, Pi da tinh
toan ding.

Viy, Pi c6 xdy ndi nha, di quy dinh rét
odi oam!

Binh luin va Nhin xét.

1. Qua 15 gidi trén ddy 6 thé thdy, diém méu
chét d€ giai dudc bai todn 12 viéc “phién dich”
ngdn ngll “xfy dung” sang ngdn ngi todn hoc.
Noi cdch khdc, 1a tim dugc mo hinh to4n hoc
ciia tinh hubng ddi séng da diit ra. :
2. Pi rit khdng vui, khi cho t6i thdi diém ban
thdo 1én trang, khong c6 mét ban doc nao gii
cho Pi 16i gidi cia bai todn trén. Phai ching,

do cdc ban da giip khé khiin (khong thé vugt
qua) trong viéc “phién dich” néi trén? Hay do
... Vi thily dé bai yéu ciu “ban thit nghi xem”
nén cdc ban chi ... nghi, ma khong gti 10i giai
cho Pi?

R i Nguyén Kh#c Minh
THONG BAO:
1. Tap chi Pi tiép tuc nhan 10i gidi ciia ban
doc cho bai P239. Han chét cho viéc giti loi
gidi cho bai todn do la ngay 01 thdng 6 ndm
2019.
2. Thoi han chét nhén 10i gidi cho cdc bai
todn trong muc Thdch thiic ky nay trén ddy
la: ngay 30/6/2019.

DANH SACH HOQC SINH CO LOI GIAI PUNG

Trong cdc ngodc don & phdn duwdi day, sau tén 1dp la md hiéu cita cdc bai todn ma hoc sinh c6

[0i gidi diing.
KHOI THCS

o Trudng THCS Tp. Bén Tre, tinh Bén Tre: Pdo Trong Toan (18p 9/3; P204).

e Trudng THCS Tén Phi, Bdng Xoai, Binh Phudc: Pdng Dinh Vin (16p 9/11; P204, P232).
o Trudng THCS Nguyén Truc, Huyén Thanh Oai, H Noi: Lé Ngoc Ting (16p 9A; P232).

o Archimedes Academy, Quan Thanh Xuan, Ha Noi: Duong Hong Son (16p 8C1; P231).

KHOI THPT

o Truosng THPT Poan Két, Tan Ph, Déng Nai: Pao Qudc Cuong (16p 11A1; P232).
o Trudng THPT chuyén Luong Thé Vinh, Dong Nai: Kiéu Quéc Huy (16p 10T; P204).

OOH NYOL D0HL HOYHL

o Trudng THPT chuyén Ha Noi - Amsterdam, Tp. Ha Noi: Lé Duic H iéu (16p 11T1; P238).

o Trudng THPT chuyén Ha Tinh, tinh Ha Tinh: Pham Céng Tai (16p 11 Toan 1; P204, P232,
P235).

o Truong THPT chuyén L€ Hbng Phong, Tp. Hb Chi Minh: Nguyén Vin Bdo An (16p 10CT1;
P231, P235), Luong Trdn Cong Danh (16p 10CT1; P235), Nguyén Lé Hoang Duy (16p 10CT1;
P204), D¢ing Duong Minh Nhdt (16p 10CT1; P231, P235), Nguyén Phiic Thinh (16p 10CT1;
P231, P232).

o Trudng THPT chuyén Luong Vin Chénh, Phi Yén: Lé Khdnh Huy (16p 11 Toan 1; P232,
P235), Nguyén Thanh Phiic (16p 10 Toan 1; P231, P232, P235), Nguyén Kim Phitong Trang

(16p 12 Toén 1; P235). 3
o Trudng THPT chuyén Quéc hoc, Thira Thién — Hué: Phan Phudc Minh (16p 11 Toén 1;

P238).

o Trudng THPT chuyén Vinh Phic, tinh Vinh Phiic: Chu Thi Thanh (16p 11A1; P231, P235,
P238).

o Trudng THPT chuyén Tu nhién — PHQG Ha I\I(f)i: Ngé Quynh {inh (l(3p~ 10A1; P238).

o Trudng Phé thong Néng khiéu — PHQG TP. H6 Chi Minh: Tran Nguyén Nam Hung (18p 10
Todn; P204, P228, P235). i

o St. Joseph’s Institution, Singapore: Nguyén Quang Minh (P204, P233).
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LTS. Trong bai viét “Ciing tim loi gidi cho bai P228
tdc gid Trdn Nam Dung da trao déi voi ban doc vé cdc cdch sit

ddnh gid moét s6 dang tong. Dudi ddy, chiing 16i gidi thiéu vdi
Ha Vin vé cdch tim ra cong thitc dy. Tix géc nhin cila GS. Vil
Abel, chiing ta cd thé thu duge nhiing diéu thii vi gi? Do chinh

» (xem tai trang 17-21, 56 Tap chi nay),
dung cong thiic tong Abel 3¢
ban doc mot chia sé cua GS. Vi
Ha Ven dbi véi cong thikc tong
la diéu ma Tap chi Pi mong

muén ban doc ciing tham gia trao doi, tai Dién dan nay.

TONG ABEL

Va Ha Van

Thai Trung hoc phé thong (ngay toi hoc, goi
la Chp 3), t6i (va chic nhiéu ban nifa) timg
hoc cong thiic tdng Abel:
n—1

Y b= Y Av- (b —bes1) +An-bu,

k=1 k=1
véi Ay =aj+-- Fap, k=1,2,..
Cong thiic nay rit hay, va ching mmh khong
khé, mot khi ban biét n6. Nhung ma gan day,
t6i méi dé y, ta cé thé suy ra né nhu thé nao?
Néu ban mubn tinh tong

F)+ £+ + (),
ta c6 thé diing xAp xi / f(x)dx.
1

Trong trudng hop f(i) = a(i) -b(i), ta cé:
n
/ a(x)b(x)dx.
i
Néu diing cong thifc tinh tich phan timg phan,
ban c6 thé co:
n

1

42 Tap chi Pi

[ atplan=Ae) b~ /A(x)b’(x)dx
|

véi A’ (x) = a(x).

Trong trudng hop dang co, tAt nhién ta ch1 c6
céc sb roi rac, ma khong c6 mot ham s6 nio.
Viay tim A(x) thé nao? Suy nghi hdp ly la theo
dinh 1y gid tri trung binh, ta c6 thé viét

F(x)—F(x—1) =~ F'(x).
Viy, céch logic d€ chon A (k) 1a viét
Alky=ai+a+-- +a.

Mot cach tuong tu, ta c6

V' (k) = biyr — by

Nhitng diéy vita trinh bay trén day dan tdi
dang ctia dang thitc Abel & trén.

Mot 14n nifa, xin luu ¥ rang, & day, toi ban
t6i cch tim ra cong thiic tong Abel (titc, tai
sa0 ta lai nghi dén dang dang thic trén), chf
khong phai 1a ching minh déng thic fy.

Bai tap. Hay dung cong thic tong Abel dé
tinh tdng cic s nguyén td, trong pham vi t
1 dén n.
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Nu’O’c va nhung dieu chua biét

Ki 2: Nguon gdc cuia cac tinh chat ciia nudc

Nguyén Hoang Hai!

1. ORBITAL PIEN TU

O trung hoc phd théng, ching ta da duge hoc
cdc dién ti trong nguyén ti duge phan bd
thanh cdc 16p va phan 16p. Kién thic d6 cé
duge nhd co hoc lugng t, mon khoa hoc md
ta cc vat thé vi md mét cach chinh xéc déng
ngac nhién. Theo i thuyét nay, cdc dién ti
trong nguyén t& s€ § cdc trang thai lugng td
20i 1a cdc orbital. Dién tit & mdi orbital c6 mot
niing lugng va mot hinh dang nhit dinh, mé
ta bdi mot ham séng. Khéc véi cac hinh dung
thong thudng clia co hoc ¢ dién 1a mbi dién
ti s& chuyén dong trén cic quy dao (orbit)
xéc dinh, co hoc lugng t& md td céc dién ti
xung quanh hat nhan, xc suét phan b dién ti
trong khong gian ti 1€ véi binh phu‘dng bién do
cda ham séng. M01 orbital c6 bén s6 lu'dng t
dic trung. D6 1a sb ludng tir chinh (quyét dinh
dién tit & 16p nao), s6 lugng tlt quy dao (quyét
dmh dién t&t  phan 16p nao), sO lugng tl tur,
s6 lugng tit spin. Cac dién tit sé dugc lap day
tit orbital c6 ning lugng thp 1én cdc orbital
¢6 ning lugng cao. Co hoc lugng tif g1a1 thich
tuyét voi su sap xep cua cic nguyen tb trong
Béng tuin hoan cic nguyen t6 hod hoc. Hinh
dang ciia orbital s 12 hinh ciu, hinh dbi xing
nhét chita t6i da hai dién ti véi spin ngugc
nhau. Hinh dang cda orbital p 1a hinh truy
doc theo mdt truc, trong khong gian ba chiéu

]D{u' hoc Quéc gia Ha Noi.

thi ¢6 ba hinh truy nhu vy tuong ting véi cac
truc x,y,z. Mdi truy chda i da hai dién it
nén phén 16p 2p c6 thé chita dén sdu dién tit.
V6i mbi nguyén t6, nguyén tit cia né c6 mot
cAu hinh dién ti & trang théi co ban. Hydro
(vi tri tht nhét trong Béng tudn hoan) cé chu
hinh dién tf 1a 1s!, carbon (vi tri thd s4u) 1a
1s22s22p oxy (vi tri thd tdm) 1a lsz2s22p
P6 1a ciu hinh dién td cla nguyén tit & trang
théi co ban.

2. LA HOA ORBITAL

Khi tham gia cdc phan ting hod hoc, cic dién
td cla nguyén td s& dugc trao déi giita cac
nguyén ti véi nhau, cac dién tit ¢4 mic ning
lugng cao sé& c6 kha ning bi trao ddi hon cic
dién t 8 muc ning lugng thip. Cic dién tit
dugc trao ddi trong céc phan tng hod hoc
dudc goi la cac dién ti hod tri. Hydro chi ¢6
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GOC STEM

mot dién t nén d6 chinh 1a dién tir hoa tri.
Tuy nhién, cdc nguyén t c6 nhidu dién ti thi
chi ¢6 mot s6 dién it 1a dién t hod tri ma
théi. Vi du, néu 2 dién tt 2p? ciia carbon tham
gia cdc phén dng hod hoc thi carbon ¢ hod
tri 2, néu ca cdc dién tit 252 cling tham gia thi
carbon ¢6 hod tri 4. Do niing Iugng va hinh
dang ctia dién t& & 2s va 2p khdc nhau nén
phén tf tao thanh tit cdc lign két nay phai khac
nhau. Thuc nghiém cho thiy bén dién ti hod
tri cia nguyén tit carbon c6 niing lugng bing
nhau va phan b ding huéng trong khong gian
tao thanh mot td dién déu mau thuin véi ciu
hinh dién t{ ctia carbon & trang thdi cd ban.
Bai todn nay da thu hiit sy chd y cia Linus
Pauling, mét nha hod hoc ngudi My, ngudi da
tryc tiép sang Chau Au hoc co hoc luong tif va
ng dung trong hod hoc. Niim 1935, Pauling
dua ra gié thuyét vé lai hod dién t&, mot khai
niém quan trong trong hoa hoc lugng td. Theo
gia thuyét nay, ning lugng dién t tai orbital
Ls rét thAp nén khong tham gia céc phan ting
hod hoc. Nhung nédng lugng cia dién td tai
orbital 2s va 2p lai gin nhau (hinh 1). Do su
chénh 1éch nang lugng gilta trang thai 2s va
2p 1a khong 16n nén khi ¢ mét kich thich tir
bén ngoai, vi du kich thich nhiét thi mét dién
t&f 3 trang thai 2s s& chuyén 1én trang thdi 2p
lam cho trang théi 2p chita ba dién i, trang

-+ 4 —

2p:  2py  2p- 2p:  2py

4 -+

25 2s

- +-

Is 1s

Trang thai cd ban

-+ =+

Trang thai kich thich

thdi 25 con mot dién . Dén ddy, qud trinh [y
hod xay ra. Ham s6ng cia mot dién tit & trang
thai 2s lai hod véi ham séng cla ba dién tg
& trang théi 2p tao ra bon trang thdi c6 niing
Jugng bing nhau la 2Sp3, hay con goi tit I3
lai hoé sp>. Két qué clia qua trinh lai hod nay
Ja bén trang thai sp> hoan toan binh ding véi
nhau vé d6 16n va phan bd déu theo céc hugng
trong khong gian. Do ¢ nhiéu 2p hon 25 nén '
lai hod niy sé c6 hinh dang giong orbital p
(hinh truy) hon 12 giéng orbital s (hinh ciu).
K&t qua la carbon ¢6 hod tri bén. M&i orbital
chi chita mot dién t (t6i da 12 hai dién ti)
va ¢6 kha nang nhin thém mét dién td. Phan
bb cla céc orbital 12 déu ra bdn huéng tao
thanh mot t dién déu. Mbi orbital sp trong
nguyén ti carbon 1a cdc orbital chua két cip
(unpaired), chiing ¢ thé nhin thém mét dién
tlr nita,

+ A A

1s

Trang thai lai hos

Hinh 1: Trang thdi co bdn, kich thich va lai héa ciia nguyén i C. M&i mot vach dai dién
cho mot trang thdi litgng tit, ¢d thé chita 10i da hai dign uy. Céy hinh dién. ne ;'ﬁa C;lrb();l d

trang thdi co bdn la 15%25%2p?, & trang thdi kich thich 14 1s
hod, hai dién it 6 1s* va bon dién tit cing 6 trang

2 b
2s'2p°. G trang thdi lai
thdi lai hod 2sp?.
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Pién ti tOn tai trong bén trang thai sp trong
khong gian s€ phéi thoa mén ddc diém dbi
xting khong gian ba chiu vi bén trang thai
nay hoan toan g1on0 nhau va phan bd tao
thanh mot tf dién déu. Phéan t CHy 1a mot vi
du dién hinh. Bon nguyén tit hyd10 lién két vdi
mot nouyen tit carbon. Do bén dlen tu lai hoa
sp nén bén nguyén tit hydro sép xép xung
quanh nguyén ti carbon va tao thanh mot tt
dién déu voi nguyén tit carbon nim & gilta
hinh tif dién va céc nguyén tit hydro nim &
c4c dinh hinh tf dién.

: E s
k
~

Lai héa sp?

2P N %J

g

Cic nguyén t6 N va O la cic nguyen th tiép
theo nguyén t6 carbon trong Bang tudn hoan,
titc 1a nguyen t6 thit bay va thi tdim. Nhu

ay, N ¢6 nhiéu hon C mdt dién tif Vd Ocod
nhiéu hon C hai dién td. Sy lai hod sp® ciing
xdy ra v6i cc nguyén td N va O tuong ty
nhu véi C. Tuy nhién, do ¢6 nhiéu hon mot
dién t& nén dién ti thtt bay chia N sé ndm &
mot trong bbn orbital sp> 1am cho mét orbital
nay chia hai dién t&t. Nhu vay, N chi con ba
orbital chua két cip 1a c6 thé tao lién két hod
hoc (hod tri 3). Ba lién két nay tao thanh ba
dinh cia tif dién déu. O c6 nhiéu hon C hai
dién tir, hai dién tit nay chiém hai orbital sp®
lam cho nguyén tit O chi con hai orbital cé
thé nhén thém dién td, tuong Gng véi hod tri
2 ctia O. Hai orbital nay 1a hai dinh ciia hinh
tit dién déu. Goc giita hai dinh cda hinh td
dién déu véi tam ciia hinh td dién 1a 109, 47°
(xem bai todn). Géc lién Kkét giita nguyén ti
oxy va hai nguyén tif hydro s& hoi khdc mot
chuit so vdi géc tao béi tam tif dién déu t6i hai
dinh bit ky. Géc clia phén ti nude 6 gid tri
khoang 104,5°.

> Bén obital lai héa sp?

4_,1

Sip xép tirdién

Hinh 2: Ddc diém hinh hoc ciia cdc orbital 2s, 2px,2p, 2Pz
lai hod 2sp> va phén bé déi xiing ciia lai hod 2sp° trong
khong gian ba chiéu ctia ngiyén ur carbon.
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GOC STEM

GOC TOAN HOC

Phéan wr CH4 tao thanh mot hinh (i dién déu
vdn carbon niim & gia vi bén nguyén it hydlo
ndm & bbn dinh. Tinh gde gitta hai lién két
C-H.

Phuong phép hinh hoc

Ta s& dung céc biéu thic ctia hinh hoc khong
gian va hé Ilurc lugng trong tam gidc dé tinh
mot cdch gin ding géc giita hai lién két hydro
ciia phan tif nudc. Géc nay biing géc nhin tir
tdm ctia mot ti dién déu dén hai dinh bt ky.
Thé tich cla tif dién /BCD biing 1| /4 thé tich
clia tif dién ddu ABCD. Thé tich ciia mot tf
dién bit ky dugc cho bai

V= JM¥NTPG,
trong dé
M= (12(12(172 +e?+c? +f2—a? —d?)
N=0*e*(@*+d*+ 2+ f2—b*— é?)
P=cfH+d+ b+ -2 — f2)
Q = (abc)* + (aef)? + (bdf)* + (cde)?

BC=a,CA=b,AB=c,AD=d,BD=e,CD=f.

Tit dién déu ABCD vdi tim I.

Truong hop hinh t¢ dién ABCD déu
BC=CA=AB=AD=BD=CD=a
V2a?

Vagep = T

] 13 tim cta td dién déu ABCD. Khi ds,
hinh t¢ dién /BCD ¢6 hai loai canh bang nhdu

BC=BD=CD=avaIB=IC=ID=},
M = (P +a®)
N = 12 (d®+ 1)
P = 12a*(a*+ 1)
0 = (ahh)* + (aaa)? + (hha)?

VIE=d®

+ (hha)?,

Vigep = 12t 1wt
3a
Vascp =4+ Viscp = h= o

Xét tam gide ICD, dp dung dinh 1y cosin ciia
hé thitc lugng trong tam gidc, ta thu dugc:
W+ h2—a? 1

cos(CID) = cos(at) = TR TS

= o =109,47°.
Phuong phap vector

Vi la tm ca mot td dién déu nén tdng bén
vector ¢6 gbc tai I va diém diu 1a A, B,C,D
sé bang 0. Ta c6

A+B+18+15=T.

Bén vector niy c6 d0 16n bing nhau vi bing
3, va gdc giita hai vector bét ky bang nhau va

béing . Khi d, ta 14y binh phuong ctia biéu
thiic trén:

(A+TB+IC+IB). (R + 1B+ 1é+ D) =
Biét ring
X% = SZVGIXe{ABCD}
XY= 82 cos(a)
Vi X#Y vaX,Y e {A,B,C,D}.
Tir biéu thite binh phuong trén, ta thu dugde
4:82+3.4.82cos(a) = 0

1
cos(o) = 3= 0=109,47°.
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Quy tich béng ndng e

Pham Vu Loc

0 s6 trudce, ta da 14p dudc phuong trinh dudng
conic la quy tich ctia diu béng coc thing ditng
trong ngay tai mot noi trén mit d4t. Lin nay,
ta khao st cdc trudng hop 4p dung cu thé
phuong trinh d6 theo hai tham s6 12 vi do dia
diém ¢ va xich vi Mat Trdi 8. Trong bai nay,
ta chi xét cho ban ciu Béc (¢ > 0) vi bén ciu
Nam thi bai toan ciing tuong ty, di xting qua
Xich dao.

Ta nhéc lai hai phuong trinh tuong dudng cda
quy tich diu béng coc di 1ap dudgc & ky trudc:
(cos? ¢ —sin® 8)x* —sin* § 2 —21tan ¢ cos” px

+(sin® ¢ —sin® §) = 0. (1)

( Ising cos¢ )2
e 2
cos?¢p—sin°§/ y -1
Psin® 8 cos? & 2cos?§ '
(cos? ¢ —sin® §)2

cos2 ¢ —sin? §
2

1. Vao hai ngay Phén, 6 = 0, & moi ndi trén
Tréi DAt, phuong trinh (1) trd thanh:

cos? ¢x*> —2Isin ¢ cos ox + Psin?¢ =0

= (cospx—Ising)? =0

= x=I[tang.
Quy tich béng 1a mdt dudng thing theo
phuong Dong-Tay. Ngudi ta c6 thé van dung
né dé xdc dinh chinh xdc phudng Dong Tay
vao ngay nay. Riéng & hai cyc vi dd ¢ = 90°

thi duding thing nay khong xdc dinh vi Mat
Trdi c4 ngay chay vong quanh chén trdi.
2. 6 hai cuc, ¢ = 90°, phuong trinh (2) thanh:
x2sin* & v 1
P2sin?Scos?§  [2cot?S
P 4y* =1cot? 5.

Tic 12 néu dung coc & ding hai dia cyc, bong
ning ciia né trong nita nim (hién tugng dém
trdng) 12 mdt dudng tron cé bén kinh /cotd
(hinh 1).

Cuc Béc

Hinh 1

3. O ving han déi, trong hai vong cuc, vi
ds6 ¢ > 90° —23,5° con xich vi Mat Troi
trong nidm thi ludn dao dong trong khodng
—23,5° < § < -+23,5° nén ¢ thdi di€m trong
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nim & > 90° — ¢ hay sin§ > sin(90° — 0) =
cos ¢ va do dé cos® ¢ —sin § < 0.

Khi cos?¢ — sin®§ < 0: Déu ciia don thic
c}lﬁq y? trong phudng trinh (2) sé duong, tic
1a dau bong coc chay thanh duong elip vdi
truc 16n theo phuong Bic—Nam, hay la Mat
Troi khong szu} trong ngay hom dé. D6 1a hién
tugng dém trang & vung han déi, kéo dai tiy
vao dia di€m (theo ¢) va thdi diém (theo §)
trong nam.

Khi ddu bing xay ra, phuong trinh (1)
trd thanh:

sin®§y?+21sin @ cos ¢x—1*(sin?¢—sin’8)=0.

Vi sind = cos ¢ nén:

y? 42l tan ¢x — I*(tan2 ¢ — =0

)72 = —2(ltan¢) |:x_ l_(tmil .

2tan @
Day la phuong trinh cia dudng parabol quay
bé 16m v& phia cyc. D6 1a quy tich diu béng
vao hai ngay bit dau va két thiic ciia chudi
dém tring, Mit Trdi lin va moc lai ngay
vao lic ntta dém & vung han déi (hinh 2).
Pinh parabol cdch chén coc mét khoang bing
I(tan* ¢ — 1)/(2tan ). Ngoai khoang dém
tring, quy tich béng sé 1a hinh hyperbol nhu
sé trinh bay dudi day.

5= 0"

Xuén/Thu phan

Han doi
Hinh 2

4. & vong cuc, ¢ = £(90° —23,5°), dau bing
& trén chi xay ra mot lan trong ndm (vong cuc
Béc thi vao Ha chi, vong cuc Nam thi vao
Pong chi (6 = £23,5°)). Ciing can Iuu y rang

s6 ngay c6 dém tring & mot noi trong ving
han ddi ciing biing s6 ngay c6 ngay ti (Mg
Troi khong moc) trong ndm va doi xing qug
hai ngay Phén.

~ —/
Bl T N

hyperbol
S=0° o ——
pe=iy ’—{\\/K
=11 P
// : \\\
5= 20 /5}/ ‘\
/ \
Dong chi parabol

3-233°

Vong cuc Bic ¢=66.5°

Hinh 3

5. & ngoai vong cyc (va 6 ving han déi
ngoai nhiing ngay bi dém tring, ngay toi nhu
vita n6i), Mit Troi ludn moc lan hang ngay.
Khi dé, § < 90° — ¢, don thiic chita y? trong
phuong trinh (1) s& am, tic 1a ¢6 dang mot hy-
perbol ¢6 tidu diém nam trén truc Bic-Nam.
Dé tim toa d6 dinh hyperbol (vi tri dau béng
vao gitfa trua), ta cho y = 0:

[x(cos? ¢ — sin §) — I sin ¢ cos §]*

=sin? §cos? §

x_ilsinﬁcosS +Ising cos ¢
cos? ¢ —sin® &
_ Isingcos¢ Isin&cosd 3
cos? ¢ —sin®8 ~ cos? ¢ —sin’ S

Ta thy cdc biéu thic chita § déu bj binh
phuong, tifc 12 phép tinh cho mia hé va mia
dong dbi xing nhau. Nhung trong thuc te,
béng néng vao miia he sé gin chan coc hon
vao mia déng (vi Mit Trdi mua he vao gifia
trfa 6 cao do 16n hon, hinh 4). Nén thyc &,
vao mua hé ta thiy nhanh hyperbol phia Nam
trong khi miia dong ta thdy nhanh phia Bic.
Muia dong thi § < 0 nén sin26 < —sin28. Vi
vdy biéu thic bén phai trong (3) ¢6 gid tri 168
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pon néu c6 dau am:

!
Isindcos§ 55m26
cos2¢p —sin®8  cos? ¢ —sin*§
l .
) —2-sm25 o Isindcosd
cos2 ¢ —sin®§ cos?¢ —sin*§’
Xich Vi Mt Trer

Thién dinh

XudnXThu phén
Thién cyc Bic

Béng chi
Bic 1 Nam
i
Jhién
Xich /
dao // Jrec
trn
Dl3u béng ngly Ha chi
BAng ngay Xuan/Thu phén
D3u béng ngdy Ddng chi
Hinh 4

Vi béng mia dong & bin ciu Béc dai hon
b6ng mia he nén ta chon déu 4m trong (3)
cho dinh ciia nhanh hyperbol thuc té:
I(sin¢ cos ¢ —sin b cos )
cos? ¢ —sin® & i

Ta théy x < 0 khi sin ¢ cos ¢ < sin & cos & hay
1 1

—sm2¢ < —sm25 hay ¢ < 6, tic la & vang

nhlet déi, ndl ma xich vi Mat Trdi c6 thé vuot
qua vi do. Vi du & ban clu Béc, Mit Tr01 c6
thé vugt qua dinh dau vao gilfa trua vé phia
Béc. Khi dé, béng sé d8 v& phia Nam (x < 0).
Tuong tf, x > 0 thi dinh hyperbol ndm vé phla
Bic coc khi ¢ > & & cdc vi do ngoai chi tuyén
va & ving nhiét déi trong mot thoi gian dai
ngén tiy theo vi do.

Hinh 5, 12 mot mét ddng hd Mit Trdi cho thay
cdc duong hyperbol quy tich dLrng cho Ha Noi
&vido 21°B. Vi Ha Noi 8 gan chi tuyen Bic
nén cdc nhanh hyperbol ¢6 dinh ndm vé phia
Nam coc chi c6 rit it so véi cic nhénh ¢6 dinh

8 phia Bic.

“a N
Vido21°8

Hinh 5

6. O ving nhiét déi, 6 hai ngay trong nim
(va & chi tuyén Bic thi chi vao ngay Ha chi, &
chi tuyen Nam chi vao ngay Péng chi), ¢ = 8
va hé s6 tu do & phudng trinh (1) bing 0, dén
dén y = 0 thi x = 0. Tiic 12 vao ngay do, Mt
Trdi ndm ding trén thién dinh vao gitta trua,
coc khong cé bong Hinh 6 cho thiy quy tich
béng & chi tuyén Bic va Xich dao.

=0 o=235°

Hinh 6
Ngoai ra, ¢6 thé néi tém tit hon néu xét do
léch tAm clia dudng conic trong phucng trinh
(1), dang c6 dang thiic mot hyperbol:

,  [*sin®8cos? 8
(cos2 ¢ —sin? §)2
2 [Pcos’s

cos2 ¢ —sin® §

[ b2 cos? ¢ —sin>§
e=A\ll+—==¢{/1+ ———— =
a? sin® &

Néu ¢ < 90° — § thi e > 1, quy tich bong 1a
mdt hyperbol.

Néu ¢ = 90° — § thi e = 1, quy tich béng 12
mot parabol.
Néu ¢ > 90° —
mot elip.

Néu ¢ = 90° thi e = 0, quy tich béng 1a mot
dudng tron.

§ thi e < 1, quy tich béng la
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B6n thé gidi do
va mot thé gioi thuc

[Tt "P=NP" dén Mat md hda khoo cong khai)

Phan Duong Hiéu

Gin 25 ‘nam trudc, Russell Impagliazzo dua ra dinh nghia rat thd vi vé
nam thé giéi khac nhau (cseweb.ucsd. edu/russell/average.ps). Chung ta
song G mot trong nam thé gidi dé, nhung khong biét chac minh song
trong thé gidi nao. Gan 20 nam tron qua, van chua cé thé gldl nao chia
tay ching ta. Hién van dang ¢6 bbn thé gidi a0 va mjt thé gidi thuc
quanh ta, va ta khong biét 13 minh dang 6 dau.

Dén mét ngay, néu cé anh hiing nao may mén chitng minh chiing ta dang
thyc sy séng & dau, thi cling 1a ngay tin thé ctia bbn thé gidi 4o con lai,
diéu d6 that budn va nhitng ngudi con lai thit kém may. . . Ching han, mot
chiing minh P = NP s 1a ngdy tan thé ciia bbn thé gidi. Tuy nhién, ta s& thiy
riing, mot ching minh P khdc NP thi chi 1am mot thé giGi tan thé va vén con
lai bbn thé gidi lung linh :) Vi vay, néu But hién xubng va cho chon giiia
“P = NP” hay “P khic NP” thi minh sé chon P khic NP =)

Impagliazzo minh hoa ndm thé gidi mot cdch rit xuéit séc dé ai ciing hiéu
dugc, thong qua cau chuyén tudng tu’dng gifra thdy gido Grouse va cdu hoc
tro Gauss. Ciu tro Gauss thong minh ndi tiéng, trén 16p thay giao bai nao
cung glal ngon d rdi rdi réi choc phd cic ban 1am thdy gido rit 1a phién long.
Ong thiy Grouse quyét tim tim nhiing bai todn siéu khé dé nhim muc dich
lam cho Gauss bét kiéu.

Va do d6 dén téi nim thé gi6i theo dinh nghia clia Impagliazzo:

Thé gidi Algorithmica (thudt todn), 1a noi P = NP. Khi d6, bii todn nao ¢
kha niing ki€m tra 18i gidi cling c6 kha nang tim ra 15i gidi. Tifc 12 moi bai
toan thuc té€ (12 bai todn ma ta c6 thé kiém tra xem mot 16i giai 1a ding hay
sai) déu giai dugc dé dang b6 1a thé gldl chdn ngén nhit, cdi gi ciing gidi
dugc. Thét toi cho Ong lhay Grouse, du ¢b cdng ciing khong thé tim ra bai
todn nao lam Gauss bé tay ca.

*P, NP: Xem bai viét “P va NP”, Tap chi Pi tgp 3, s6 thdng 1.2019, trang 52 -54.
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Thé giéi Heuristica 13 noi tuy NP khac P
nhung moi bai toan NP déu ¢6 15i ¢ giai trong
truong hop trung binh (du vio cia bai todn
— instance — dugc chon ngiu nhién theo mot
phin b xdc suit nao dé). Tiic 1a sé co nhiing
bai toan kho gidi trong trudng hgp xfu nhét,
nhUng ma khong c6 cich gi tim ra cdi tr uong
hop x4u nhat d6. Moi cich chon bai todn
déu dén t6i bai todn dé gidi. Pay 1a tr uong
hcp cang lam cho 6ng Grouse cam thay cay
déng: ong biét 1a Gauss khong phai thugng
dé, c6 nhiing bai Gauss khéng gidi dugc,
nhung 6ng khong c6 cdch nao tim ra chiing.
Bai nio ma Ong lya chon thi Gauss déu
gidi dugc.

Thé gidi Pessiland 12 noi tn tai cic bai
toan NP kho ngay cd trudng hop trung binh,
nhung khong ton tai ham mot chidu (one-way
function). Ham mot chiéu 14 ham tinh xudi
thi d€ ma tinh ngugc thi khé. NG6i mot cach
truc quan, ham mot chiéu cho phép ta sinh ra
mét bai todn kho giai tir 161 giai cda no, tic 1a
ta c6 thé sinh ra mdt bai toan khé kém theo
15 gidi. Thé nhung, trong Pessiland, gia thiét
1a khong ton tai ham mét chiéu. Didu d6 c6
nghia dng thiy Grouse c6 thé tim ra nhiing bai
todn khé ma Gauss khong gidi dudc (vi tdn tai
bai todn NP kho trong trudng hgp trung binh),

nhung bén than 6ng Grouse ciing khong thé

gidi dugc bai todn d6 (vi khong tén tai ham

mot chiéu). Pua ra cho ci I6p mot bai todn
ma béan than minh ciing khéng giai dudc, liéu
ong Grouse ¢6 dam khong?

Thé gidi Minicrypt Ia noi tdn tai ham mot
chiéu one-way function nhung khéng ton tai
md héa khéa cong khai (pubhc—key encryp-
tion). Cudi cling ciing da t6i mot thé gidi ma
ong Grouse ¢6 thé hai long: 6ng c6 thé ra
nhiing bai todn kh6, Gauss khong thé giai
dugc va ong thi dinh dac trinh bay 16i giai cho
ca 16p! Tuy thé, 6ng chua that théa man, vi
Gauss tuy khong gidi duge, nhung cac ban
khéc ciing chiing ai giai dugc nén Gauss van
con ¢6 thé tinh tuéng.

Thé giéi Cryptomania 12 ndi ton tai ma héa
khéa cong khai (public—key encryption). Véi
s tOn tai ma héa khéa cong khai, dng thiy
Grouse c6 thé day cho Gauss mot bai hoc nhé
ddi. Sy ton tai ma héa khéa cong khai ciing ¢6
nghia 12 hai bén c6 thé trao d6i nhitng thong
diép bi mat véi nhau ma khéng can phai chia
sé, théng nhét bt cd théng tin bi mat nio
trude, va sy trao d6i 1a hoan toan céng khai. &
thé gidi Cryptomania, 6ng thiy khong nhiing
¢6 thé ra nhitng bai todn khé lam Gauss khong
thé gidi dugc ma con c6 thé dua ra cic goi ¥
trén bang d€ cho tat ca cdc hoc sinh déu gidi
dudc, trit Gauss. Dy qua 12 mot tinh hubng
Iy tudng — Gauss trd thanh ciu hoc sinh duy
nhét trong 16p khong gidi dugc bai!

The Five Worlds of Impagliazzo

.Crypmmanh:
3 public-key cryptographs
.Minla’ypt: public-key cryptography

@ Pessiland:

3 one-way functions but
3 public-key crypto

NP is hard-on-average but

A one-way functions

i
C)Heurlstlta:
P+ NP but
NP is easy-on-average

OAlgorithmica:
P=NP

Anh: dia trén https://slideplayer.com/slide/14910818/
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NOI RIENG VE MAT MA:

Minicrypt 1a thé gigi (6i thidu dé c6 thé néi
t6i tf mat ma, mat ma chi tdn tai néu c6
one-way function (xem thém bai “Mat mi
dudi gée nhin do phiic tap tinh toan” tai http:
//procul. org/blog/2009/09/20/mat-ma-d\T5\
uhornéi-goc-nhin-dg-phitc-tap-tinh-toan/).

Chiing ta dang dugc gia thuyét la séng trong
thé giGi Cryptomania. Céc giao dich ngin
hang, viéc st dung thé tin dung...déu c6 st
dung publlc—key encryption. Tuy nhién, do an
toan ctia cac hé ma nay déu dua trén mot gid
thuyet a0 dé, nhu 1a bai toan phan tich thanh
thira sb nguyén tb 1a khé, bai todn logarithm
13 rac trén nhém cic diém trén dll'dng cong
elliptic 1a khé, hay tdng quat Ién 13 tdn tai
cac hodn vi xuéi dé& ngugc khé va cé cira 14t
(trapdoor permutation). . .

Diéu gi s& xy ra khi mot dém, mot siéu nhan
tir dau roi xudng giai hét wbt cic bai todn
tudng la kho nay, hity diét Cryptomania, dua
chiing ta tré lai thé giéi Minicrypt?
Minicrypt, d6 1a thé gi6i nguyén thity cia mat
ma, khi mat ma chua la mét nganh khoa hoc,
tic la khi chua c6 mit ma héa khéa cong khai.
;Xy thé ma trong Minicrypt lai van c6 rit nhiéu
thd thd vi: vin sé& ton tai zero—knowledge
proof, vin s& ton tai chit ky dién tit. Didu dic
biét hay la chit ky dién ti ra doi trén xuong
sbng cia mi héa khéa cong khai. Khi hé ma
RSA dugc dua ra, ngudi ta cif nghi 1a ma héa
va chit ky dién ti la hai qua trinh ngugc nhau:

L kil it L

Russell Impagliazzo

mi héa thi ding khéa cong khai d€ ma vj
khéa bi mat d€ giai ma; con chit ky thi ding
khéa bi mat dé ky va diing khéa cong khai dé
kiém thi chit ky. Tudng viy ma khéng phai la
vdy, chiing né & hai thé gi6i khdc nhau. (xem
thém bai “Vé dep bét dinh ciia mat ma hién
dai” tai http://procul.org/blog/2012/02/29/
vé-dep-bit-dinh-trong-mat-ma-hién-dai/)
Néu tuong lai chiing ta quay lai Minicrypt, dé
khong phdi la tham hoa, ma s& 1a sy ky thi.
Mit ma dugc danh diu budc chuyén minh tit
nghé thujt thanh mot nganh khoa hoc ké ti
khi ra doi mdt ma héa khéa cong khai. Dé
16i khi néu ¢6 ching minh m héa cong khai
khong tdn tai, mit ma lai tr& vé thoi ky chi ¢6
ma héa khéa bi mat. Liic d6, cé nghia ching
ta di mot vong qua thé gidi 4o Cryptomania,
va chinh nho cude tham hi€m & xit 6 diéu
ky d6 s& dem vé nhitng thanh qua thyc vén sé
ton tai ngay trong Minicrypt: zero—knowledge
proof va rong hon 1a cdc chitng minh tuong
tdc (interactive proofs), chit ky dién llf khi

ndng thiét lap moi trd choi o nhu odn th 4
qua dién thoai. .

Chinh thé ma déi lic ching ta nén gid v
song 3 mot the gidi 40, va ngoal sy sung
sudng dude sdng trong thé gidi ky bi do, thi
khi qmay trd lai thé gigi thyc ta con c6 khi
mang vé nhiing sing tao thyc ma néu sng

mii trong thé gigi thyc ta sé khong thé ta0
ra chiing,

52 Tap chi Pi
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Alice & Xt s& Didu ki)
- CHUYEN CHUA KE -

Nguyén Thi Nhung - Phan Thanh Hong

Alice cam tlmy rit bit an, ¢6 vin chua tim
dugc thubc udng cho ngudi nho lai ma anh
Thg Lam Mu thi cum khéng thiy dau ca.
Béng nghe tlny tlell" on 20, Alice nhom vao
mot khung ctia s§ clia 13u dai thiy Hoang hau
Q Co dang rit blrc tue mét mii do gay, con
anh thg dang nim sap dudi san nha. Hoang
hu thét 1én nhu mbi 14n ba ta phit y:

_Pem hin chém diu cho ta!

_ Xin Hoang hau tha t0i, Xin ngudi cho t6i co
hoi chudc 10i.

“Anh ta lam héng mii cda Hoang hau, phen
nay chét chic r0i.” Thé Triing thinh linh xuit
hién thi thao. “Chi vi mot chiéc mi théi sao?”
Alice bét binh néi.

— Chudc 16i ha? Xem ndo, xem nao. .. Ta cho
ngudi mot thm vai méi, trong ngay hém nay
phai lam xong ba chi€c mii.

—Thua vang a.

—Tu tir! Trudc hét nguoi phai chia miéng vai
ra ba phin nhu nhau, ngay bay git. Manh vai
hinh chit nhat nay rong 1 mét va dai cén bac
2 cia 2 mét. Ngudi lam ta xem!

Ngudi hiu dit trudc mét anh Thg Lam Mi

thm vai va mot cdy kéo.

— Chao 6i, ciin bic hai clia hai 1a gi cha! That

dién rd! Anh thg thét Ién.

Mot y nghi thodng wvut qua trong diu,

Alice bio thd tring: “Toi phai vao dé gitip
anh 4y, t6i da tiing lam viéc ndy trén nhitng t3
giy A4”.

— C0 bao sao? Khong duge dau! Hoang hau
s€ chém. .. Thd Tring cubng quyt dudi theo
Alice da bd xa minh.

Céc ban biét khong, bay gid Alice dang cling
anh Thg Lam Mi gip riit Iam cho xong ba
chiéc mii cho Hoang héu. Riéng Tho tring thi
khéng tap trung dudc.

— Toi thly c4ch c6 lam, nhung t6i cAn mot
chitng minh, mt ching minh. Thé Tring 14m
bam tu néi véi minh.

Céc ban c6 biét Alice da chia manh véi gitp
anh thg nhu thé nao khong? Hay gidi dép cho
Thé Tring nhé.




LTS. O trieomg, 6 16p, va ngay cd. .. d nha, cdc bé da dige day vé C‘i‘;h dung e df df’é"g thiing
dé gidi cdc bai idp todn. Nhumg, vi sao lai ding so dé doan thang dé giai cdc bai tdp dy npjy
Cdc bé da thanh thuc ki nding vé so dé doan thing chita? Bai viét dudi ddy sé giip cdc b fim
ra loi gidi ddp cho cdu héi vita néu: va ddng thoi, gitip cdc bé rén luyén ki ndng vé cdc sq g3
doan theng. Cdc cdu héi trong bai viét khong chi gitip cdc bé on luyén cdch gidi cdc bai toq,
tinh (i, ma con gitip cdc bé on lai cdch gidi mot s6 dang bai todn. Nao, chiing minh ciing do,

bai viét nha.

SO'60 BOAN THANG
VA CAC BAI TOAN TiNH TUOI

Bao Thi Thu Ha, Nguyén Thi Mai Anh, V@ Thi Ha, Pham Thi Huong

Hoi con hoc mAu gido, My ¢6 Ian titc Bi
qua, da néi: “Bi cif cht dén niam sau, tG sé
16n hon Bi, Ia chi ciia Bi cho ma xem”. Bi
cuwri pha 1én, néi lai: “U thi cit cht xem”.
Thé ma dén tan bay giv, khi ci hai hoc
chung véi nhau § Tiéu hoc rbi, Bi va My
vin cit bing tudi nhau, chua ban nao chiu
16n tudi hon ban nao ca!

Ddy 1a vi hdi nho, My cit nghi ring nim sau
My s& 16n thém mot tudi, va quén mét ring,
sau mot ndm thi ai ma chéng 16n thém mot
tudi. Thé nén, khi My 16n thém mot tudi thi
Bi ciing 16n thém mot tudi. Thanh thit, hai ban
van ludn bing tudi nhau, sut tir hdi mau gido
dén giv; My ching dugc 1am chi, va Bi ciing
ching dugc lam anh.

Cac bé nhé nha, cit sau mdt ndm, thi ai ciing
Ion thém 1 tudi cd. Bi kip d€ chiing minh gii
dédp cic bai todn tinh tudi diy!

Cau hoi 1. C6 Lan dé Ly nim c6 24 tudi. Héi
khi Ly 10 tudi, thi c6 Lan bao nhiéu tudi?

Cau héi nay qua don gian, cic bé nhi.

Theo bi kip trén déy, cif sau moét nim, ca ¢o
Lan va Ly, ai ciing 16n thém 1 tui. Vi thé, sau
mdi niim, chénh I&ch tuéi giita ¢o Lan va Ly
khong hé thay d6i. Vay nén, khi Ly mdi sinh
ra, ¢6 Lan hon Ly 24 tugi, thi khi Ly 10 tudi,
¢0 Lan van ci hon Ly 24 tudi. Do d6, tuéi ciia
¢0 Lan khi Ly 10 wéi la:

10424 =34 (tudi).

Cau héi 2. Hién nay, tdng s6 tuéi ciia co Ha
va Bi 1a 42 tudi. Hoi cach déy hai nim, tong
$0 tudi it cd Ha va Bi 1 bao nhiéu tudi? Sau
dy ndm nim, t5ng s6 tdi ciia co Ha va Bi
bao nhiéu tugi?

RO rang, d€ trd 15i dugc hai cau hai vita néu
trén, ching minh cin biét chénh léch tudi giiia
t(“mg”s() tufii ca c6 Ha va Bi cach ddy hai nim
va t8ng 56 tudi ctia ¢ Ha va Bi hién nay; cin
biét chénh léch tudi giita t6ng s6 tudi cta cd
Ha va Bi hién nay va t6ng sb tudi cia co Ha
va Bi sau day nim nim.,
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Theo bi kip thi sau méi nim, tuéi ciia méi
nnum s ting thém mot tdi. Vi thé, tudi cla
¢ Ha hién nay sé nhiéu hon tudi ciia 6 Ha
céch diy mdt ndm ding mot tudi, va it hon
(u6i ciia cd Ha sau ddy mot nam ding mot
tudi; v6i Bi cling nhu vdy, nghia I3, i ciia
Bi hién nay s& nhi¢u hon tudi ciia Bi cdch day
mot ndm ding mot tudi, va it hon tudi cla Bi
sau day mot ndm ding mot tudi. Nhu thé:
—Téng s tudi ctia 6 Ha va Bi hién nay nhiéu
hon tong s6 tudi cta ¢6 Ha va Bi cich day
mét nam la:

1 x2=2 (tudi).
Do d6, tdng s6 tudi clia c6 Ha va Bi hién nay
nhiéu hon t8ng s6 tudi ctia cd Ha va Bi cich
day hai nam la:

2% 2 =4 ().
Ma tdng sb tudi ctia cd Ha va Bi hién nay 12
42 tudi, nén tdng s tudi ciia cd Ha va Bi cich
déy hai nam la:

42 — 4 = 38 (tudi).

— Téng s6 tudi ctia c6 Ha va Bi hién nay it
hon téng sb tudi cia c6 Ha va Bi sau ddy mot
nam la:

1 x2 =2 (tudi).
Do d6, téng b tudi ciia cd Ha va Bi hién nay
it hon tdng sb tudi cla c6 Ha va Bi sau day
nam nam la:

2% 5 =10 (tudi).
Ma tdng s6 tudi clia cd Ha va Bi hién nay la
42 tudi, nén tng sb tudi clia cd Ha va Bi sau
ddy nam nam la:

42 +10 = 52 (tudi).

Cau héi 3. Niim niim trudc, tudi ctia cd Huong
bing tdng s6 tudi ctia ba ban Bi, Ti, Ki. Hoi
hién nay, chénh léch tudi giita tudi cla cd
Huong va tong s6 tudi ca ba ban Bi, Ti, Ki
12 bao nhiéu twéi?

V&i cau héi ndy, trude hét, ching minh cin
biét tudi clia cd6 Huong, ciing nhu tdng sb
tudi ctia ba ban Bi, Ti, Ki, thay déi ra sao
qua nim nim, rdi cin cit vdo dé dé biét qua

ndm ndm, chénh léch tudi giita tudi cla co
Huong va t8ng sb tudi ctia ba ban Bi, Ti, Ki
thay déi thé nao, phai khong cdc bé? Tir viéc
gidi ddp Céu hoi 2, chiing minh biét ring, qua
ndm nim, tudi ctia cd Huong sé tiing thém 5
tudi, con tdng s6 tudi cia ba ban Bi, Ti, Ki s&
tang thém:

3% 5 =15 (tudi).

Nhu thé, qua nim nim, tdng s6 tudi dugc ting
thém ctia ba ban Bi, Ti, Ki nhiéu hon s tudi
dudc ting thém cla cd Huong la:

15—5 = 10 (tudi).

Vi véy, do ndm niim trudc day, tong sb tudi cia
ba ban Bi, Ti, Ki bang s6 tudi cia c6 Huong,
nén hién nay, tong sb tui ctia ba ban 4y nhiéu
hon tudi ciia c6 Huong 1a 10 tudi.

Hinh nhu & chd nay, cdc bé cim thiy c6 cdi gi
d6 hoi hoi khé hinh dung, hdi hai khé tudng
tugng, hoi hai khé hiéu?

Céc bé biét khong, ngay xla ngay Xua, Xua
18m 4y, trong lic lam todn, khi gip diéu gi
dé tritu tuong, khé hinh dung, tudng tugng &
trong dAu, cdc nha todn hoc da déu tim cdch
thé hién nhitng didu 4y bing cic hinh vé (vé
trén mit dit, vé trén mit giy, ...), d€ ¢ thé
nhin thiy biing mit nhitng diéu minh dang
hinh dung, tudng tugng trong dau khi suy
nghi. Biing céch 4y, cdc nha toan hoc d 1am
cho nhitng diéu khé hiéu, khé thiy trd nén dé
hiéu, dé thiy hon. Ngay nay, hoc tip cdc nha
toan hoc thdi xda thoi xua, chiing ta cling lam
nhu thé khi hoc toén, 1am toan diy. O trudng,
& 16p, rdi 6 ldc ngay & nha, cdc bé da dudc
hoc céch ding so dd doan thing, dung hinh
V&, ... d& giai cdc bai tap todn, nhit 1a cdc bai
tdp ma ching minh hoi khé hinh dung, tudng
tugng trong dau nhiing diéu d@ bai cho. Diing
khong nao? Thé nén, bdy gi® ching minh s€
thit ding so do doan théng d€ th€ hién nhitng
didu da dugc trinh bay trén déy, khi tlm 16i
gidi ddp cho Céu hoi 3, xem nhitng diéu dy c6
tr& nén dé& thiy, d& hiéu hon khong nha.

Vi phéi quan tdm dén tudi ctia c6 Huong va
tdng sb tudi cta ba ban Bi, Ti, Ki, nén ching
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minh s€ th€ hién tudi cia cd Hudng nam ndm
trudc bing mot doan thing, va t6ng s tudi
clia ba ban 4y nim niim truéc bing mot doan
thing khéc. Vi trudc day nam nim, tudi cla
c6 Hudng bing tong sb tudi ctia ba ban nén
ching minh ¢6 hai doan thing bing nhau:

5 nam truée

Tuéi c6 Huong [ i

Téng s8 tudi ba ban +
Hinh 1

Tiép theo, ching minh s& nbi thém vao doan
thing, thé hién tudi ctia c6 Huong nim nim
truée, mot doan thing, thé hién sb tudi co
dugc cong thém sau nim nidm, dé c6 duge
mot doan thing thé hién tudi clia 6 hién nay.
Sau d6, ching minh lai 1am diing nhu thé, déi
v6i doan thing thé hién tdng s6 tudi cla ba
ban Bi, Ti, Ki. Bing cich nay, tif s dd & Hinh
1, chiing minh sé c6 so dd sau:

Hién nay s
Tu6i c6 Huong p—

Téng s6 tu8i ba ban +——

?

+ —
e

15
Hinh 2

Nhin so db trén, ching minh thély ngay, chénh
1éch tuo1 guxa tudi ciia ¢6 Huong hién nay va
tdng sb tudi chia ba ban hién nay diing bing
chénh léch tudi giita s6 tudi c6 Huong dugc
cong thém sau ndm nim va s6 tudi ci ba ban

)

R,
£ 4
)y
$

7
(0

C
—
)

e
o S

dugc cong thém sau ndm ndm. Diing khong
nio? Thét 1a d& thiy, phéi khong cic bs?

Pé ciing cb, hiéu ki hon nhiing diéu vira trag
d6i trén déy, cac bé hdy tu minh giai ddp cau
hoi sau nhé.

Cau héi 4. Cich ddy ba nim, tudi ciia bd Bj
hon téng s6 tudi clia hai me con Bi 1 tudi.
Hoéi sau ddy ba nim, chénh 1éch tuéi ciia bd
Bi va téng s6 tudi cla hai me con Bi la bao
nhiéu tudi?

Tiép theo, ching minh sé gitip Bi gii ddp cic
cdu hoi duéi day nha.

Cau héi 5. Hién nay, em trai Bi kém Bi 2 tudi.
Hoi khi t6ng s6 tudi cia hai anh em 1a 20, thi
em trai Bi my tudi, va Bi miy tui?

Thiy dugc 1gi thé clia s dd doan thing réi,
nén chiing minh sé& diing so dd doan thing dé
tim ra 10i gidi ddp cho cau hdi nay nhé.

Vi quan tdm dén tudi ciia hai anh em Bi lic
t6ng s6 tudi cha hai ngudi 1a 20 nén chiing
minh s& thé hién tudi ctia mdi ngudi lic ay
bing mdt doan théng. Vi tudi ciia Bi nhiéu
hon (do Bi 12 anh ma) nén doan thang thé
hién tudi cia Bi phai dai hon doan thing thé
hién tudi ciia em Bi:

Em trai Bi  —— i
20

Bi — —

Hinh 3

Vin @& bay giv 13, trong ciu hdi c6 cho mot
thong tin v& chénh léch tudi ciia hai anh em
Bi, ma ching minh chuta thé hién dugc thong
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: [1n 4y trén sO dd. Doc lai ciu hoi, chiing minh
théy, chenh léch tudi hién nay ctia hai anh em
Bila2 tudi, con so do lai thé hién tudi ctia

. pai anh em lic tong s6 tudi cta hai nguol la

E 20 tudi. Vay nén didu chung minh can lam 1a

; dua vao chénh 1éch tudi ]nen nay dé€ xdc dinh

. chénh léch tudi lic tong sb tudi cha hai ngudi

% 1a 20 tudi. Diéu nay dé gt, cdc bé nhi? Vi

i ching minh c6 bi k1p ma (bé nao quen thi xem

. Jaibikip 6 phin diu cta bai viét nay nha)!

; Theo bi kip, vi sau mdi niim, mbi ngucl déu

: dugc thém 1 tubi, nén chénh léch tuéi giita hai

| ngl(m sé khong hé rhay déi theo ndm, thdng.

Vi thé, chénh lé&ch tudi ca hai anh em Bi lic

t6ng sb tudi clia hai ngudi 1a 20 vén cif 12 2

. (udi, nhu hién nay. Do d6, tit s6 db & Hinh 3,

chiing minh ¢6 so dd sau, thé hién tudi cia Bi

va em trai Bi, lic tdng sb tudi cta hai ngudi

1 20 tudi:

‘ Em trai Bi | |

Bi k +—

Nhin so dd, chiing minh thiy ngay, hai lan
tuéi ctia em trai Bi béng:

20— 2 = 18 (tudi).
Vi vay, khi tdng sb tudi cla hai anh em 1a 20
tudi, thi tudi clia em trai Bi 1a:

18:2 =9 (tudi);

; va tudi cla Bi la:
9+2 =11 (tudi).

Cau hoi 6. Hién nay, tong sb tudi cua hai me
con Bi 12 35 wéi, va tudi cia me gap 6 lan
tudi ctia Bi. HOi hién nay, Bi miy tudi, va me
Bi bao nhiéu tudi?

V6i cau héi nay, khi v& so dd doan thang,
chiing minh can luu y V€ sao cho doan thing
thé hién tudi cda me Bi dai ghp 6 14n do dai
doan thiang thé hién tudi cia Bi nhé (vi tudi
ctia me gip 6 14n tudi cia Bi ma).

| Chiing minh c6 so db sau:

Bi = }
35

Me cta Bi — —

" s " "
t t + t 1

?

Nhin so dd, ching minh thy, néu coi tudi cia
Bi hién nay 12 mét phin tudi, thi tudi ciia me
Bi hién nay sé la 6 phn tudi. Do d6, tdng sb

tudi clia hai me con Bi hién nay s€ la:

146 =7 (phén tudi).

Ma téng s6 tudi cia hai me con Bi hién nay 1a
35 tudi, nén 35 tudi chinh 1a 7 phin tudi, tic,
137 14n tui ca Bi hién nay. Vi thé, twdi clia
Bi hién nay la:

35:7 =75 (tudi);
va tudi cia me Bi hién nay la:

5x 6 =30 (tudi).

Céu héi 7. Céch dy ba ndm, tdng s6 tudi clia
hai me con My 12 39 tudi. Hién nay, tudi cla
me My gap 4 14n tudi cia My. Hoéi hién nay,
My méy tudi, va me My bao nhiéu tudi?

Tir viéc di tim 18i giai ddp cho Cau hoi 2 va
cé cac Cau h01 3, 4, chiing minh hiéu ring
khi biét tdng s6 tudi ctia hai me con My cach
ddy ba nim thi ching minh s& x4c dinh dugc
t8ng s6 tudi clia hai me con My hién nay. Va
mdt khi dé biét tSng sb tudi clia hai me con
My hién nay thi cdch tim ra 13 gidi ddp cho
Cau hoi 7 dau cé khac gi céch tim ra 16i gidi
dap cho Cau hdi 6. Thé nén, cdc bé hay tu
minh tim ra 13i gi&i ddp cho Céu hoi 7 nha.
Céu héi 8. Hién nay, chi Mai Anh hon Ly 5
tudi, va tudi ciia Ly bing 2/3 tudi ciia chi Mai
Anh; H6i hién nay Ly miy tudi va chi Mai
Anh méy tudi?

Theo cdc bé, néu ching minh vé so dd doan
théng cho ciu héi ndy thi do dai ctia hai doan
théng, mot doan thé hién tudi clia chi Mai
Anh va mot doan thé hién tudi ctia Ly, phai
c6 quan he v4i nhau nhut thé nao nhi?

Dung 1di, céc bé tra 15i ding rdi d'ly Poan
théng thé hién tudi ctia Ly chi dai bing 2/3
doan thing thé hién tudi clia chi Mai Anh thi
(vi tudi cta Ly bing 2/3 tudi ciia chi Mai
Anh ma).
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Nhin so dd, ching minh théy, néu coi phin
chénh léch tudi giita tudi ciia chi Mai Anh va
tudi clia Ly 1a mot phin tudi thi tudi ciia Ly
s€ 1a hai phan tudi. Tt d6, vi mdt phin tudi 1a
5 tudi nén tudi clia My hién nay 1a:

5%2=10 (tdi);
va tudi clia chi Mai Anh hién nay la:
10+5 = 15 (tdi).

Céu héi 9. Chi Ly néi véi Bi: “Me chi
si})h anh chi ndm 32 tudi. Bi biét khong, 12
nam nifa, tudi cia me chi s& gip d6i tudi
cda anh chi. D6 Bi biét nim nay me chi bao
nhiéu tudi?”
“Me chi sinh anh chi nfim 32 tudi”. Thé tic 1a
me chi Ly hon anh chi Ly 32 tudi.
O trén, ching minh dé biét, chénh léch tudi
gifta hai ngudi khdng thay ddi theo thoi gian.
Vi thé, sau 12 ndm nita, me chi Ly van cit hon
anh chi Ly 32 tui! Biét thé nay rdi thi cich
tim ra 13i gidi ddp cho Cau héi 9 déau c6 khac
gi cdch tim ra 15i gidi ddp cho Cau héi 8, céc
bé nhi? Céc bé ty minh tim ra 13i gidi ddp cho
Cau hdi 9 nha.
Thé la ching minh di ciing nhau tim 13i giai
dap cho 9 cau hoi rdi. Pa dén lic nhin nhan
lai, xem chiing minh dé thu hoach dugc gi, tir
viéc gidi dap 9 ciu héi Ay.
Thit nhét, ching minh da biét mot bi k1p quan
trong, glup giai dap nhiing cau h01 vé tinh
to4n tudi tac. Ching han, nhd bi kip 4y, ching
minh da hiéu tai sao hiéu b tudi (hay con gm
1a chénh léch tudi) cda hai ngudi khong hé
thay d6i theo ndm thang Hay nhu, nhd bi k1p
iy, chung minh di biét céch xéc dinh tong )
tudi cia mot nhém ngudi 8 mot ndm tuy ¥,

e BN :—_ﬁ

khi biét tdng sb tudi ciia nhém ngudi 4y g may
nim nao do; .. :

Thit hai, chung mmh da thay mng, phugy,

plnp 56 dd doan thing gitip dugc chiing Mink
rAt nhidu trong viéc gidi cdc bai tip toan, Nhiy
¢6 50 d doan thing, chiing minh s€ hinh dung
duge bai toan 1o hon, dé dang nhin ra duge
nhitng mdi quan hé gitta cdc dai lugng duge
cho trong dé bai, .

Thit ba, viéc giai d'lp cdc cau héi trén day g3
gitip chiing minh on tap cdch gidi cdc bai tog,
thudc cdc dang: tim hal s6 khi biét tong Vi
hiéu clia ching (n6i vén tt Ia tim hai s6 kp;
biét tong va hiéu), tim hal sb kh1 biét tdng s6
va ti sb ciia ching (n6i vin tat la, tim h(ll 56
khl biét rong va tf), tim hai SO khi biét higy
so va ti sb ctia ching (né6i van tat 13, fim hai
56 khi biét hiéu va t7). Cac bé hdy tim xem,
trong cdc ciu hoi & trén, ciu hdi ndo thuge
dang ndo, trong cdc dang vita néu.

D& cling ¢ nhitng diéu vira thu dugc néu trén,
céc bé hiy chiu khé 1am cac bai tap sau nha.
Bai tap 1. Me Sumi sinh Sumi nim 28 tudi.
Hbi khi tong s6 tudi ctia hai me con Sumi la
40 tudi thi Sumi miy tudi va me Sumi bao
nhiéu tudi?

Bai tap 2. Hién nay, tdng sb tudi ctia hai chi
em la 25 tudi. C4ch day nim nim, tudi cla
em biing mot nita tudi ciia chi. Hoi hién nay
chi my tudi va em méy tudi?

Bai tap 3. Hién nay, tudi ciia bb gép 5 1in tdi
ctia con. Biét ring, khi con biing tudi clia bd
hién nay, thi tSng sb tudi ciia hai b con 12 98
tudi. Hoi hién nay con méy tudi?

B}li tap 4. Nim nim trudc, tudi cia bd Ly
béng ndm lan tdng sb tudi cia hai chi em Ly.
Sau ddy mot niim, tudi clia ciia bd Ly chi con
bing hai 1an t8ng sb tudi cia hai chi em Ly-
Hoi nim nay, bd Ly bao nhiéu tudi?

Bai tép 5 (Bai thi MYTS niim 2018). C6 hai
bmh dung nudce, 1 va II. Pau tién, Hai rét 1/3
s4 1it nuéc & binh I sang binh II. Sau d6, Hii
rét 10 lit nudc tir binh II sang binh 1. Bay gi0,
$6 lit nudc & binh 1 gip dbi s6 lit nudc & binh
I1. Hi ban dau binh II ¢6 bao nhiéu lit nudc?
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Giai thrdng Lé Van Thigm
va Chu tich dau tien -
biao sw Ha Huy Khoai

SO LUGC LICH SU HINH THANH GIAI THUONG LE
VAN THIEM

Gido su Lé Vin Thiém (1918-1991) 1a Chd tich du tién ciia
Hoi To4n hoc Viét Nam. L4 mot trong nhiing ngudi dat nén
méng cho nén gido duc dai hoc & nuéc ta, Ong dd c6 nhiing
déng gbp to 16n trong nghién cifu va @ng dung toan hoc, 1a
ngudi thdy ctia nhiéu thé hé cdc nha toan hoc Viét Nam. GS.
Lé Vin Thiém ludn gianh sy quan tim dic biét dén viéc gidng
day todn hoc 8 cdc trudng phd thong. Ong di duge Nha nuéc
ting Huan chuong Pdc 1ap hang nhét va Giai thudng HS Chi
Minh. Giéi thuéng Lé Van Thiém do H6i Toan hoc Viét Nam
dit ra nhiim gép phin ghi nhan nhitng thanh tich xuét sic cda
nhiing thiy gido, co gido va hoc sinh phé thong trong viéc day
Toén va hoc Toén gioi. Giai thudng ciing 1a su ghi nhén cong
lao ctia GS. Lé Vin Thiém, mét nha toan hoc 16n, mét nguoi
thiy da hét long vi su nghiép gido duc [1].

Y tudng thanh 1ap va trao Giai thudng L& Vin Thiém dugc
Ban Chép hanh Hoi Todn hoc Viét Nam dua ra tir ndm 1989.
Pich thian GS. D8 Long Van, khi d6 1a Tong thu ky Hoi, da
vio thim GS. Lé Vin Thiém & TP. H5 Chi Minh d€ thong
béo va xin phép Gido su vé viéc nay. Gido su dé vui v& nhan
181 [2].

Vién Todn hoc, Chil tich Hi dong Gidi thudng Lé Véin Thiém.
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Hfli hoc sinh dugc trao
G}ﬁi thudng diu tien vao
nam 1990 13 Pham Xuan
Du, hoc sinh Khéj chuyén
todn, Trudng Dai hoc Téng
hdp Ha Noi (nay 1a Truong
Dai hoc Khoa hoc Ty
nhién — Pai hoc Quéc
gia Ha Noi) va Phan
Thi Ha Du’(ﬁllg, hoc sinh
trudng THPT Ha Noj —
Amsterdam, Ha Ngi. .
Tuy nhién, vi khéng c¢6
ngudn kinh phi dé€ trao nén
Giai thudng bj gian doan,
dén ndm 1997 méi dugc
t5 chic trao lai. Tir dé dén
nay, Gidi thudng dugc trao
déu din hang nim, vao dip
dén Xuédn hang nim cda
Hoéi Toan hoc Viét Nam.
Tong cong di c6 106 giai
thudng dugc trao cho 27
thiy c6 gidgo va 79 hoc
sinh. Danh séich chi tiét
xem [3].

QUY LE VAN THIEM
Giai thudng Lé Vin Thiém
duge duy tri va trao déu
dén tir ndm 1997 1a nho cé
Quy Lé Vin Thiém. Quy
dugc thanh 14p nam 1997.
D06 ciing la nam Thong tin
Toén hoc ra ddi — 1am ciu
nbi cho cic hoat dong cta
Hoi Toan hoc Viét Nam.
Quy Lé Vin Thiém dudc
thanh 14p theo quyét dinh
ctia Ban Chép hanh Hoi
Toén hoc Viét Nam, nhim
dong vién sy dong gop vat
chét ciia cdc nha todn hoc,
céc tap thé, co quan nhiét
tinh véi viéc khuyén khich
thiy va trd phd thong day

T

va hoc tbt mon Todn, véi muc tiéu cao cd hon Ia thic ddy g
nghiép phit trién Todn hoc nudc nha. Vi V’ily.:"@t cd nhiin hay tir
thé c6 thé nhiéu 1an déng gép cho Quy. SO tien ting hd nhidy ha
it 12 thy tam, phu thuoc vao khd ning dong g6p va déu duge tran
trong. Mot phén tién déng gbp ban dau cho Quy 1a do Phu ppg,
clia b GS. L& vin Thiém ting, trich tif tién thudng Giai thu‘("jng
Hb Chi Minh ctia ¢b Gido su.

Dic biét, ndm 2015, mot doanh nhén (gidu tén) ting Quy | 5
ddng dé giti 14y 1ai trao thudng va cho cdc hoat déng ciia Quy,
Tit d6, Quy c6 ngudn tai chinh 6n dinh. Tuy nhién, vdi tinh thj,
khong thay d6i ctia Quy 1a khich 1€ su th{ng Uing clia cong ddng
todn hoc va céc doanh nhén, cd quan, td C’hl’IC doi véi sy phy
trién ctia Todn hoc Viét Nam, Quy van thiét tha mong tiép tuc
nhén dudgc sy ting ho rong khip. Danh sach Ging hd Qu§ duge cip
nhat trén trang web cla Hoi (xem [1]).

CHU TICH HOI PONG GIAI THUONG VA QUY LE VAN
THIEM

Giai thudng va Quy Lé Vin Thiém do Chi tich Hoi dong Giai
thuéng phu tréch — ngudi do Ban Chip hanh Hoi Toan hoc Vigt
Nam chi dinh. Tham gia Hoi déng xét Gidi thudng thudng cé
Cht tich va Phé cha tich kiém Tong thu ky Hoi Todn hoc, cing
v6i 1-2 thanh vién khac do Chd tich H6i dong Giai thudng mai.
Tit khi thanh 13p dén nim 2018, Chii tich Hoi ddng Giai thudng
1a Gido su Ha Huy Khodi.

GS. Ha Huy Khodi 1a mét trong nhiing thanh vién diu tién ctia
Vién Todn hoc. Ong hoc Dai hoc Téng hgp Ha N¢i, dudc tric
tiép nghe GS. L& Vin Thiém giang bai. Nim 1978, 6ng bao vé
luan an Tién si tai Vién Todn hoc Steklov néi tiéng thudc Vién
Han Iam Khoa hoc Lién X8, dudi sy huéng din ctia mot trong
nhiing nha todn hoc ndi tiéng nhit va ciing ¢6 nh hudng nhét thé
gi6i trong miy chuc nim quala GS. I. Manin. Ciing tai d6, ong
b4o vé luén 4n Tién si Khoa hoc vao nim 1984. Hudng nghién
citu ciia Ong 1a Gidi tich p-adic va Giai tich phitc. Ong dutgc
phong Phé Gido su ndm 1983 va Gido sut nim 1991. Pugc biu 12
Vién si Vién Han 1am thé gi6i thit ba — nay la Vién Han 1am Thé
gi6i vi sut tién bo khoa hoc cla cic nude dang phit trién (TWAS)
— vao nim 2004. Ong 1a Vién trudng Vién Todn hoc nhiém ki
2001 — 2007, Cha tich Hoi déng Chtic danh Gido su nganh Toédn
tit ndm 2009 — 2018. Nam 2012, sau khi nghi huu & Vién Todn
hoc, ong chuyén sang 1am viéc tai Dai hoc Thing Long. Tai do,
6ng da va dang danh nhiéu tim huyét dé xay dung Pai hoc Thz'mg
Long thanh mot co s8 giang day va nghién citu tbt vé Todn va
ting dung Toén hoc.

Hon hai mudi ndm tham gia Ban Chp hanh Hdi Todn hoc Viét
Nam, mét trong nhitng déng gép to 16n nhit ciia 6ng 1a van dong
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xiy dng va phit trién Quy Lé Vin Thiém, 16
chifc t6t viéc trao Giai thudng Lé Van Thiém
hang ndm. Nghe ¢6 vé don gian, nhung thyuc
ra 13 nhiing cong viéc cuc ky kho khan. Quy
Lé Vin Thiém ra ddi trong hoan canh kinh té
Kkli6 khin, va nén Todn hoc ding trude nguy
¢co bi tan rd. V4i uy tin cao trong cdng dong,
cong vdi tai nang thuyét phuc, vin dong hiém
¢6, ong da timg budc van dong dugc rit nhiéu
ngudi ung ho Quy. le tinh than nhiéu it déu
quy, dén nay da ¢6 gin 200 lugt ngudi tng h
Quy, ¢6 nguoi ung ho ba bén 1an. Chii ¥ ci
dién rong 14n chidu sau, su dién thuyet thiu
tinh dat Iy ctia 6ng dd mé hodc nhiéu ngudi,
ma dinh cao 1a nam 2015 mdt doanh nhan
thanh dat — v6n 12 mot hoc sinh gidi Toan —
da tng hd Qu§ mdt sb tién réit 16n, lam co 53
truding ton cho Quy. Lai van 14y tinh thin cda
Quy la ting ho vo tu, nén doanh nhan dé dé
nghi dudc gidu tén — cho du vin déu din quan
sat su hoat dong cla Quy va Giai thudng.

Viéc trao Giai thudng sao cho nhiing ngudi
dudgc trao 1a xdng dang — d€ qua d6 méi khich
18 phong trao hoc Todn va day Todn — 1a mot
viéc 1am coéng phu. Khong hanh chinh, hang
nim 6ng phai theo d6i phong trao va thanh
tich hoc Todn & céc trudng, truc tiép lién hé
véi cic co s& dé biét rd cdc ung vién. Trén cd
s& d6, mdi nhitng chuyén gia c6 uy tin cimg
du phién hop dé nghién ciu hd so va trao g1a1
thudng. Gidi thudng c6 quy dinh cd cAu, t8
chifc gidi ro rang. D6 1a moi ndm trao tir mot
dén hai gido vién va tir hai dén bbn hoc sinh
¢6 thanh tich xuft sic, trong d6 c6 mot giai
thudng gianh cho hoc sinh vugt khé khén dat
thanh tich cao trong hoc Todn. M&i ngudi chi
dudc trao Giai thudng mot 1An. Mudi nim gin
day, Hoi dong Gidi thudng quyet dinh: Ung
vién 12 hoc sinh dat thanh tich xuit sic nim
16p 12, thi khi xét phdi dang theo hoc nganh
Toén. Tuy nhién, véi tinh thin khuyén khich
tai ndng 1a chi dao, Giai thudng dudc trao
mot cdch linh hoat. Vi vay ¢6 nim hai thiy,
¢6 dugc trao, nhung c6 nam khong c6 gido
vién nao; c6 nam téi sdu hoc sinh dugc gidi,
nhung c6 nim chi mdt. Nhin vao danh sdch

nhitng hoc sinh dugc trao gidi, ta c6 thé tu
hao thiy cdc em thudc cdc dja phuong trai dai
khdp cdc tinh tit Bic t6i Nam. Nhiéu ngudi
dugc trao gidi gid ddy da trd thanh nhiing
nha khoa hoc ¢6 tén tudi. Diém qua c6 thé
thiy nhitng cdi tén: PGS. Phan Thi Ha Dudng
(Gidi nim 1990; hién & Vién Toan hoc), TS.
D& Quéc Anh (1997, Phap), TS Lé Quang
Nam (1998, M§), PGS. Lé Théi Hoang (1999,
My), PGS. Lé Anh Vinh (2001, Vién Khoa
hoc Gido duc), TS. Lé Hung Viét Bao (2003,

M§¥) va nhidu ngudi khac ma ngudi viét khong
biét hét — va ciing khong thé diém hét.

Téing hoa va qua lww nigm cdm on GS. Ha Huy

Khodi sau hon hai muoi ndm lam Chil tich Quy

(Tix trdi: Vi Hoang Linh, Vo chéng GS. Ha Huy

Khodi, Ngé Viét Trung, Lé Tudn Hoa)
Ngudn: Ngo Viét Trung

Thanh qua trén c6 1& 12 niém vui va dong
vién 16n nhit giip GS. Ha Huy Khodi dim
nhiém vi tri nay trén 20 nidm — c6 thé ndi la
mot ngudi khong thé thay thé. Tuy nhién, cudi
nam 2018, 6ng kién quyét tir nhiém dé Ban
Chap hanh Hoi chi dinh ngum khdc phu trach
nhiim tao tién dé phat trién viing chic tiép
theo cho Quy. Trong budi Gip mit déu Xuan
Ky Hgi cda Hoi Todn hoc Viét Nam dién ra
viio ngay 24 thing 2 ndm 2019, GS. Ngb Viét
Trung, Chii tich Hoi Todn hoc Viét Nam, da
thay miit Hoi phat biéu cdm on sy déng gop
16n lao va lau dai ctia GS. Ha Huy Khodi.
GIAI THUONG NAM 2018

Nim 2018, Gidi thudng dugdc trao cho mot
thy gido va ba hoc sinh:
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) Gidi thidng Lé Vin Thiém 2018 .
(Tix trdi: Nguyén Quang Bin, Ngé Thi Hué, thdy Huynh Chi Hao, D6 Hoang Viét)
Nguon: Ngé Viét Trung.

1. Thay Huynh Chi Hao, gido vién Trudng
THPT Chuyén Nguyén Quang Diéu, tinh
Dong Thép. Day chuyén Toén tit nim 1990,
Da tham gia bdi dudng dudc bay hoc sinh dat
Gidi quéc gia (hai giai nhi, hai gi4i ba, ba gii
khuyén khich). Pic biét, nim 2018 ¢6 mot
hoc sinh (ban D& Hoang Viét), hoc sinh diu
tién tai Pong Thap, dat Huy chudng Dbng
Olympic toan quéc t& IMO.

2. Nguyén Quang Bin, Lép 12 Chuyén Todn
PH Khoa hoc ty nhién — PHQG Ha N¢i. Hai
1an Giai nhi Ky thi hoc sinh giéi Todn quéc gia
ndm hoc 2016-2017 va 2017-2018. Dic biét,
dat Huy chuong Vang Olympic toan quéc té
IMO 2018. Hién dang hoc tai Khoa Todn, DH
Khoa hoc ty nhién — PHQG Ha Nbi.

3. D6 Hoang Viét, Lop 12 Trusng THPT
Chuyén Nguyén Quang Diéu, tinh Ddng
Thép. Hai 1in Giai nhi Ky thi hoc sinh
gi6i Toan quéc gia nim hoc 2016-2017 va
2017-2018. bic biét, dat Huy chuong Dong
Olympic toan quéc t& IMO 2018 — 12 hoc sinh
diu tién cia Pdng Thap dat thanh tich nay.
Hién dang hoc tai Khoa Toan, PH Khoa hoc
t nhién — PHQG TP. Hd Chi Minh.

4. Ngb Thi Hué, Lép 12 Trudng THPT
Chuyén PHSP Ha Noi. Mic di hoan cinh
gia dinh khé khin, da ¢ géng khic phuc dé
hoc gidi. Gidi nhi Ky thi hoc sinh gidi Toan
quéc gia ndm hoc 2017-2018. Hién dang hoc
tai Khoa Todn, PH Su pham Ha Noi.

Chd thich:

[1] http://vms.org.vn/index.php/vi/gioi—thieu/
giai-thuong-le-van-thiem.html va Thong tin
Todn hoc, Tap 1 56 1 (1997), 6-7.

[21 D6 Long Van, “Qud trinh thanh 1ap Gii
thuéng L& Vin Thigm”.
http://vms.org.vn/index.php/vi/gioi-thieu/
giai-thuong-le-van-thiem

[3] Danh s4ch nhiing ngudi dugc ting Gidi
thudng L& Viin Thiém,
http://vms.org.vn/index.php/vi/gioi-thieu/
giai-thuong-le-van-thiem/item/1089-danh
-sach-nhung-nguoi-duoc-tang-giai-thuong-le
-van-thiem.htm]

[4] Danh sich nhitng ngudi ting ho Quf Lé
Vin Thigm.
http://vms. org. vn/index.php/vifgioi-thiew/
giai-thuong-le-van-thiem/itemlist/category/
215-quy-le-van-thiem.html
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HOI THAOD
‘ “Truong he Toan hoc:
Kinh nghiém Viét Nam va the gidi”

Nam 2010, Chuong trinh trong di€m quéc gia
phit trién Todn hoc giai doan 2010-2020 dugc
phé duyét véi muc tiéu ph}it trién nén Todn
" hoc Viét Nam da dang, bén viing va manh
" ;@ v& moi mit. Mot trong nhitng muyc tiéu
~ cu thé do la: Nang cao chét lugng va quy mé
dio tao hoc sinh gidi Todn & céc trudng phd
hong, dic biét 1a & cdc trudng chuyén, va cé
" hinh thic thich hgp dao tao tiép hoc sinh gidi
~ Todn & béc dai hoc va sau dai hoc. Vi muc
" tiéu d6, tr ndm 2013, sau khi Chudng trinh
Toan di vao hoat dong, cdc trudng he danh
cho gido vién, hoc sinh THPT chuyén Toan
~ va sinh vién céc nganh Todn, Su pham Todn
* dudc Vién Nghién ciu cao cip vé Todn t&
' chifc hang ndm & ca ba mién cda dét nudc.
" DE tdng két sdu ndm hoat dong, riit ra céc bai
~ hoc kinh nghiém va déi méi cac hoat dong,
~ ngay 22/12/2018, Vién Nghién ciiu cao cip
* vé Toan da t8 chic Hoi thao “Trudng hé Todn
~ hoc: Kinh nghiém Viét Nam va thé gi6i”. Hoi
" thao 12 mdt phan trong chudi céc hoat dong

" chu#n bi tdng két Chuong trinh trong diém
" qubc gia phét trién Todn hoc, xdy dung dé 4n,
chién lugc phit trién ciia Todn hoc Viét Nam
trong giai doan tiép theo.

Tham dy Hoi théo c6 céc chuyén gia, nha
khoa hoc trong linh vuc nghién citu va gido
duc Toéan hoc, Todn ting dung va Khoa hoc
dit liéu dén tir Hoi Toan hoc Viét Nam, cic
Trudng dai hoc, Vién nghién ciu, cac Trudng
THPT chuyén, céc nha khoa hoc tham gia phu
trach Trudng he, cic gidng vién di tham gia
giang day Trudng he.

GS. Trdn Viin Nhung phdt biéu

Trudc khi Chuong trinh trong diém quéc gia
phat trién toan hoc ra ddi, trudng he todn hoc
cho hoc sinh va sinh vién Toan da dugc Vién
Toén hoc t8 chiic mét sb nim, dbi khi c6 sy
phéi hgp ciia Trudng PH Su pham Ha Noi,
v6i sy gitp d8 v& tai chinh clia mot s& nha

Cdc dai biéu tham dy Hoi thdo
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Quang cdnh Hoi thdo

Mua heé ndm 2012, sau khi Vién Nghién cttu
cao cép v& Toan (VIASM), hat nhan cia
Chuong trinh trong diém, bt diu di vao hoat
ddng, bén 1& Hoi nghi Toan hoc québc t& Vit
— Phép tai Hué, GS. Ngd Bao Chau di ch tri
mét cudc hop ban vé viéc trién khai céc hoat
dong clia chuong trinh trong diém, trong d6
¢6 hoat dong dao tao bdi dudng cho hoc sinh,
sinh vién, gido vién chuyén Todn. Theo do, tit
nim 2013, céc trudng heé danh cho hoc sinh
chuyén Todn, sinh vién nganh Todn, gido vién
giang day Todn & cic trudng THPT chuyén
sé& dugc t& chdc thudng nién, trong khudn
khé cta Chuong trinh trong diém quéc gla
phat trién todn hoc 2010-2020, dudi su diéu
phbi clia VIASM, véi quy mo va dia ban dugc
md rong.

PGS. Trdn Véin Tén phdt biéu

Sau sdu nim trién khai, VIASM da t6 chifc
dugc 15 16p bdi dudng HS THPT chuyén
(1619 hoc sinh), 15 16p bdi dudng GV THPT
chuyén (546 gido vién), 7 16p bdi dudng SV
(696 sinh vién). Cdc tham ludn tai hoi théo cla

nhitng chuyén gia c6 nhiéu ndm kinh nghiém
da tap trung phén tich nhitng thanh tuu da dat
dugc ciing nhu nhiing diém con tén tai, han
ché, va dic biét 1a nhiing dinh hudng mdi cho
tuong lai. Nhitng ngudi tham dy da néu cic
wu diém cia trudng heé, cdc nhugc diém va
d& xuét gidi phdp nhdm nang cao chét lugng
trudng he, dé trudng he dat hiéu qu cao trong
viéc bd sung ning cao kién thic, vin héa todn
hoc, trao déi kinh nghiém gizng day bdi dudng
hoc sinh gidi, truyén cam hing va sy dam mé
Todn hoc cho hoc sinh, gido vién. Dic biét,
thdng qua céc 16p bdi dudng nay, ban t6 chic
ky vong s& hinh thanh mdt mé hinh trudng
he hiéu qua, giip cdc Trudng THPT chuyén
hogic nhém trudng trong ting khu vuc ¢d thé
ap dung, ty t8 chic trong tuong lai.

Tai hoi nghi t6ng két, mot s mé hinh trudng
he trén thé gi6i nhu PROMYS & DH Boston,
Nesin Village ¢ Thd Nhi ky, va Math Circle
- cau lac bd todn hoc & nhiéu ndi trén khip
nuéc M§ — ciing dd dugc gidi thiéu va phn
tich kha ning ap dung & Viét Nam. Cic dai
biéu cling néi dén sy cAn thiét phai phét trién
céc 16p bdi dudng, tap huan cho hoc sinh,

sinh vién vé toan mo hinh, v& ting dung clia
tqan hoc néi chung va céc néi dung danh cho
gido vién vé nhiing diém méi trong chuong
trinh gido duc phd théng méi mén Toan. Ngay
trong ndm 2019, Vién Nghién citu cao cip Ve
todn s€ trién khai nhiing noi dung nay.

Theo Vién Nghién citu cao cdp vé Todn
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* Luu Thi Thanh Ha, Dao Thi Thu Ha,

Khodi (Téng Bién tdp)
;lﬂ l;g Khéc Minh (Phé Téng bién tip thudng truc)
NEZ 30 Chiu (Phé Tong Bién t4p)
Trin Nam Diing (Ph6 Téng Bién tip)
Nguyén Thi L& Huong (Phé Téng Bién tap kiém Thu ky Toa soan)

Pham Huy pién, Nguyén Thanh Nam, /
&n Duy Théi Son, Chu Cam Tho,

Trin Vain Nhung, Nguy¢ i Son, Chu CA '
Ngo Viét Trung, Vi Ha Vin, Nguyén Ai Viét, L& Anh Vinh.

cONG TAC VIEN
THUONG XUYEN

Ha Vii Anh, V5 Quéc B4 Cén, Pham Ngoc Diép, Nguyén Minh Ha,

Tran Minh Hién, Phan Thanh Héng,
Trin Quang Hung, Ha Duy Hung, Dau Hoang Hung, Vil Thé Khoi,
Nguyén Cém L§, Nguyén Duy Lién, Pham Vii Loc, Tran Quéc Luat,
Kitu Dinh Minh, Nguyén Thi Nhung, Ding Vin Son, D3 Hoing Son,
Luu B4 Théng, Dao Manh Thing, Nguyén Tat Thu.

TOA SOAN

Tang 7 Thu vién Ta Quang Biru, Truong Pai hoc Béch khoa Ha Noi
Pudng Pai Cb Viét, Phudng Bach khoa, Quén Hai Ba Trung, Ha Noi
Email giri bai: bbt@pi.edu.vn. Email giao dich: info@pi. edu.vn
Pién thoai: (024) 3215.1407 Fax: (024) 3623.1543

Website: www.pi.edu.vn

Ché ban: Nguyén Thai Higp
D hoa: Nguyén Trin, Doan Xuan Trudng

Anh bia 1: Adolphe Quetelet, nha thién van hoc, todn hoc, théng ké va xa hoi hoc.

Nguén: Internet

Giky phép sb 484/GP-BTTTT ngay 25.10.2016
In tai; Cong ty Cb phin In Ha Noi

Tap chi ra hang thang

Gié: 30.000 dong

ek N AL



‘_—

tPostBank
6 &c!ﬁvlrimg BUU DIEN LIEN VIET 6

VIVIET -

SAN PHEM CUA NGAN HANG Bl e
HViEy

THANH TOAN KHONG DUNG Ti¢
(ONLINE 24/7)

> Hon 200 dich vy > Két ndi han 35
SIQICIOIOICIO) N!Iﬁnhangnﬁlma ¢

) y DICH VU NGAN HANG SO
o0 © ' %{ (ONLINE 24/7)

, & Gui tiét kiém
& Vay cdm cé'sé tiét kiém

N Miiy

@  Tattodn khodn vay
. ™\ & Truy vén tai khoén thanh toén
[ )
f = & liliit WEAD

NGAN HANG S6

DICH WY NGAN HANG SO

TIET KIEM 'ONLINE
VAY LAI DE DANG

THANH TGAN HOA BON HON 200 DICK VY
HEHBROOEO

San pham cua LienVietPostBank

Vi Viét - Ngan hang s6 ciia moi ngudi

W 4]

Thanhtodn  Nep/rittlen Chuyénti®n  Naptin
héa don dién thoal

Y E & @

Mua sém Tiénich Quén Tra ciru
online tal khodn théng tin

-t [v=r]

m M R K
Djch

D h:vng Dichvythé  Binh chon ml.':ynlt‘hl:c‘"

l |

Il

ozt?

i

L

TAI APP Vi VIE J ~ & o
VIETQUA Dw Tong dai CSKH (mién phi) WESR Gia: 30.000 do:g
Dowoadonthe v
‘ App Store I B+ Google play 1800 6665 ,";5:::::.“/ www.pl.ed

© www.facebook.com/viviet.vn www.viviet.vn




