


4
A
@
%
D
&
O
(Y
—

GOC STEM

5 Dy 4n STEM: Khai thac nhiét néng cua
ning lugng mat troi
Dang Vin Son

TOAN HOC TU CO BIEN DEN HiEN DA

Ly thuyét nut va da thufc Jones (tiép theo v het) g
Lé Tir Quéc Theing

GIAI TOAN CUNG BAN
13 Voi vang mét li, di mot dam
Ha Vii Anh, Nguyén Khdc Minh

THACH THUC TOAN HOC

Nhiéu tdc gid

Thach thirc ky nay danh cho THCS 16
Théch thirc ky nay danh cho THPT 16
Giai bai ky trudc 17

Danh sach ban doc gufi bai va i giai 33

LICH SU TOAN HOC

34 Phudng phap Archimedes tinh dién tich va
tich cac hinh, khéi quen thudc

Pé Trong Dat, Phé Durc Tai

thé

pIEM SACH

~ ~ ] 7
Thién tai va so pha" 3
> > 7 < s c
- chuyén ké vé cac nha toan ho
Lé Bich Phuong

yATAVAVAVAVAVAV)

IANANANANAVANI




QUAN TOAN

39 Hilbert hoc Toan
Hai bién quang céo
cach nhau bao nhiéu?
Giai dap bai Tu nhan
(Pitap 156 9.2017)

TOAN HOC VA B3I SONG

43 Fractal - mién giao thoa
cua Toan hoc, Nghé thuat
va Quy luat tu nhién
(tiép theo)

Pham Huy Dién
Chim thién duong
Ha Huy Khodi

PG SONG TOAN HOC

51 HOi thao quéc té ky niém
100 nam ngay sinh
GS Lé Van Thiém

DIEN DAN DAY VA HOC TOAN

52 Day tré I6p 11am cac bai
vé so sanh

Nguyén Chién

TOAN CUA BI

54 Tinh do6i xirng va cac géc
nhin cua Bi
Nhiéu tdc gia

59 Hoc lap trinh Scratch.
Bai 9: Thay giao va em
Bui Viét Ha

Wi

v

v

v

v

v

v

v

v

v

v

v

v

BAO VE TRUONG CU

Tap chi Pi rit vui miing va biét on nhiéu t6 chtic, ¢4 nh:
tap chi dén céic em hoc sinh va thily c gido & viing sdu,
gtii vé trudng hoc cii ctia minh:

Quy Lé Vin Thiém mua 140 cuén/ky lam phin
sinh gioi todn.

Ba Hoang Ly mua 5 cuén/ky ting Trudng 1
Thugng Hién, Quin Tan Binh, TP. HCM; 5 cu
Trudng THPT Lé Quy Pon, Quan 3, TP. HCM:
Truong THCS Ngo Si Lién, Quan Tan Binh, TP.
Ba Chu Cdm Tho mua 5 cudn/ky tang TntémgA >
Van Huyeén, Hoai Dtic, Ha Noi.
Ba Trdn Luu Van Hién mua 3 cu6n/ky ting tn(
Nguyén Tri Phuong, Phti Vang, Thita Thién Hué
Truong THPT chuyén Nguyén Tit Thanh, Yén B
Ong Cao Kim Anh mua 1 cuén/ky ting Trudng THI
X4. Lam Thao, Phu Tho va 1 cuén/ky tang Truéng THPT
Chau Sa, Lam Thao, Phu Tho. -
Ong Nguyén Quéc Khanh mua 1 cuén/ky ting 'Ihfémg'I'H 0
Nguyén Khuyén, Duy Xuyén, Quang Nam va 1 cuén/ky ting
Trutng THPT Lé Hong Phong, Duy Hoa, Duy Xuyén, Quéng Nam.
Ba Lé Thi Nhu Bich mua 2 cuén/ky ting khoa toén Truéng Dai
hoc Su Pham Hué.

Ong Ng6 Huy Cidn mua 1 cuén/ky ting Trusng THCS Lé Lgi,
TP Tam Diép, Ninh Binh. 3
Ba DPinh Thi Thu Cic mua 1 cudn/ky ting Trudng THCS Dién
Théi, Dién Chau, Nghé An.

Ong Nguyén Ngoc Khoi mua 1 cuén/ky tang Trudng THCS
Trung Vuong, Ha Noi.

Ong Nguyén Hung Khuong phé Hiéu truéng Trusng THPT

Bui Thi Xuan, TP. HCM mua 1 cuén/ky ting Trudng THPT.
Thong Nhit A, Trang Bom, Pong Nai.

Ong Nguyén Truong Hoang Nhat mua 1 cuén/ky ting T6 todn
Truong THPT Quéc hoc Hué, TP. Hué, Thita Thién Hué.

Ong Lé Luong Tai mua 1 cudn/ky tang Truong THCS xa An
Ninh, Binh Luc, Hi Nam.

Chu

18 16i biét ring con c6 nhiéu ban doc cing lam nhu vay,

10a soan khong c6 dugc thong tin. Mong céc ban tiép tuc
cungicdp thong tin dé giip Toa soan hiéu ré hon vé miic d¢ phé
cdp cta Tap chi.

Nghia cif etia edc ban da gitp Pi dén gin hon véi cic ban hoc
sinh va thay, co gido.

Tap chi Pi hy vong phong trao BAO VE TRUONG CU

ngay cang dugc hudng ting rong rai!
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1. Muc dich:

Khuyén khich phong trao hoc Todn qua cdc
bai toan.

2. Thoi gian to chitc cude thi:

Hiing niim, bt dau ti thang 1 nim 2018.

3. Déi tugng du thi:

Hoc sinh phd thong va sinh vién dai hoc, cao
ding nim thit nhét. »

4. Cac bai toan thi:

Tét ca cdc bai toan duge ding tai trong muc
Théch thic ki nay va Quan Todn cta Tap chi Pi,
tir s6 1 dén s6 12 cia nam 3 chic cude thi (sau
day goi chung la bai todn thi).

5. Bai du thi hop Ié:

Tt ca 10i gidi cho cdc bai todn thi, dude gii
t6i Toa soan trudc ngay mung 1 cua thang phat
hanh s6 Tap chi ding tai cic 16i gidi do.

6. Phuong thire chim bai:

Chi cho diém cdc 16 giai ding. Mbi 10i gii
diing (khong phu thudc cach gidi, cach trinh
bdy) dudge cho 1 diém; 16i gidi ding va cich giai
ngin gon dugc thudng thém khong qud 1 diém
(nghia la dudc cho dén 2 diém), 16i gidi diing,
cach giai ngin gon va ddng thai 161 giai duge

trinh by mach lac, sang stia dugc
khong qud 2 diém (nghia 1a d
3 diém).

7. Phuong thitc tinh diém xét
Piém dé xét gidi ctia mbi ho
hiéu Ia s, 1a diém téng hgp
giai cho moi bai todn thi va
thic sau:
— Péi vdi hoe sinh clp’

— Pbi véi hoc si
hoc, cao dan

8.




8. Phuong thire xét gidi:

— Chi xét gidi d6i véi cdc hoc sinh c6 diém xét
gidi khong 1t hon:

+ 97 diém, dbi véi hoc sinh cAp THCS;

+ 237 diém, d6i véi hoc sinh cAp THPT va sinh
vién dai hoc, cao diing nim thit nht.

— Xét giai riéng cho méi nhém dbi tugng:

+ Nhém 1: Hoc sinh cip THCS;

+ Nhom 2: Hoc sinh cp THPT va sinh vién dai
hoc, cao ddng nam thi nhét. 5

9, Co chu giai va mitc thudng:

M&bi nhém dbi tugng dugc xét trao:

— Khéng qud 7 gidi Nhit, méi gidi dugc thudng
97 tién mit, 1 nam Tap chi Pi va 1 do Pi;

— Khong qud 37 gidi Nhi, méi gidi dugc thudng
67 tién mit, 1 nam Tap chi Pi va 1 do Pi;

— Khong qua 107 gidi Ba, mi gidi dudc thudng
37 tién mat, 1 ndm Tap chi Pi va 1 o Pi;

— Khong qua 157 giai Pi (), méi gidi dugc
thuéng 1 nam Tap chi Pi va 1 do Pi.

Ghi chu: 17 tién mat = 314.159 dong

Cin cit két qua cudc thi cla ting ndm, Ban gidm
khao cuoc thi c6 thé xem xét trao giai Dac biét
cho nhitng hoc sinh c6 16i gidi hay, doc ddo. Mobi
gidi Dic biét dugc thudng 157 tién mat, 1 nam
Tap chi Pi va 1 4o Pi.

Ngoai cac gidi chinh va phan thudng néu trén,
6 thé c6 cdc giai phu, cdc phan qua do cic
don vi tai tr¢ hodc cac nha hao tdm an dinh cho
cudc thi tirng nam.

Hoc sinh dat giai Nhat va giai Dac biét sé dudc
GS. Ngo6 Bao Chau viét thu gidi thiéu véi cde

trudng dai hoc & nude ngoai, néu hoc s
nhu cau. ‘
Hoc sinh dat tr gidi Nhi trd 1én sé d
xét tuyén vao Hé dao tao cit nhén To
lugng cao thuoc Chuong trinh Dao

Trudng Pai hoc Thing Long - Vién

bS

10. Thoi gian cong b gidi va trao
— Két qué cudc thi sé dugc cong
chi Pi s6 thang 3 ctia ndm lién sau r
cudc thi.

— Phan thudng sé dudc trao cho ¢
gidi vao ngay 31 thang 3 ctia nam
t6 chiic cudc thi, tai hai dia diém: H
Hb Chi Minh.

11. Ban gidm khao:

— Trudng ban: GS. Ha Huy Khodi, Tong
tap Tap chi Pi;

— Phé Trudng ban thuong truc: Nguyén Khic
Minh, Phé Tong bién tap kiém Trudng ban bién
tap Tap chi Pi;

— Phé Trudng ban: Tran Nam Diing, Ph6 Tong
bién tap Tap chi Pi;

— Thu ki: Nguyén Thi Lé Huong, Phé Tong bién
tap kiém Thu ki Toa soan Tap chi Pi;

— Cac uy vién: Thanh vién cia Nhom Thach
thitc Toan hoc Tap chi Pi.
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@0 can ghi rd & Chu dé (

bai to4n nao; Bai toan dé xuat; B
cho chuyén muc gi; hodc Bai viét khéng theo chuyén’_
Trén trang dau ban thao tung bai toén, bél viét can gffl
tén téc gia, dia chi thu tin, e-mail va 56 dién thoai dé tiés
Céc bai toan dé xuét can kem theo 161 gii va goi y trut
khéi 16p. Ban dich hay suu tam can ghi ré nguon. 2
Ban thao gui theo email véi dinh dang latex hoécwqtd,

véifile dinh dang pdf. - 3
Tap chi chi nhan nhimg bai chua dang trén bdo trong va
ngoai nudc. i

* Bai gt email dén.bbt
ctia email: L gidi cua

DIA CHI GUI BAI

« Qua email: bbt@pi.edu.vn
* Qua buu dién:
Toa soan Tap chi Pi
Tang 7 Thu vién Ta Quang Buu,
Trudng Pai hoc Bach khoa Ha Noi,
Puong Dai Cb Viét, Quan Hai Ba Trung, Ha Noi.

THE LE DAT A

Ban doc quan tam co thé dat bao theo mét trong cac hinh
thic sau:
Dat tai buu dién gan nhat: Ma clia Tap chi Pi la C057.
(o thé dat cac s6 da ra). /
B}an d‘gc gap vudng mac trong dat va nhan bao
xin goi duong day nong 1900 545481 dé dugc h
Dat tai website www.pi.edu.vn: chon nut Dt taj
theo hudng déan.
Dat véi Toa soan: dién vao bieu mau tai duon
[!I 'E: :D IL Q! -E. _"’
Thanh toan vao tai khoan ctia Tap ¢ :
Tai khoan s6: 08510000722
Ngan hang Vietcombank
(trong noi dung ¢

Sau khi thanh
duge xac n
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Ning lugng mit trdi dude coi 1a ngudn ning
Iugng vO tin va sach, niang lugng miit trdi da
dugc loai ngudi d€ y tit xa xua thé hién qua
truyén thuyét ndi tiéng Archimedes dbt chdy
thuyén clia quan La M3 sit dung niing lugng
mit troi vao ndm 212 trudc cong nguyén. Mit
tr0i mang nang luong khoang 3,8 x 1023 KW
va theo udc tinh, tai b& mit trai dat & muc

. nu6c bién, ning lugng mit trdi chiéu xudng

trai dit khoang 1000W/m2. Tit nhién, con s6
nay thay d8i theo mia, theo vi tri va theo thdi
tiét. Niing lIugng mit trdi ciing 1a mot chi dé
day hoc STEM rit dugc chid y bdi tinh tng
dung thuc t& ciing nhu kién thic phi hop véi
hoc sinh phd théng. Ning lugng mit trdi dugc
khai thac biing hai cich, hojc khai thdc tryc tiép
nhiét tda ra cla ning lugng mit trdi, hodc thong
qua ning Iugng 4nh sing chuyén héa thanh

. dién ning. Trong chd d& dy dn ndy, hoc sinh

e

s€ hoc cdch khai thic nidng lugng mdt troi st

~ dung truc tiép nhiét ning clia mit trdi. Tit ca
~ cdc thong tin vé mit trdi ban doc quan tdm c6

thé tra cifu truc tiép tai trang web clia NASA:
https://helios.gsfc.nasa.gov/sun.html

Béi canh

Trong thé ki 21 con ngudi dbi dién véi hang loat
vén d& v& 6 nhiém mbi trudng, can kiét ngudn

- t3i nguyén, dic biét 1a sy suy gidm nghiém trong

ciia ngudn niing lugng héa thach (than dé va dau

AN STEM:
KHAI THAC NHIET NANG CUA
NANG LUQNG MAT TROI

bdng Van Son

khi). Viéc tim ngudn niing lugng thay thé da
dugc con ngudi nghién ciu tif rt 1du nhu ning
lugng tit gid, tit séng bién, tit nhiét dusdi long
dét, dic biét 1a tir mit troi.

Trong hai cdch khai thac ndng lugng tir mét troi,
mdi cdch déu c6 nhitng uu v nhugc diém riéng
vé cong nghé va gid ca. Trong dy 4n nay, chiing
t6i huéng dén cic thdy cb gido tap trung vao du
4n day hoc théng qua viéc xay dung cdc du an
va hoat dong trai nghiém nhé hon lién quan dén
khai thc ning lugng nhiét cda mit trdi. Dy 4n
nay phi hgp cho hoc sinh khéi THCS va THPT.
Gidi thiéu du 4n

Du 4n khai thdc ndng lugng nhiét ctia mit trdi
1a mot du én day hoc 16n bao gdm nhiéu tiét hoc
va cic dy an nhd, tuy nhién, trong khudn khd
ctia bai bdo nay, chiing t6i tap trung gidi thiéu
va hudng dén cdc thiy c6 gido t& chiic mét sb
hoat dong trdi nghiém lién quan dén ning lugng
mit troi, cdc du dn nhd hon chiing t6i ¢6 s€ gidi
thiéu & nhitng s6 sau.

Mot s6 du dn nhé trong dy 4n khai thic ning
lugng nhiét ciia mt trdi ma gido vién c6 thé cho
hoc sinh tién hanh bao gdm:

o Ché tao 16 nuéng miit trdi.

e Ché tao hé théng loc nudc bién thanh
nudc ngot st dung néng lugng mit troi.

Tap 2 54 3 Thang 3. 2018
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o Thiét I\:é va ché tao hé théng dun nudc
nong bang nhidt tir mét troi.
e Thiét ké, ché tao md hinh mdy phat dién
st dung hoi nudc néng tir nhiét mét trdi.
e Hiéu ung nha kinh ng dung trong
ndng nghiép.
Trong bai nay, chiing t6i khdong di vio hudng
dan cdc dy 4n di dé cap & trén ma chi gidi thiéu
mdt s6 hoat dong thi nghiém, trai nghiém don
gién lién quan dén viéc khai thic niing lugng
nhiét clia mit tdi. T d6, cic thdy cd c6 thé
thiét k& cdc hoat dong hoc tuong ting trén 16p;
cdc quy phy huynh c6 thé cling con trai nghiém
tai nha.
Hoat dong 1: P6t gidy bang kinh lip hoéc
guong cau 16m
Luu y:
e Diéu kién thoi tiét: trdi néng to.
e Tré dudi 14 tudi cin c6 ngudi 16n
hudng din
Chuén bi:
o Mot s6 loai kinh hip c6 d6 phéng dai khac
nhau: 5x, 8x, 10x...
o Manh bio cii, hoic gidy cii khd
o Mot sb vun gidy hoiic vun gb nhd
o Nhiét ké va kep nhiét ké
o Gid kep kinh lip
Tién hanh:
B1: it gidy/bdo cii ndi anh sdng mit trdi chiéu
manh
B2: Pidu chinh khoang cich tit kinh lip dén
vi tri diit & gidy hodc bdo cil, sao cho ta thu
dudc mot diém sang nhod va sang nhat trén to
gidy/bdo, dé chinh Ia tiéu diém cta kinh lip.
Dit thém mot s6 vun gidy, gb xung quanh dié"’m
cin dbt néu cAn d€ ting nhanh kha niing boc
chay ciia td gidy. Tuy thugc vao do phéng dai
ciia kinh ldp va nhiét do ngoai trdi, thoi gian 8
gidy bbc chdy s& khic nhau.
Cic hoat dong hoc c6 thé tién hanh:
o Xéc dinh tiéu cy, do phéng dai ctia kinh lip:
Gido vién phat cho m&i nhém hoc sinh mot s6
loai kinh lip c6 tiéu cu (d6 phéng dai) khic

nhau (x6a hodc che do phéng dzu Cﬁa‘fﬂ'nh lrén
tay cm). Yéu cAu hoc sinh xic dg’nh tl\(:uAcq ciia
kinh lip biing cdch do khoz}ngﬂcach i tim ciia
kinh lip dén tiéu diém noéi rén. Pay ]f plfa”
kién thic trong chuong trinh gido duc pho thong
mén vit Iy & cd khéi THCS va THPT.

e Do nhiét do tai tiéu diém cta cdc kinh lip:
Gido vién yéu cau cdc nhém bo tri thi nghiém
dé do nhiét do tai tiéu di€m ctia kinh béng cdch
phét cho mbi nhém hoc sinh céc dung cu: nhiét
Ké, gid kep, kinh ltip, gid dd kinh lip.

Hinh dnh thi nghiém dét gidy béng kinh lLip

Gido vién yéu cu hoc sinh x4c dinh tiéu diém
clia kinh ldp va l4p nhiét k& sao cho diém nhin
nhiét cla nhiét ké nim ding & tiéu diém cia
kinh ldp. Luu y, néu 1ip nhiét k& khong diing vi
tri thi sai sb & rit 16n. Hoc sinh do nhiét do va
ghi vao bang theo doi dudi day:

Loai T(°C) | TCCC) | T(°C) | T(C)
kinh 1dp | sau 5p | sau 10p | sau 15p | sau 20p
Loai 1

Loai 2

Loai 3

Sau khi do dugc nhiét do, gido vién yéu ciu hoc
sinh vé d6 thi sy phu thudc ciia nhiét d¢ vao thi
gian, thdi gian do c6 th€ ting 1én 30, hosc 40
phiit d€ thu dugc nhiéu s6 ligu hon. Sau d6 so
sanh véi nhiét do thyc ngoai troi. Hoc sinh so
sdnh nhiét d9 tai tiéu diém cla tiing loai kinh
I6p VA riit ra nhdn xét mdi lién h¢ giita d phong
dai va nhiét do tai tiéu diém ciia kinh 1dp.

6 Tap chi Pi
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Hoat dong 2: Hi¢u \tng nha kinh

Hiéu ting nha kinh la mot hiéu ng lién quan
dén su néng 1én cta trdi dit, dua trén nguyén
ly nha kinh trong ndng nghiép. Trong nong
nghiép, nha kinh rét cin thiét dé tdng mot
s0 loai cay va giit 6n dinh nhiét do cho cay
trong vao mua déng. Tuy nhién, hiéu tng
nha kinh trong méi trudng lai 1a hiéu dng cé
tinh bat 16i cho trdi dit. Didu thd vi 1a hiéu
ting nha kinh lai do mdt nha todn hoc ngudi
Phép Jean Baptiste Joseph Fourier 14n dau tién
dit tén vao ndm 1824 théng qua mdt vu nd manh
trong khi quyén 1am nhiét d§ cia mot viing ting
1én. Hiéu dng nha kinh ding d€ chi hiéu tng
xay ra khi ndng lugng bic xa cia tia sing mit
troi, Xxuyén qua céc ctfa sd hoiic mai nha biang
kinh, dudc hip thu va phan tén trd lai thanh nhiét
lugng cho bau khéng gian bén trong, dén dén
viéc su6i 4m toan bd khong gian bén trong chif
khong phai chi & nhitng chd dugc chiéu séng. Ta
coi trai dit dugc bao boc bdi mot cai nha kinh
khéng 15, trong d6 “kinh” 1a céc 16p khong khi
ctia bau khi quyén. Khi biic xa mit trdi chiéu
vio tri dét sé c6 mot phan bj phan xa nguge lai,
mot phin “chui” qua bau khi quyén tréi dit va
chidu xuéng bé mit trai dit. Binh thudng bic
xa nhiét chiéu xudng trai dt mot phan bi phan
xa trd lai biu khi quyén va thodt ra ngoai. Tuy
nhién, hién nay, biu khi quyén cta trdi dit dang
chita mot lugng 16n céc loai khi thai nhu CO2
va cic loai khi 6 nhiém khac nhu metal, CO. ..
Céc loai khi nay tao thanh mot 16p “kinh” ngéin
khong cho nhiét clia trdi dat thodt ra ngoai gy
ra sif néng 1én ciia trai dét.

Trong hoat dong nay, hoc sinh s& thuc hién céc
thi nghiém chitng minh nguyén ly hoat dong ctia
nha kinh.

e Chuin bj:

o Nhiét ké (2)

o Hop bling kinh ¢4 16 dé nhiét ké vao (1)
e Tién hanh:
Nhét nhiét k& vio trong hdp kinh (C6 thé thay
biing hop lam bing gidy bong kinh) sau dé bit
kin miéng lai. D& hop thi nghiém ra ngoai niing
VA quan sdt nhiét do ctia nhiét ké trong hop va
s0 sdnh véi nhiét do bén ngoai va dién vao bang
theo doi.

Nhigt | TCC) | TeC) [ Teo) [ Tec) [ Tec)
ké bén | sau sau sau sau | sau
trong | 15p | 30p | 45p | 60p | 75p
Nhiét
ké
ngoai
troi

Ngoai cdc hoat ddng co ban nay, gido vién cé
thé t8 chifc cdc hoat dong thém, vi du nhu cho
hoc sinh 1am céc hép kinh v6i mau sic khic
nhau (son mau) va do nhiét do trong tiing hop
d€ hoc sinh két luan vé nhiét do ciia titng hop
va xem nhiét d6 ctia hop nio néng nhit, tit d6
gido vién dua ra cdu hoi cho hoc sinh tra 18, vi
du: Vao mua heé ta nén mic 4o mau tring hay
mau den thi mat nh&t? Dya vao thuc nghiém,
hoc sinh ¢6 thé trd 18i dugc cau hdi nay.

Thi nghiém do nhiét dg trong hp kinh cé mau tring
va den.

Tap 2 $6 3 Théng 3. 2018
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TOAN HOC TU C3 DIEN DEN HIEN DAI

LY THUYET NUT
VA DA THUC JONES

(tiép theo va hét)

TV. MOT SO BAT BIEN KET

4. Chi sb két

Gia st D 1a mot luge db két dinh hudng va
¢ 1a mot diém kép clia D. Ta dinh nghia diu
sign(c) € {1, —1} nhu trong hinh 11. Tifc la néu
ta xoay doan trén tai ¢ ngugc chiéu kim dong
hd cho dén khi doan trén tring v6i doan dudi,
khi d6 néu huéng clia ching trung nhau thi 13y
sign(c) = 1, néu khong thi sign(c) = —1.

Hinh 11. Déu ciia mét diém kép trong lugc dé két
dinh hudng.

Gia sit D c6 ding 2 thanh phan 1a Dy va D,.

Dinh nghia

1

k(D) =5

Z sign(c). (1)
ceDINDy
Chi y trong tdng nay c 1a diém kép ma 2 doan
tai ¢ thudc 2 thanh phén khac nhau. Mot diém
kép ¢ ma 2 doan tai ¢ cung thucf)f: m(Z)t thanh
phén khong déng gop vao cong thifc trén.
Meénh dé sau ddy rét dé ching minh.

Lé Tu Quéc Thang

Ménh dé 4.1. Néu D' la mot két nhdn dicge
tir D bdi mot trong cdc phép bién déi R; vii
i=0,1,2,3, thi IK(D') = 1k(D).

= Bai tip 4.2. (a) Chiing minh ménh dé trén.
(b) Chitng minh rdng néu D' nhdn dugc tiv D
bang cdch ddo hudng ciia mét thanh phdn ciia
D thi k(D') = — k(D).

(c) Chitng minh rdng k(D) la sé nguyén.

Tt b3 dé 4.1 ta c6 két qua sau.

Dinh Iy 4.3. Gid sit L Ia mot két dinh hudng c6
2 thanh phan c6 lwge @6 D. Khi dé k(D) chi
phu thudce vao I6p tuong dwong ciia L.

Tic la néu dinh nghia k(L) = Ik(D), thi Ik, dugc
g0i la chi sb két, 1a mot bt bién cia két dinh
huéng c6 2 thanh phén,

Vi du 4.4. (a) Néu U 1a khong-két c6 2 thanh
phan thi Ik(U>) = 0, vi ta c6 mot luge db ciia Ua
khong c6 di€m kép nao.

(b) Ky hiéu H 1a két dinh huéng Hopf ciia hinh
12. D€ dang tinh dugc Ik(H) = 1. Vi Ik(H) #
Ik(U), ta dd ching minh dugc H khong tuong
duong véi khong-két. Tic 1a bing cich dich
ch}xyen lién tuc trong khong gian, ta khong thé
“tach rdi" hai thanh phin cta A
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Hinh 12. Kér Hopf (bén trdi). Thong thuong ta vé
két Hopf nhu hinh bén phdi, siv dung nguyén tdc
“gdp khiic hda dwong cong tron" (xem Tap chi Pi

1dp 2, 56 2 thang 2.2018 trang 15 cét 2 dong 9-27).

(c) Ky hiéu W la két dinh hudng Whitehead
trong hinh 13. Ta ¢6 Ik(W) = 0 = k(U>), mic
di tryc gide cho ta thiy W khong thé 1a khong-
két. Ta nGi réng chi s6 két 1k khong thé phan biét
duge W va khong-két. Trong muc sau ta s& ding
bit bién khéc d€ phan biét W va khong-két.

Hinh 13. Két Whitehead.

Néu L 1a mot két khong dinh hudng ¢6 hai thanh
phén, ta dinh nghia chi s6 két bing

k(L) = [1k(L)|.

ma I 12 két L véi bt ky dinh hudng ndo. Tu bai
tap 4.2 ta thiy ring [1k(Z)| khong phy thudc vao

- huéng dugc chon. Xem thi du hinh 14.

Vé mit tric gidc, chi s6 két 1k(L) biéu thi sb
1an dgi sé mot thanh phan quin chung quanh
thanh phan kia, xem hinh 14. G déy dai s6 nghia
1a néu quén theo mot chiéu dugc tinh 1 1an thi
quin theo chiéu ngugc lai duge tinh —1 14n.

oD

—J—JL/D

Hinh 14. Chi 56 két ciia két khéng dinh hudng nay
la 3. Tryc gidc cho thdy, ti trdi qua phdi, thanh
Pphdn dudi qudn quanh thanh phdn trén 4 ldn rdi lai
qudn thém mot ldn nita theo chiéu ngugc lai.

Chi s két ctia két c6 2 thanh phin dugc Gauss
dinh nghia vao khoing nim 1830, bing mot
cdng thyc tich phan. Cong thiic nay dugc Kont-
sevich phat trién 1én thanh mot bit bién cé nhiéu

béc ctia két dinh hudng nim 1991, ma bac dau
tién cho trudng hop két ¢6 2 thanh phan 12 chi s&
két. Mot phan nhd cong trinh nay ma Kontsevich
dugc gidi thudng Fields nim 1998.

4.2 Pa thitc Kauffman cia luge dé két

Ky hiéu Z[g*'] 1a tap hop tht ca cédc da thitc
Laurent bién ¢ v4i hé sb nguyén. it § =
~¢*—q7* € Zlg*"].

Gia st D 1a mot luge db két khong dinh hudng.
Ta dinh nghia da thic (D) € Z[g*!] theo cic
quy tdc sau

O day U, 1a lugc dd c6 n thanh phin va khong
c6 diém kép nao. Quy tic (2) cé nghia nhu sau.
Gia sit ¢ 1a mot diém kép ctia D. Ta xiy dung
lugc dd két D va D, _ bang cich thay d6i D
trong mét 1an can nho clia ¢ nhu trong hinh 15.

Bl

Hinh 15. 0 giita la diém kép c. Bén phi la D, va
bén trdi la D, _. :

Quy tic (2) néi ring

(D) =q(De+) +q " (De,-).

Ta goi Dc . va D, _ 1an lugt 1a gidi ky di duong
va gidi ky di am ciia D tai c. Chu ¥ riing D, 1 va
Dy, c6 it di€m kép hon D.

= Bai tap 4.5. (a) Chiing minh ring hai quy tdc
trén xdc dinh da thitc (D) € Z[q*'] mot cdch
duy nhdt. Ngoai ra néu C 1a tdp cdc giao diém
cia D thi

<D> — q):cec &(c) (__qz - q"z)#(Ds).
e C— {1,—-1}

. . @
O day D§ nhdn dugc tir D bing cdch gidi ky
di tai moi diém kép c ciia D, gidi duong néu
g(c)=1va gidi am néu €(c) = —1, va #(Dy) la
$0 thanh phdn ciia Ds.

Tép 2 56 3 Thang 3. 2018
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(b )AChL’mg minh rdng néu D c¢6 mét thanh phdn
khéng c6 diém kép nao thi

(D) = (—¢* —g~2)(D'),

ma D' la c‘iugc nhdn tir D bdng cdch xéa bd mot
thanh phan khong co diém kép.

Nhan xét ring (D) 1a bét bién dudi phép bién
doi Ry.

Vi du 4.6. Ta tinh (D) ciia mdt vai lugc dd két.

(CQ) = OQ)y+(CD)

=¢8%4+q7 16 =—¢°s. (5)

Tuong tu, ta c6

CED)--rs o

Stt dung céc tinh toan trén, ta ¢

(@)=4(@)+e (@)
=q(—¢*8)+q ' (—¢75)
=(—¢*—q7 8. )

Diing cong thic (4) ta c6 thé d& dang tinh (D)
cho moi lugc db D.

Ménh dé 4.7. Da thitc (D) bdt bién dudi phép
bidn d6%i Ro, Ro, va R3. VE Ry ta co

()= ()l o

Chitng minh. Ta da biét (D) 1a bét bién dudi
phép bién d8i Ro. Xét phép bién ddi R2. Si
dung (2) tacé

()= (E)+ ()
() +{er)

Sit dung (3), ta théy 3 hang tif dAu tién c6 tdng
bing 0, vi vdy (ding Ro)

GO

Nhu viy (D) 12 bét bién dudi Ro.

Bit bién dudi Rs va déng thitc (8) ching minh
tuong ty, va 12 bai tap cho doc gia. d
Pa thic (D) goi 1a da thifc Kauffman clia mot
lugc db két.
4.3 Pa thirc Jones.
Dii khong bét bién dudi Ry, nhung da thic
Kauffman bién d8i mot céch “trat tu” dudi Ry,
Vi vy ta c6 thé diéu chinh n6 dé nhan dugc bat
bién két nhu sau.
Gia st D 1a mdt lugc dd két cé hudng.
Dinh nghia
w(D) =Y sign(c)-
ceC

3 day C la tap tht ca cac diém kép cia D va
sign(c) dugc dinh nghia nhu trong hinh 11. Ta
tinh (D) biing céch quén hudng cia D di, va dat

(D) = (~¢*) ™" XD ©
Pinh Iy 4.8. Da thitc J(D) la bdt bién dudi cdc
phép bién d6i R; voi i = 0,1,2,3,4 va vi vdy xdc
dinh mot bdt bién ciia két dinh hudng.
Chiing minh. Hién nhién la J(D) bét bién dudi
phép bién ddi Ro.
DE dang thiy réing w(D) 12 bét bién dusi Ryva
R;. Vi (D) ciing bét bién dudi R, va R, tacé
J(D) bt bién dudi R, va Rs.
Ta hdy xét Ry. Gid st D' nhan dugc tit D bdi
phép R; thi nhat (bén trdi trong hinh 10),
sao cho

D= ; l 3 D’ = ( p
Gia sit w(D) = n. Khi d6 w(D') = n— 1. Theo
dinh nghia,

J(D) =z (—q3)_" <D>

J (D) = (=¢*)' (D).
Theo (8), ta c6 (D) = —g*(D"). Vivay J(D') =
J(D). Nhu vay J(D) bat bién dusi R;. Viée
ching minh J(D) bt bién dusi R, kia (bén phéi
trong hinh 10) hoan toan tuong ty. ]
Néu L 1a mot két c6 hudng va D 1a huge db cia.
n6, ta dinh nghta J(L) = J(D). Khi d6 J(L) 1a

mot bat bién clia két c6 hudng, va duge goi 12
da thic Jones ciia L. . |

10
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» Bai tip 4.9. Chitng minh ring néu D la lugc
o6 niit thi w(D) khong phu thugc vao hudng ciia
D. T do suy ra rang néu K la mot niit thi J(K)
khong phu thudc vao hudng ciia K.

Tic 1a J(K) 1a modt bt bién cda nit
khong hudng.

Vi du 4.10. Ta hdy xét nit ba 14 phai T va ba 14
trdi 7%, xem hinh 16. Chd y réing 7* 13 4nh ciia
T qua phép dbi xing qua mit phing R2. Sau
mét tinh todn don gian, ta ¢

IT)=(+47 (g0 -g72—47%) (10)
JT) =@ +a7)(g"°~q2-¢%. a1
V6i khéng nit U ta c6 J(U) = § = —g? —q
Vi J(U )J(T) J(T*) 1a khic nhau, ta két luan

ring méi T, T* khéng phai 1a khéng-nit, va T
va T* 1a khéng tuong duong.

6”’

Hinh 16. Niit ba Id phdi T va niit ba I trdi T*.

4.4. bbi xitng gwong.

Néu L 1a mot két (c6 thé dinh huéng hogc
khong), va P 1a mot mét phang, ky hiéu L* 13
anh clia L qua phép d6i XUng qua mt phing P.
O day L* 1a dinh hudng néu L dinh huéng. két
L* dugc goi 1a dbi xiing guong ciia két L.

» Bai tap 4.11. (a) Chiing minh rdng I0p twong
duong ciia L* khéng phu thudc mdt phang P.
(b) Chitng minh ra°ng

J(L) @) =T (L) (g ™).

Néu L* tuong duong L thi ta L dudc goi 1a ty ddi
xiing guong, néu khéng L dugc g01 1a bdt doi.
O trén ta da thy nut ba 14 12 bét déi.

w Bai tap 4.12. Chiing minh rdng niit s6 8 la tw
déi xitng guong.
Tit (12) ta thdy L 1a bat dbi néu

J(L) (@) #I(L)(q).

(12)

13)

Xdc dinh tinh bit d6i cia mot két khong nhitng
thd vi trong t6 pd ma con rét quan trong trong
sinh héa. Néu hai két L va L* khong tudng
duong, trong sinh hoc phén ti ngudi ta goi
ching 13 “ddng phan quang hoc". O thdi ky
dau ctia Iy thuyét nit, ngudi ta rit khé bibt dugc
mot nit ty ddi xtiing guong hay bét dbi. Ly do 1a
céc bét bién dugc phat hién ban ddu nhu nhém
cd ban khong th€ phan biét duge mot nit va
dbi xung guong ctia n6. Lan dAu tién nim 1914
Dehn chitng minh mét nit (1a nit ba 14) 1a bét
dbi, nhung chiing minh nay khong 4p dung dugc
cho cédc nut phic tap hon. Chitng minh ctia Dehn
rit hay, va két qua nay vao thdi diém d6 14 ndi
tiéng nhét trong tit ci cic bai bdo cia Dehn,
tham chi hon ca 13i gidi bai toan Hilbert s 3
ctia Dehn, xem [1].

Da thiic Jones, qua tiéu chudn (13), cho phép
dé dang nhan biét nhidu nit 13 bit déi. Pa thitc
Jones phét hién tit ca cdc nit bat dbi c6 sb diém
kép it hon 9, didu ma khong mot bét bién nao
trude Jones lam dugc.

= Bai tdp 4.13. Tinh da thiic Jones cia két
Whitehead va chiing minh rdng nd khong phdi
la khong-két. két Whitehead cé phdi la bdt
dbi khong?

4.5 Quan hé skein.

Dinh Iy vé da thic Jones thudng dudc phit bidu
nht sau.

Dinh Iy 4.14. Tén tai duy nhdt mét bét bién kér
dinh hudng J théa man cdc ddng thitc

q“J(\/(\) —qY (X) = (‘1_2“‘12)]()()

(14
JU)=—-4"—q72. (15)

Chiing minh. 1/ Ton tai. Ta dinh nghia J(L) nhu
& muc 4.4. Ta c6 ngay (15).
Déng thifc (2) va hinh xoay cfia n6 90° cho ta

(X) =a(dO+ ()
(X) = (00+e(X)

Nhan déng thic tht nhéit véi g, thit hai vi —g!
1di cong lai,

Tép 2 56 3 Thang 3. 2018
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(XY= (X )=t~ () ()-19)

Trong (14) ¢6 3 Iugc dd két c6 huéng, ky hiéu
ching lan lugt tit trdi qua phai 1a D4+, D_, Do.
Vi (D) khong phu thudc huéng, theo (16)
tacéd

q({Dy)—q " (D_) = (¢" —q~*)(Do). (17

D& thiy w(Dy) — 1 = w(Dg) = w(D_) +
1. Nhan (17) v6i (—g°)™*(®0) va sit dung
dinh nghia J(D) = (—¢°)™"®)(D), ta nhan
dugc (14).

2/ Duy nhdt (so luge ching minh). D€ chiing
minh tinh duy nhét, ta chi cin chiing minh ring
ding hai quy tic (14) va (15) ta c6 thé tinh J(L)
cia bt ky két c6 hudng L nao. Tur (14), ta c6 thé
tinh J(D) néu ta biét J(D_) va J(Dy). Vi viy
ta c6 thé quy nap trén mot d phifc tap nao dé
sao cho dd phiic tap cua J(D_) va J(Dyp) la it
hon cta J(D4 ). Boc gia cé thé 1am bai tap 4.15
dé c6 ching minh chi tiét.

Déng thitc (14) dugc goi 1a quan hé skein clia
da thitc Jones. Cung véi gié tri ctia khong nit
n6 xéc dinh da thic Jones mot céch duy nhét.

= Bai tap 4.15. (a) Chi sit dung déng thitc (14)
va (15) chitng minh réng J(Uy) = (—g>—q~ )"
(b) Gid sit D la mét luge do két co huong co k
thanh phdn Dy, .. ., Dy. Trén mi thanh phdn D;
chon mét diém X; khong la diém kép. Di quanh
D, bdt déu tai Xy, di theo hudng ciia D cho dén
khi quay lai X1, roi nhdy qua X di theo hudng
ciia D cho dén khi quay lai Xo, roi nhdy qua
X;.... Dat (D) la luge db két cd hinh chiéu két
nhu D nhung cdc dogn trén/dudi la nhu sau:
tai méi diém kép, doan ma ta di qua trudc dugc
xem la doan trén. Chiing minh ring (D) la
khong-két.

(c*) Chiing minh phdn (b) ciia dinh Iy 4.14 béing
cdch quy nap trén so diém kép va sit dung o.(D).
Miic dit c6 nhiéu cip nut khédc nhau c6 cung da
thdc Jones, cho dén nay gia thuyét sau ctia Jones
viin chua ai ching minh hay phi dinh dudgc.
Gia thuybt 1. Pa thic Jones phdn biét dugc
khong-nit. Tic la néu da thitc Jones ciia mot

wiit K béng da thitc Jones cila khong-niit th g
la khong niit.

Trong bai bio ndi tiéng ctia minh nim 1957,
Milnor (Gidi thuéng Fields 196%) chi ra ring tht
<4 bit bién két lic dy khong th€ phan bit duge
Kbt & hinh 17 va khong-két. |

AW
N

Em——

%

»

&

Hinh 17. Két Milnor.

Trong khi d6 da thiic Jones phén biét ngay két
Milnor va khong-két. Nhu vdy da thic Jones da
“nim bit" dugc nhiing tinh chat t6 po rt “tinh".
Bii todn tim lién hé gifta da thifc Jones va céc
bt bién to pd cd dién 1a mot trong nhiing bai
toan “hot" nhit ciia to po hién nay.

Trén day ta da trinh bay 1y thuyét da thic Jones,
dua trén phuong phép ctia Kauffman. C6 1€ ly
thuyét da thitc Jones 1a cong trinh gidi thudng
Fields duy nhét c6 mot phudng phdp chiing minh
s0 cip thé nay. Ban than Jones tim ra da thic
Jones khi dang nghién citu cic dai s& Von Neu-
mann trong nganh gii tich ham. Phat hién da
thitc Jones d c6 anh hudng rit 16n dén nganh
t6 pd va nhiéu nganh lan c4n, ddng thdi sy don
gian ciia né da gidp nhiéu nha khoa hoc khong
phéi ,toén hoc (thi du sinh vét hoc) st dung 1y
thuyét nit trong nghién citu ciia minh. Poc gid
¢6 thé tim hiéu thém v& da thdc Jones va dng
dung ctia né trong [2, 3].

Tai liéu tham khao
[1] B. Chandler, W. Magnus, The history

of combinatorial group theory, Springer-
Verlag 1982,

[2] E Flapan, When topology meets chem-
zstr.y: A topological look at molecular chi-
rality , Cambridge University Press, 2000.

[3] K Murasugi, Knot theory & its applica-
tions, Birkh#user, 2008.
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GIAI TOAN CUNG BAN

LTS. Thong qua cdc 1oi gidi cho bai P121 (Tap chi Pi tdp 1, s6 thdng 12.2017), cdc tdc gid bai
viét sé trao doi cung ban doc doi d’teu xung quanh viéc gidi todn. P121 la mét “thdch thitc hmh
hoc” danh cho cdc ban hoc sinh cdp THCS. Vi thé, dé hteu toan bé bai viét, ban doc chi cdn cé
kién thitc hinh hoc lép 8 cdp THCS hién hanh; thdm chi, néu ban mdi chi cé kién thitc hinh hoc
1dp 6, ban vdn c6 thé hiéu duwge mét phan (quan trong) ciia bai viét.

Voi vang mot li, di mot dam

DE tién cho viéc theo d&i clia moi dbi tuong
ban doc, trudc hét, chiing toi nhic lai mot ki
hiéu todn hoc thong dung: Khodng cdch tir
diém X dén dwong thdng YZ (nite, @6 dai doan
vuong goc ha tir X xubng YZ) duoc ki hiéu bdi
d(X,YZ).

Xét bai toan sau:

P121. Cho M la trung diém ciia canh huyén
AB cia tam gidc vuéng ABC. Trén canh goc
vudng CB, 14y diém P sao cho CP:PB=1:2.
Mot dwong thing di qua B cdt cdc doan thing
AC,AP va PM nuong iing tai cdc diém X,Y
vaZ.

Ching minh rdng phdn gidc trong cia goc
£PZY di qua diém C khi va chi khi phdn gidc
trong cua goc £LPYX di qua C.

Khé nhiéu ban doc di giti 16i giai cho bai todn

Hinh 1.

Goi N la trung diém ctia BC. Khi d6, MN la
dudng trung binh cda tam gidc ABC. Do dé,

MN | AC va
MN 1

ac =3 (1.1)

t6i Toa soan. Pa phan céc ban trong s6 d6 da

gidi bai todn theo mot trong hai céch sau:

Lai giai 1 (xem Hinh 1).

Goi T 1a giao diém ctia MP va AC. Khi d6, do
PC 1 MA

PB 2 MB

1én P n¥m giita M va T,C nim gita A va T.

Vi MN || AC, ma AC L BC nén MN 1 BC. Vi
thé, tam gidc MNP vudng tai N.

PB
l PC _NC—-NP NC-NP

2 PB NB+NP NC+NP’
Suy ra, NC = 3NP. Vi thé

1 A
3 nén P nam giita C va N. Do d6

Tép 2 36 3 Théng 3. 2018
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PN PN 1 MN
PC = NC-NP 2~ 4c (o -
Suy ra, tam gidc vudng (tai N) MNP ddng dang
VGi tam gidc vudng (tai C) ACP. Do d6
ZAPC = /MPN = /TPC.
Vi thé, PC 1a phan giic trong clia géc /T PA;
suy ra
d(C,PA) =d(C,PT),

hay d(C,PY) = d(C,PZ) (1.2)
(do P,Y,A théng hang va T, P,Z thing hang).
Do C ndm trong géc /PZY, ciing nhu géc
ZPYX nén ta cé:

C thudc phén giic trong cda géc LPZY

& d(C,ZP) = d(C,ZY), hay d(C,PZ) = d(C,YX)

(do Z,Y,X thing hang)
& d(C,PY)=d(C,YX) (do (1.2))
< C thudc phén gidc trong cla gbc ZPYX.
Két ludn cda bai toan dugc chitng minh.
Lui giai 2 (xem Hinh 2).

A
M
=y
X Y
zZ
(o} P N B
t
Hinh 2.

Goi N 1a trung diém ciia PB. Ti gia thiét PC:
PB=1:2,suyraCP=PN =NB.

Nb6i CM,MN;; kéo dai MP vé phia P d€ dugc
tia Mt.

Vi CM 12 dudng trung tuyén thudc canh huyén
cia tam gidc vudng ACB nén

Tit (2.1), 2.2) vaCP = BN (chitng minh trén),

i AMCP = AMBN.

Do dé, MP = MN. Vi thé, tam gidc PMN can
tai M. Suy ra
/MPN = ZMNP. (2.3)

Tut dinh nghia cdc diém M,N suy ra MN I
dudng trung binh cla tam gidc APB. Do d6
MN || AP. Suy ra

/MNP = ZAPC (hai goc dong vi).  (2.4)
Lai c6: ZMPN = ZCPt (hai goc dbi dinh). (2.5)
Tit (2.3), (2.4) va (2.5), suy ra

LAPC = LCPt.

Tit d6, do C niim trong géc ZCPt nén PC la
phén gidc trong clia ZAPt. Suy ra
d(C,PA) = d(C,PT),
hay d(C,PY) = d(C,PZ) 2.6)

(do PY,A thing hang va Z thudc dudng
thing Pt).

Do C nim trong géc ZPZY, ciing nhu géc
ZPYX nén ta cé:

C thudc phan gidc trong clia géc ZPZY
©d(C,ZP) = d(C,ZY), hay d(C,PZ) = d(C,Y

(do Z,7,X théng hang) |
©d(C,PY) = d(C,YX) (do (2.6)) |
< C thudc phén gidc trong ciia géc LPYX.
Két ludn ciia bai todn dugc chitng minh.
Trong s6 cdc 18i giai dugc gii t6i Toa soan, c6
MOt 50 181 gidi ¢6 sy nham 13n trong viéc goi tén
cdc (.i{?em (nghia 13, chi can thay tén goi ctia mot
s6 dlem bdng tén goi khéc thi s& c6 ngay mot
1i gidi hoan hdo). Mot cdch xud xda, c6 thé coi
sy nham lan dy 1a “16i ctia thiing danh mdy”, va
do d6 c6 thé cham chudc, bd qua, coi nhiing 16i
giai nhut the 12 18 gidi diing. Tuy nhién, néu xét
mot cach nghiém tiic (nhu khi chim bai kiém
tra trén 18p hodc chim baj thj chéng han) thi

MC=MB (2.1) Vicic gié“m dugce goi tén ddu 1a céc didm co
Do d6, tam gidc CMB can tai M. Suy ra Egtnlgu ;;n:a?irél ‘;j;tktét’luan du’(j\c néu ra 1a ?éc
FHERS S (22)  thé coi nhitng I éiéio 221? \(:;y ‘1/: 1?5? gdigik;:;l;g-
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Trén tinh than “yéu cho roi cho vot, ghét cho
ngot cho bui”, chiing t6i coi nhitng 18i giai mic
161 nhu vira neu trén 1a nhitng 15i giai sai! Theo
dé, trong sb cdc 15i gidi ma Pi nhan dugc, chi
nhiing 18 giai clia céc ban c6 tén sau déy la 10i
gidi dung Lé Minh Quynh Anh (16p 8F, trudng
THCS Trin Mai Ninh, khéng 16 ctia quan/huyén
va tinh/thanh ph nao); Lé Pitc Minh (16p 8T1,
truong THCS Doan Thi Diém, TP. Ha Nbi); Vii
Vin Diing (18p 9B, trudng THCS Ly Tu Trong,
huyén Vi Xuyén, Ha Giang); Trdn Nguyén Nam
Hung (16p 9A11, trudng THCS Ngb Tét T6,
Quén Phii Nhuan, TP. H Chi Minh); Nguyén
Thuy Kim Ngdn va Bii Khdnh Vinh (16p 10CT1,
truong THPT Chuyén Lé Hong Phong, TP. Hd
Chi Minh).
Trd lai viéc tim loi gidi cho bai P121.
Véi viéc hi€u dinh nghia dudng phan gidc cia
mot goc, d& thiy két ludn clia bai P121 c6 thé
dudc phét biéu dusi dang: “Piéin C cdch déu
cdc dwong thing ZP va ZY khi va chi khi C
cdch déu cdc dwdng thdng YP va YX”. TUt céch
phét bi€u niy, véi luu y ring ba diém Z,Y,X
thing hang, c6 thé thiy két ludn ciia bai P121
twong duong vdi khdng dinh “C cdch déu cdc
duong thang ZP va Y P”, hay néi mét cach khc,
“PC la phén gidc trong hodc phéan gidc ngoai
ctia géc LY PZ”. Tit déy, véi Iuu y ring diém C
ném ngoai goc /Y PZ, s& suy ra két luan cla bai
P121 twong duong véi khéng dinh “PC la phdn

gidc ngoai ciia goc LYPZ”. Phai ching, tit cdch

tiép can nay ma nay sinh y tudng xét phan kéo

| dai v& phia P ciia doan thing MP, dén t6i viéc

dyng thém diém T trong 15i gidi 1 hodc di€m N
trong 16i giai 27

Nghi nhu trén, thém mot chit d€ ¥ tdi gi thiét
“CP:PB=1:2" (nhim cb ging tan dung, &
mufc t6i da c6 thé, tht ca céc gi thiét, khi dung
thém duding, thém diém, ...), c6 thé ban s thdy
Vvan v6i diém T trong 18i gidi 1, nhung “md t3”
khéc di mot xfu (tic, dung theo cich khic di
mét x{u), ta s& két ndi dugc gia thiét vira néu
véi gi thist “M 1a trung diém cla AB”; nhd thé,
s& c6 mot cach di t6i dich nhanh hon va dong

- thdi, “tiét kidm” kién thic hon déng k&, so véi
. hai c4ch di, thé hién 6 hai 16i giai trén day. Cu

thé, ta co:

Loi giai 3 (xem Hinh 3).

Léy diém T dbi xdng v6i A qua C. Khi d6, BC
12 trung tuyén xuét phat tit B cla tam gidc ABT.
Ma P thudc doan BC va PB: PC=2:1 nén P
12 trong tdm clia tam gidc d6. Két hgp véi M 1a
trung diém ciia AB, suy ra T, P,M thing hang.
Hon nita, do BC L AC nén BC la trung truc clia
AT. Vi thé, APT 1a tam gidc can tai P. Suy ra,
PC 1a phén gi4c trong clia géc ZAPT . Do d%,
d(C,PA) = d(C,PT),

hay d(C,PY) =d(C,PZ) (*)
(do P,Y,A thing hang va T, P,M, Z thing hang).
Ti d6, do C nim trong géc LPZY, ciing nhu géc
ZPYX, nén ta cé:

C thudc phan gidc trong cia géc ZPZY

e

}N\'fa ONNO NYOL V19

& d(C,ZP) = d(C,ZY), hay d(C,PZ) = d(C,YX)

(do Z,Y,X thing hang)
4 d(C,PY) =d(C,YX) (do (x))
< C thudc phan gidc trong ciia géc ZPYX.

Két luan ciia bai toan dugc ching minh.

Ban théy dfy, c6 nhitng khi tuy c6 ¥ tudng diing,
nhung chi mét thodng 10 ding thdi, mot chiit
néng voi thdi, ban s& 1am cho viéc thyc hién y
tudng d6 trd nén khé vat va va “tén kém”, tham
chi con c6 thé sa vao bé tic. Voi vang mot li, di
mdt ddm 12 thé!

Tap 2 56 3 Thang 3. 2018
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o MGi bai todn dé xudt (kém theo 15i gidi) cdn dugc néu ré la bai sdng tdc hay bai suu tam |

(néu la bai suw tdm, cdn ghi ré ngudn) va phdi duge trinh bay trong mét file riéng (néu giti |
qua diong e-mail) hodc mot 10 gidy riéng (néu giti qua dwong buu dién). |
Bai gidi cho mdi bai todn cdn dugc trinh bay trong mét file riéng ( néu giti qua duong e-mail)
hodc mot 10 gidy riéng (néu giti qua duong buu dién).

Ngudi dé xudt bai todn hodc giti bai gidi cho cdc bai todn trong muc “Thdch thitc ki nay”
cdn ghi 16 ho, dém, tén va noi lam viéc/hoc tdp, s dién thoai lién hé trén trang bai todn hodc
bai gidi. Néu la hoc sinh (hodic sinh vién) cdn ghi 1o la hoc sinh 16p mdy (hodc sinh vién nam
thit mdy).

Cdc bai todn dé xudt da giti cho Chuyén muc khong dugc cong b hodc gii ddng & bt cit
noi ndao khdc, khi chita 6 sy dong ¥ ciia Tap chi Pi.

Pi tin chdc rdng cdc 10i gidi da dugc ding tdi trén Tap chi cho cdc bai todn ciia “Thdch thite
ki nay” chiwa hdn da la nhitng 10i gidi 16t nhdt cé thé cho cdc bai todn d6. Vi thé, Pi rdt vui
long don nhdén tix ban doc nhitng 10i gidi mdi tét hon, hay hon cho cdc bai todn da cé 10i gidi
dugc ddng tdi trén Tap chi.

THACH THU'C Ki NAY

Danh cho cép THCS
P151. Cho tam gidc nhon ABC ndi tiép dudng
tron ban kinh 1 va c6 ZBAC =45°. Goi E va F
12 chan cédc dudng cao ha tit B va C clia tam gidc
d6. Hay tinh do dai doan thing EF.

Ha Minh Tho (Phu Tho) st.

P152. Tim tét ca céc sb thuc a sao cho ton tai
ba sb thuc khac 0, d6i mot khic nhau x,y,z thoa

min diéu kién:

gt el g &
z Yy xuiiz y x

Igor Voronovich (CH Belarus)
P153. Tim sb nguyén duong k > 4 nhd nhit sao
cho trong k sb nguyén duong tiy y, ma mbi sb
ddu chi c6 céc udc nguyén to khong vugt qué 5,
ludn ton tai 4 sb 6 tich 1a mdt so chinh phuong.
Nguyén Tién Lam (Ha Noi)

X x Yy

P154. Trén mit phéng toa do, méi diém cé
toa do (x,y), vi x va y 1a cdc s6 nguyén ma
1<x<19val<y<a4, dugc t6 b3i mau do,
hpﬁc mau tim, hodc mau vang. Chiing minh ring
ton tai mot hinh chi nhat c6 cc canh song song
v6i cdc truc toa dd ma tit ca cdc dinh cia né
dudc t6 bdi cling mét mau.

Ha Thanh (C?m Tho) st.
Danh cho cép THPT

P155. Trong miit phing, cho tam gidc ABC cb
dinh. Xét mot dié’n3 P di dong trong mit phén
sao cho P khong ndm trén cic dudng thing
va {lB. Goi (@ ) 1a dudng tron di qua ciac \
ch{éu vudng géc cla B trén céc dudng n
chifa cic canh ciia tam gidgc PCA. Goj (@) 12
ducir}g tron di qua céc hinh chiéu vuc‘m;g g6c clia
C trén cdc dudng thing chita cc canh ctia tam

Tap chi Pi

Tép 2 86 3 Thang 3. 2018




gidc PAB. Chiing minh riing tryc ding phuong
clia hai)du’fjng tron (@) va (@) ludn di qua mot
diém cb dinh khi P di dong trong mit phéng.
Trdn Quang Hung (Ha Noi)
P156. Cho P(x) va Q(x) 1 hai da thifc véi hé
sb thuc, ¢6 tinh chit: V6i moi a € R,P(a) 1a
s6 nguyén khi va chi khi Q(a) 1a s6 nguyén.
Chiing minh rang it nhit mot trong hai da thiic
P(x)+ Q(x) va P(x) — Q(x) 1a da thic hing.
V6 Quéc Bd Cdn (Ha Nbi) st.
P157. Tim tht ca cic ham sb f x4c dinh trén
tap sb thuc R, lay gid trj trong R va thda mén
hé thiic
FO2+ () =x- f(x+)
v6i moi s6 thuc x, y.
Trdn Vin Tri (Binh Duong)
P158. Cho day sb nguyén (x,),> va ddy sb
nguyén duong (yn),>1 thda min ddng thi cc
diéu kién sau:
1/x1=0vax,=1;

Xn41° Ynt1+Xn
2/ Xn42 =
Xn4-1°Yn+1 —Xn

néuy,=1
néu y, > 1

véi moi s6 nguyén duong n.
Chitng minh ring max{x20s, %2019} > 2018.

Lé Huy (Nam Dinh) st.
P159. Cho déy s nguyén (a,),>1 thda mén
ddng thdi céc diéu kién sau:
1/Vay=2vaa, =17,
2/ Véi moi s6 nguyén duong n,

1 Bepiy ]
—=<aq, — <-.
2 e s 12

Chiing minh ring azig =7 (mod9).
Nguyén Viin Quy (Ha Noi)

P160. Cho s6 nguyén duong n va cho n sb thyc

do6i mot phan biét aj,az,...,an. Goi K 1a tap

hop céc sb thuc y thdéa man:
y—ail-ly—aa|--ly—an < 1.

Chitng minh ring c6 thé chon dudc trén truc sb

thutc n khoang c6 téng d6 dai bing 12 ma hop

ctia chiing chifa K.

Ha Huy Khodi (Ha Néi)

GIAI BAI Ki TRUGC

P73. Goi 0,1, H tuong dng la tim dudng tron
ngoai tiép, tim dudng tron ndi tiép, tryc tim cla
tam gic nhon, khong déu ABC. Ching minh
ring khong c6 dinh nio cta tam gidc ABC nim
trén dudng tron ngoai tiép tam gidc OIH.

(Tam gidc nhon la tam gidc c6 tit ca céc goc
trong déu 1a géc nhon).

Loi gidi (dua theo 10i gidi cila tdc gid bai todn).
Tir gia thiét tdn tai dudng tron ngoai ti€p tam
gidc OIH, suy ra tam gidc ABC khong can.

Ta s& ching minh két luan cda bai ra bing
phuong phép phan chiing.

Gia sit ngugc lai, ton tai mot dinh cla tam gidc
ABC nim trén dudng tron ngoai tiep tam giic
OIH. Do tam gidc ABC nhon va khong cén nén
khéng mét tdng quét, c6 thé gia sk dinh d6
lac.

A B

Vi H,I va O tuong ting 1a tryc tam, tim dudng
tron ndi tiép va tim dudng trdn ngoai tiép tam
gidc ABC nén CI la phan gidc trong clia géc
ZHCO. Do d6, véi Iuu y IHCO 1a td gidc ndi
tiép, ta cé:

ZIHO = ZICO = ZICH = /HOI.
Suy ra, tam gidc HIO cén tai 1. Vi thé, IH = JO.
bitr=I1H =10.
Goi M va N tuong ving 12 hinh chiéu vuéng géc
cda [ trén AO va AH.

Tép 2 56 3 Théng 3. 2018

‘ DOH NYOL DNHL HOYHL



l THACH THUC TOAN HOC

Trén dudng thing A0, 14y cic diém 0, va O,
sao cho

\ 10, =10, =1,
va Oj nam giita A va M, 0, nim trén tia dbi ciia
tia MO;.
Trén dudng théng AH, iy céc diém H, va H,
sao cho

Hﬂ==1H2=I,

va Hy nim giita A va N, H, nim trén tia d6i ciia
tia NH;.
Vi trén dudng thing AO, ciing nhu trén dudng
thang AH, chi c6 ding 2 diém cich I mot
khoang bédng # nén chi c6 thé xay ra mot trong
hai trudng hgp sau:
o Truong hgp 1: O = Oy va H = H, (xem Hinh
2a) hodc O = O, va H = H, (xem Hinh 2b).

Hinh 2a

H=H;
0=0;

I

B
A

Hinh 2b
V6i luu y AT 13 phan gidc trong ciia goc ZHAO,
dé thiy, ta c6: AAIO = AAIH. Suy ra, AO =AH.
Tir déy, d& dang chiing minh duge ZBAC = 60°.
o Trutong hop 2: O = Oy va H = H, (xem Hinh
3a) hodc O = O, va H = H; (xem Hinh 3b).

Hinh 3a

Hinh 3b

Véi Iuu ¥ AI 12 phan gidc trong cla géc ZHAO,
ta cé:

L1010,££10,01 = ZIH\H) = ZIH)H;.
Suy ra AOIH 1a tit gidc ndi tiép. i
Tir viéc xét hai trudng hgp trén hién nhién suy |
ra néu A khéng niim trén dudng tron ngoai tiép ‘
tam gidc OIH thi ZBAC = 60°. o)) \

Biing cich tuong ty, ta ciing ching minh duge
néu B khong ndm trén dudng tron ngoai tiep tam
gidc OIH thi ZABC = 60°. @
Do vai trd ciia A va B dbi v6i C 12 nhut nhau nén
hodc 4 hai dinh A, B ciing niim trén dudng tron
ngoai tiép tam gidc OIH hoic ci hai dinh d6 }
cling khéng nim trén dudng tron vita néu.  (3) |

|

T (1), (2) va (3), véi luu y ABC la tam gidc
khong déu (theo gia thiét), suy ra phai c6 ca A
va B ciing ném trén dudng trdn ngoai tiép tam
gidc OIH, va vi thé O ndm trén dudng tron ngoai
tiép tam gidc ABC, 12 didu khong thé. Diéu vo
Ii vita nhén dugc ching t6 gia sit phan chiing &
phén dau I8 gidi 12 sai va vi thé ta ¢6 didu phai
ching minh theo y&u ciu dé bai.

Binh ludn va Nhin xét.

L. Viéc phai ding phuong phép phan chiing dé
gidi bai d ra 12 hién nhién. Diém khé chiu ciia
bai todn la khai thic gia thiét phan chiing dé
nhut thé nao. Do & bai todn nay, ban khong thé
v€ chinh xdc hinh nén ban sé& chj vugt qua dudc
su kho chiu vita néu néu khéng cé théi quen
khi gidi cdc bai toan hinh hoc phai vé hinh that
chinh xéc, 1am ch6 dya quan trong cho viée dut
dodn quan h¢ giita céc yéu t§ trong hinh. :

2. Choﬂ t6i thi di€m ban thao vao nha in, tuy da
h?n mIf ndm trdi qua k& ¢y khi bai toan dudc
déng téi trén Tap chi, Toa soan chi nhan dudc

Tap chi Pi
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hai 181 gidi cho bai todn. Trong hai ban giti 15i
gidi téi Toa soan, c6 mot ban, do khong ¥ thitc
durge ring vai trd cta A va B d6i véi C 1a nhu
nhau nén nhén xét ring bai d ra khong dng,
cn thay gid thiét “tam gidc ABC khong déu”
boi gid thiét “khong c6 géc nao biing 60°” va
ban d6 da gidi bai todn tu chinh sita. Vi thé, 16
gidi ma Toa soan nhin dugc 1a mét 18i gidi sai.
Loi giai con lai cling 1a 16i gidi sai do st dung
mot s6 két qua duge “ching minh” bing cach
“nhin hinh ta thy™!

Ha Thanh
P121. Xem 18i gidi va cdc nhan xét v& céc
1i gidi ma Toa soan nhéan dudc trong bai viét
“V6i vang mot li, di mot ddm” & Chuyén muc
“Giai Todn cung ban” clia s& Tap chi niy (trang
13 - 15).

P122. Chiing minh ring, v6i moi sb thuc duong
a,b,c, ta ludn cé bit ding thic:

\/a2+bc +\/b2+ca +\/c2+ab >3

a(b+c) b(c+a) c(a+b)

Hdi déng thiic x4y ra khi va chi khi nao?

Loi giai.

Ki hiéu P 12 vé tréi ciia bt ding thic can ching

minh theo yéu ciu dé bai.

Tiép theo, c6 thé giai bai dé ra theo mdt trong

cic cdch sau:

Cich 1 (theo 1o gidi ciia ban Lé Tudn Ti, ldp

9T, truong THPT Ddn Ildp Luong Thé Vinh,

Ha NGi).

Via,b,c > 0 nén ta cé:
a®+bc

b +ca

Suy ra
a*+be = 2(a® + be)
a(b+c)-(a>+bc) — (a+b)(a+c)
Chitng minh tuong tu, ta dudc:

(1.1)

b*+ca 2(b? + ca) 12)
bc+a) B*+ca)  (b+c)(b+a)
ct+ab 2(c? +ab) 13

cla+b) - (c2+ab) ~ (c+a)(c+D)
Cong, vé theo vé, cic bt déng thic (1.1), (1.2)
va (1.3), ta dugc:
a*+bc
Sk ((a+b)(a+c)
c2+ab
+<c+a><c+b)> '
Ta sé ching minh:
a®+be b +ca
(a+b)(a+c) (b+c)(b+a)
c?+ab 3
(c+a)(c+b) =2
That vy, vi a,b,c > 0 nén
(1.5) & 2[(a® + bec) (b +c) + (b* +ca)(a+c)
+(ct +ab)(a+b)]
>3(a+b)(b+c)(c+a)
& 4(a*b+ab? +bPc+ b + cPa+ ca®)
> 3(a’b+ab*+b2c+bc® + cta
+ca® +2abc)
& a’b+ab* +b*c +bc* + a+ ca®
> 6abc
& a(b? + ¢ — 2abc) + b(? + a® — 2ac)

b +ca
(b+c)(b+a)

(1.4)

(1.5)

= va(b+c)- (a®+bc) 2 Vb(c+a)- (b*+ca)

c?+ab
c(a+b)-(c?+ab)
{p dung bit ding thitc Cauchy cho 2 s thuc
wong a(b+c) va (a® + be), ta dugc:

2+b
a(b-l-c)'(az—i-bc)Sa—bﬂ%jig

5 (a+b)(a+c)'
2

+c(a® +b* —2ab) > 0

‘OOH NYOL DAHL HOVHL

salb—c)?+b(c—a)*+cla—b)® >0.(1.6)

Hién nhién, (1.6) la bét ding thiic diing. Vi thé,
(1.5) dugc chitng minh.

Tit (1.4) va (1.5), suyra P > 3.

Tit céc ching minh trén ta thy, déng thitc xdy ra
khi va chi khi du biing xdy ra ddng thdi 6 (1.1),
(1.2), (1.3) va (1.6). D& thy, diéu cubi cing c6
dugc khi vachikhia=b=c.

ap 2 56 3 Thang 3. 2018
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Cach 2 (dua theo 15 gidi ciia ban Nguyén
Plzudlzg Thdo, I6p 10CT1, truong THPT chuyén
Lé Hong Phong, TP. H6 Chi Minh).

Via,b,c > 0nén ta cé:

P V(@ +bc)(ab+ac) /(6% + ca)(be+ ba)

a(b+c) b(c+a)
(@ Fab)(cateh)
RAC J;(abi(l‘)’; teb) @.1)

Ap dung bt déng thic Bunhiacopxki cho 2 bo
2 56 (a,Vbc) va (Vab, /ac), ta dugc:
(@ +bc)(ab+ac) > (a-vVab+Vbc-v/ac)?
=ab-(a+c)>.
Suy ra

(a®+bc)(ab+ac) > Vab-(a+c). (2.2)

Bing céch tudng ty, ta cling ching minh dugc:

\/ (B2 +ca)(be+ba) > Vbe- (b+a). (2.3)
\/ (2 +ab)(ca+cb) > +/ca-(c+b). (2.4)

Tir (2.1), (2.2), (2.3) va (2.4), suy ra
- Vab- (a+c)+\/1;~ (b+a)
= a(lb+o) b(c+a)
Vca-(c+b)
c(a+b)
Ki hiéu Q 1a vé phéi cta (2.5). Theo bét déng
thitc Cauchy cho 3 sb thuc duong, ta c6:

P

2.5)

J[Vab-(a+c) Vbe-(b+a) vea(c+b)
0=3 a(b+c) b(c+a) cla+bd)

—3. (2.6)

Tir (2.5) va (2.6), suy ra P > 3.

Tit c4c ching minh trén ta thiy, déing thifc x3y ra
Khi va chi khi déu biing xdy ra dong thoi & (2.2),
(2.3), (2.4) va (2.6). DE théy, diéu cudi cling c6
dudc khi va chi khia = b=c.

Cich 3 (dua theo 10i gidi ciia cdc ban Nguyén
Quang Minh, 10p 9/3, truong THCS Nguyén
Binh Khiém, Bién Hoa, Pong Nai va Lé Diic
Hiéu, 16p 10 Todn 1, truong THPT chuyén Ha
Noi - Amsterdam, Ha Noi).

Theo bt déng thic Cauchy cho 3 sb thuc duong,

Tap chi Pi
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ta cé:
21+bc br+ca E+ab
P23 a(b+c) "b(c+a) “cla+b)
Tiép theo, ta s& ching minh:
2+bc bP+ca cFtab J
albto) bleta) clatb) ™
Thét vay, do a,b,¢ > 0 nén
(32) & (@ + be)(b? + ca)(c® +ab)
> abc(a+b)(b+c)(c+a). (33)
Ap dung biit déng thic Bunhiacopxki cho 2 b
2 56 (a,v/bc) va (b, vbe), ta dudc:
(@ + be) (b + be) > (ab+be)?.

< @

(3.2)

hay  b(a®+bec)(b+c) 2 b (a+c)? (3.4)

Chitng minh tuong ty, ta cling co:
c(b?+ca)(c+a) = Z-(b+a)? (35
a(c? +ab)(a+b) > az-(c—i—b)z. (3.6)

Vi céc vé ciia (3.4), (3.5) va (3.6) déu duong nén
nhin céc bét ding thitc d6 véi nhau, vé theo vé,
1di chia c& 2 vé& clia bit déng thic thu dugc cho
abc(a+b)(b+c)(c+a), ta s& nhan dugc bét
déng thic (3.3). Vi thé, (3.2) dugc chiing minh.
Tt (3.1) va (3.2), hién nhién suy ra P > 3.
Tu c4c chitng minh trén ta thiy, ding thifc xay ra
khi va chi khi diu bing xay ra dong thdi & (3.1),
(3:4), (3.5) va (3.6). Dé théy, diéu cudi cing cd
dugc khi vachikhia=b=c.
Binh luén va Nhan xét.
1. B tién cho viéc theo d5i clia moi dbi tugng
ddc gid, chiing t6i nhéc lai 6 day:
® Bat dang thitc Cauchy cho n sé thuc khong am
(nnguyénlon hon 1) ay,ay,...,a,:

n
Dau bing x4y ra khi va chi khi

2 /aaz--an-

a) =ap; = e =ay.
o Bdt ddng thitc Bunhiacopxki cho 2 bg n s6 thife
23;11’?)2,’ “2@n) Va (b1, by, by) (n nguyén IO
2, 2
(a1 +‘12+"~+ai)(b%+b%+...+b3)
2 (a1by +axby +-.. +anbn)2~
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Dhu bing xay ra khi va chi khi
ap’ M IR g,

iy
(Qui uéc, néu ton tai i ma b; = 0 thi phai c6
a; = 0 )

Bit déng thitc Bunhiacopxki con dudgc goi 1a bit
déng thitc Cauchy - Bunhiacopxki hoic Cauchy
- Schwarz

.....

g1a1 baidara theo Cich 1 hoic Cach 3; mot sb
ban da giai theo ca hai céch, 1 va 3.

Diém khéc biét cua céc 181 gii theo Cach 1 ndm
& cdch chitng minh bét déng thiic (1.5). Ching
han, c6 ban da ching minh bt ding thitc vita
néu bing céch s dung hing ding thic:

a%+be b +ca c2+ab
@ro)ate) Grab+o)  cra)c+b)
4abc
(a+b)(b+c)(cta)

Luu ¥ ring, & Ldi gidi Céch 1 trén day, c6 thé
chiing minh
a®b+ab? + b*c+ bc* + 2a+ ca® > 6abc

béng cdch 4p dung bét ding thitc Cauchy cho
6 s6 hang cta tong nim & vé trai clia bit déng
thiic trén. Tuy nhién, ching t6i dé Iya chon cich
ching minh nhu da trinh bay trong phin Loi
gidi nhiim khéng dinh bai da ra cé thé dugc g1a1
mot cach don gian chi bing cac kién thic nim
trong pham vi n6i dung chuong trinh moén Toan
 cip THCS hién hanh.
Diém khac biét clia c4c 1i gidi theo Céch 3 nim
8 cach chiing minh bét déng thic (3.2). Ngoai
| trlt cach da néu & phin Ldi gidi trén ddy, céc
| cdch con lai d8u dya trén viée khai trién cdc tich
| 0 mit trong bit déng thic (3.2).
| 3. Mot s6 ban da phc tap héa viéc gidi bai da
Ta biing viéc lya chon phuong phdp ddi bién.

- 4. Mot s6 ban di méc céc 16i logic co ban trong
'~ qué trinh 14p luan. Chéng han, c6 ban da lap
- luan nhy say:

“(x) = ... 2> (k).
Vi (xx)1a bt déng thiic ding nén () 1 bt
déng thic ding”;

hay, véi viéc gidi bai todn theo Cach 3, c6 ban
cho riing “vi c6 bit dang thiic (3.1) nén bai
todn quy vé viéc ching minh bét dang thic
(B2)'8s 3 8

(Céc ban cin nhé riing khi c6 A > B thi dé’ cé
A > C khéng bdt buéc phdi cé B > C; néi céch
khéc, khi ¢cé A > B thi A > C khéng twong
dwong véi B > C).

5. Mot s6 ban quén tra 18i ciu hoi “déng thic
xay ra khi v chi khi n2o” di néu trong dé bai.
6. Vi viéc cham chudc (d6i véi mot sb 15i giai)
céc 16i dugc néu & cdc myc 4 va 5, ngoai cic ban
d4 dudc néu tén & phin LJi gidi trén ddy, cdc ban
¢6 tén sau day c6 16i giai ding: Lé Minh Quynh
Anh (16p 8F, trudng THCS Mai Ninh, khong
16 ctia Quan/Huyén, Tinh/Thanh phd nao); Vi
Vin Diing (16p 9B, truong THCS Ly Tu Trong,
Huyén Vi Xuyén, Ha Giang); Trdn Nguyén Nam
Hung (16p 9A11, trudng THCS Ngo Tit T6,
Quan Phi Nhuén, TP. H5 Chi Minh); Truong
Tudn Nghia (16p 9A, trudng THPT chuyén Ha
Noi - Amsterdam, Ha N&i); Nguyén Xudn Hiéu
(16p 10 Todn, trudng THPT chuyén Nguyén Chi
Thanh, Dak Nong); H6 Long Nhdt (16p 10 Toan,
trudng THPT chuyén Lé Quy Dén, Khanh Hoa);
Nguyén Nhdt Phi (16p 10T, trudng THPT chuyén
Lé Quy Don, Binh Dinh); Nguyén Thdi Binh,
Phan Minh Dat, Nguyén Quéc Hung, Tru’dng
H6 Hodi Nam, Nguyén Thity Kim Ngan, Trdn
Hong Nguyen (16p 10CT1, trudng THPT chuyén
Lé Hong Phong, TP. H3 Chi Minh); Lé Tudn
Anh (16p 11 Toén 1, trusng THPT chuyén Lé
Hong Phong, Nam binh); Tran Tién Manh (16p
12A1, trudng THPT Chuyén, PH Vinh); Nguyén
Quang Huy (khong rd 16p va noi hoc) va N.D.
Thanh (khong rd 18p va noi hoc).

7. Ban L& Tuén T4 c6 nhén xét ding ring L&i
giai Cach 3 cho phép khdi quat bai da ra dé thu
dugc két qua sau:

“Cho s6 nguyén n > 2. Khi dé, vdi moi s6 thuc
duong a,b,c, ta luén cé bdt ddng thitc:
s 2 +ab

o] @*+bc by b2+ca "
a(b+c) b(c+a) c(a+b) 2

Ddu bdng xdy ra khi va chi khi g =

b:C.”
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8. Mot trong cédc cau hdi cé thé dit ra tir viéc
gidi dugc bai di ra: Két qua sau diy liéu
¢6 ding?

“Cho cdc s6 nguyén m,n, véim >3 van> 2.
Khi dé, véi moi sé thuc duong ay,az,...,am, ta
ludn cé bdt déng thitc:

o Ad+aas [ dd+azas
+ +
ai(ax+a3) '\ ax(as+aa)
2
a, +aa
n m 142 2)71.
am(a1+a2)

Ddu bing xdy ra khi va chi khi
ay=az;=--- :am.”
Con nhilng cau héi nao nita c6 thé dit ra?
Xin nhudng 18i cho ban doc.
Lé Huy
P123. Chiing minh ring trong 18 sb nguyén
duong lién tiép, ma méi s6 déu c6 3 chit sb, tdn
tai it nhit mot s6 c6 tinh chit: s6 d6 chia hét cho
tdng céc chit s6 cia né.
Ldi gidi (dwa theo da s6 1oi gidi ma Toa soan
nhdn dugc).
Xét 18 s6 nguyén duong lién tiép tiy ¥, ma mbi
sb déu c6 3 chit sb.
Ta biét réing, trong 18 sb néi trén c6 diing mét
sb chia hét cho 18. Gia st s6 d6 12 abc (a # 0).
Vi chia hét cho 18 nén abc : 9. Do d6, theo dbu
hiéu chia hét cho 9, ta ¢
(a+b+c):9. 1)
Vi a,b,c € {0;1;2;...;9} va a # 0 nén
0<a+b+c<27.Do dé, tu (1) suy ra
a+b+ce{9;18;27}. 2)
Néu a+b+c =27 thi abc = 999 va vi thé, theo
dinh nghia ciia abc, ta phdi c6 999 : 18, 1a diéu
khong thé. Do d6, a+ b+ c # 27. Két hgp véi
(2) suy raa+b+c € {9;18}. T day, do abc : 18
nén ol
abc:(a+b+c).
Ta c6 diéu phai ching minh.
Binh luiin va Nhén xét.
1. Trong 10 gidi trén, ta da st dung ket qua quen
biét sau:

Két quéa 1. Cho s6 nguyénn 2 2. Khi do, trong
Iudn cd diing mot sé chi,
|

hét cho n. \ |
C6 thé chiing minh két qué 1, bang phuong phgp
phén ching, nhu sau:

Chiing minh: Xét n s6 nguyén lién tiép a,
a+1,...,a+(n—1), v6i a 1a mdt sO nguyén
tuy y.

Trudc hét, ta ching minh trong n s6 trén ¢6 it
nhit mdt sé chia hét cho n.

n s6 nguyén lién tiep,

That vay, gia sif ngugc lai, tat cd n s6 trén déu
khéng chia hét cho n. Thé thi, khi chia n 56 d6
cho n, ta chi ¢6 thé nhén dugc toi da n—1 b
du d6i mot khéc nhau. Diéu d6 ching t6 tdn tai
hai s6 (trong n sb nguyén lién tiép néu trén) cho
cling mot s6 du, khi chia cho n. Gi sif hai s6 6
1A a+k vaa+m, v8i k,m la cac so6 tu nhién va
0<k<m<n—1.Khidé,tacd
(a+m)—(a+k)=m—k
12 mot sb nguyén duong nhé hon n (suy ra ti
cdc rang budc néu trén d6i véi k, m) va chia hét
cho n (suy ra tif dinh nghia ctia céc s6 a+k vi
a+m). R6 rang, diéu vira nhan dugc 13 mot didu
v0 1i; ching t6 gia st phén ching & trén 12 sai.
Vi thé, ta c6 didu mubn chitng minh.
Tiép theo, ta chiing minh trong n s nguyén lién
tiép néu trén khong thé c6 qua mot s chia hét
cho n.
That vay, gia st ngudc lai, c6 hai sb cing chia
h?at cho n; gid sitla a+ p va a+q, véi p, q 1a cic
sO tu nhién va 0 < p < ¢ < n— 1. Khi d6, biing
céch xét tuong ty nhu phin chiing minh vita
néu trén dbi véi higu (a+ p) — (a+ q),tasé di
dén mot diéu o 1i, cho théy gié sit phan chiing
vira néu trén 1a sai. Do d6, ta ¢6 didu muén
chiing minh.
Tt céc két qué da chiing minh duge & trén, hién
nhién suy ra diéu phai ching minh,
Luuy rdng, chiing minh néu trén khong phdi I
chitng minh duy nhdt cho ké qud 1.
2., Trcing EG céc ban da gt 13i gidi tGi Toa soan,
€O mot 5O ban, thay vi 4p dung két qua 1 cho

n = 18, da dp dung két qua d6 cho n = 9, ddn
t01 13 gidi bi dai dong.
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3. Cdc ban c6 tén sau ddy c6 18i gidi ding: Vii
vin Diing (16p 9B, trudng THCS Ly Ty Trong,
Huyén Vi Xuyén, Ha Giang), Trdn Nguyén Nam
Hung (16p 9A11, trudng THCS Ngo Tht T,
Quén Phii Nhuan, TP. H$ Chi Minh), Truong
Tudn Nghia (16p 9A, trudng THPT chuyén Ha
Nbi - Amsterdam, Ha N6i), Nguyén Ditc Anh
Khoa (16p 10CT1, truong THPT chuyén Lé
Hong Phong, TP. H6 Chi Minh) va Nguyén
| Tén Tai (16p 12A, trudng THPT chuyén Quang
. Trung, Binh Phudc).

A9

| 4. Nguoi chdm bai rit “td md” muébn bibt 15i
. giai cho bai todn sau, phdt sinh tit bai d3 ra:

Bai toan phat sinh. Hdy tim 56 nguyen duong k
" uhd nhdt cé tinh Chat trong k sé nguyen duong
 lién tiép, ma méi s6 déu cé 3 chir 56, ton tai it
nhdt mot sé chia hét cho téng cdc chit sé cita né.

Néu ban c6 18i giai cho bai toan trén thi hay gii
ngay vé cho Pi nha.

5. D& dang nhan thiy, chi cin thay cum tir “chia
hét cho n”” 6 mdt s6 chd thich hgp (ban doc tu
tim céc chd d6 nhé) trong chiing minh & muc 1
trén day boi cum tit “chia n du 7, ta s& cé mot
chitng minh cho két qua khdi quét sau day:

Két qua 2. Cho cdc s6 nguyénnvar, vdin > 2
va0 <r<n—1. Khi dd, trong n sé nguyén lién
1iép, ludn cé diing mét s6 chia n dur.

Nhut vy, trong » sb nguyén lién tiép (ty ¥),
luén c6 ding mot s chia n du O (tiic, chia hét
cho n), ¢4 ding mét s6 chian du 1, ..., ¢6 ding
mot s6 chia n du n — 1. Tit ddy hién nhién suy ra
1dp hgp gém n sé nguyén lién tiép co tinh chdt:
méi s6 nguyén déu co cing sé du, trong phép
chia cho n, vdi diing mot sé thugc tdp hop do
(n6i cach khéc: méi s6 nguyén déu dong du voi
diing mot sé thugdc tdp hop do, theo modulo n).
Trong Toén hoc, mot tap hop céc sb nguyén c6
tinh chit nhu thé dugc goi 1a mot hé thing du
ddy dii modulo n. Véi khdi niém nay, ta c6 thé
phit bidu lai khing dinh vira néu duéi dang:

“Tap hop goém n sé nguyén lién tiép 1a mot hé
thing dw ddy dii modulo n”.

Kh4i ni¢m hé thing du day dd 12 mot khai niém
Cd ban, quan trong trong S6 hoc. Ban doc c6 thé
tim higu thém v& khai niém nay, cling nhu mét

sb tng dung ciia né, trong cuén sich Sb hoc
(Nha xuét ban Gido duc, 2004) do GS. Ha Huy
Khoai bién soan.

Luwu Thanh Ha

P124. Cho n > 5 diém nim trén mit phing sao
cho khong c6 3 diém nao thing hang. Ti va Teo
chdi trd chdi sau: Hai ban luin phién nhau ké
cdc doan thing ndi hai di€m trong sb céc diém
da cho; & lugt clia minh, méi ban chi ké ding
mdt doan thing va khong c6 ban nao ké lai doan
théng da dugc ké truée d6. Néu sau lugt ké cla
mot ban nao d6 ma méi diém, trong n di€m da
cho, déu 1a d4u miit ciia it nhit mot doan thing
(trong sb cdc doan théng da dudc k&) thi ban d6é
dudgc coi 14 thing cudc.

Gia st Ti 1a ngudi k& doan thing ddu tién.
Hiy tim tit ca céc sb nguyén n > 5 sao cho
Ti ¢6 céch chdi d€ thing cudc, cho di Teo c6
thuc hién céc lugt ké ciia minh nhu thé ndo di
ching nita.

Loi gidi (ctia nguoi chdm bai).

Ta s& goi mot diém la diém c6 Idp néu diém d6
khong dudgc ndi véi bit ki diém nao khdc trong
s6 n—1 diém con lai.

Dé thiy, Ti s& 1a ngudi thing cudc khi va chi
khi trude ugt ké cudi ctia Ti, trén mit phéng chi
con lai 1 hodc 2 diém c6 lap.

R rang, Téo budc phai chap nhén d€ Ti c6 dugc
diéu trén trudc lugt ké cubi ciia Ti khi va chi khi
trude lugt ké cia Teo, trén mit phéng con ding
3 diém co 13p va n— 3 di€m con lai d6i mot da
dugc ndi véi nhau bdi cic doan théng. Vi Ti 1a
ngudi thuc hién viéc ké dau tién nén diéu vira
néu chi cé the xdy ra khi s6 doan thing c6 ca
hai diu miit nim trong s6 n — 3 diém 1a mot sé
18; nghia 13,

(n—3)(n—4)
2

phai 1a s6 1&.

Dé thdy, diéu vita néu trén ¢6 dudgc khi va chi
kh1 n c6 dang 4k + 1 hodic 4k +2, véi k 1a mot
s6 nguyén duong.

Nhu vay, Ti ¢6 thé cé céach choi dam bao chic

chin thing chi khi n = 4k+1hosicn = 4k+2,
ke N*,

T8 2 88 3 Thang 3. 2018
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Ngudc lai, xét n ¢6 cic dang vita néu trén,
ta cé:

o Trwong hop 1: n=4k+1, k € N*,

+ Véi k = 1, hién nhién Ti 1a ngudi thing cudc.
+Xétk > 2.

Dé théy, sau méi lugt ké ciia Ti hodic Teo, sb
diém c6 14p (trong s n diém da cho) hoic giit
nguyén, hodc giam 1 hodc giam 2.

Xét cach choi sau caa Ti:

O lugt déu tién, Ti ké mot doan thing bit ki.
Tiép theo, mdt khi s& diém c6 1ap trén mit phing
con 16n hon 3 vao thdi diém Teo thuc hién lugt
k& ctia minh, sau mé&i lugt ké cla Teo, néu sb
di€m co 14p giadm di s (diém), s € {0;1;2}, thi
Ti s& k& mot doan thing sao cho sb diém c6 1ap
giam di 2 — s, bing céch:

—Néu s = 0 (tc Teo k& mot doan thing ndi hai
diém khong c6 lap) thi Ti ké doan thing nbi hai
diém cb lap tuy ¥;

—Néu s = 1 (ttc Teo mot k& doan thing ndi mot
diém cb 14ap véi mot diém khong cd 1ap) thi Ti
ciing k& mot doan thing néi mot diém cd 1ap véi
mot diém khong co 14p;

— Néu s = 2 (titc Teo ké mot doan thing ndi hai
diém cb 1ap) thi Ti ké mot doan théng néi hai
diém khong co 14p.

Ti c6 thé thuc hién viéc ké nhut trén do sb di€ém
¢ lap trén mit phing 16n hon 3 vao thdi diém
Teo thyc hién lugt ké ciia minh va khi noi hai
diém cd 1ap v6i nhau, Teo da taora 2 diém khong
¢6 14p méi, ma mdi diém chi dugc noi Vi ding
mot diém trong sb céc diém khong c6 1ap c6
trén mit phing sau khi Teo thuc hién lugt ké
ctia minh.

V&i cich choi néu trén cia Ti, sau lugt ké dau
tién ciia Ti, cling nhu sau mdi cip lugt ké Teo —
Ti, s6 diém c6 1ap gidm di diing 2. Tir d6, do sb
diém co lap ban dau 1a mot s6 1& (4k+ 1,k > 2)
16n hon hoiic biing 9 nén phii ton tai thdi diém
ma sau cip lugt k& Teo — Ti, s6 diém c6 1ap biing
ddng 3 va ngudi phi thuc hién lugt ké ngay sau
khi finh huéng nay xdy ra 1a Teo. Liic nay, néu
11— 3 diém khong ¢ 18p doi mot da dude noi voi
phau bdi céc doan thing thi Ti s¢ 1a ngudi thing
cudc, theo nhan xét 8 phan dau 16i gii. Trudng

hop ngude lai, con czi'c”dié"m. hkh(”)”ng €0 1p chiy
dudc ni véi nhau, hién nhién, 0 mOi lugt cg
ninh, ci Teo va Ti s& ké mot doan thing nd; hy;
diém khong cd 1ap (mot khi con c6 thé). Do say
mbi lugt ké ctia Teo, s6 doan t'h{mg da duge kg
(ké tir khi hai ban bit ddu choi) ludn 1a mot 6
chiin, ma tong s6 doan thang c6 cd hai dAu mi
niim trong <& n—3 diém khong c6 lap 1a mét
618 (2k—1)- (4k—§)) nén {n@t khi Teo con
ké dugc doan thang nbi hai di€ém khong c6 igp
thi Ti ciing lam dugc diéu tuong ty, va hon nita,
phai tn tai thdi diém ma sau lugt ké ctia Ti, tit
ca n— 3 diém khong c0 18p s& doi mdt dugc né
v6i nhau. Diéu nay, theo nhén xét & phin ddy
16 gidi, budc Teo phdi nhutng phan théng cuge
cho Ti.

o Truong hgp 2: n=4k+2,k € N*.

+ Véi k = 1, dé thay, Ti 1a ngudi thing cudc.
+ Xét k > 2. Khi d6, sau Iuot ké dau tién cia Ti,
¢6 thé xay ra mot trong hai khé nang sau:

_ Khé ning 1: Teo ké mot doan thing nbi mét
trong hai diém khong cd lap véi mot diém
c0 lap.
— Kha niing 2: Teo ké mot doan thing ndi hai
diém c6 1ap véi nhau.
Néu kha niing 1 xdy ra, Ti s& ké mot doan thing
ndi hai diém khéng c6 1ap v6i nhau; néu khd
niing 2 xay ra, Ti s& k& mot doan thiing néi mdt
diém khong ¢ 1ap v6i mot diém co 1ap. Bang
céch ndy, Ti s& 1am cho s diém c6 1ap bi gidm
di mot 56 18 (3 hodc 5) diém, sau 3 lugt ké diu
tién (gom 2 lugt ciia Ti va 1 lugt ciia Teo). Vi
tl}é, do s6 diém co 1ap ban diu 1a s6 chén nén
bing cach k& néu trén, Ti s& budc Teo phii the
hién lugt ké tiép theo' trong trang thai sb diém
cd 18p trén mt phing 12 mot s6 18 16n hon 3:
Dicu nay, cing véi viéc s6 doan thing c6 cé hal
dau mit nim trong s n — 3 diém 1a mot so 1
((‘2]\'“ 1) - (4k — 1)), hién nhién, gidp Ti ding
cach choi da m6 ta § trudng hop 1 d€ trd thanh
nguoi thang cudc.

Tom lai, khi n = 4k +- 1 hogic n = 4k+2,k €N
Ti s& c6 céch choi dim bao chic chin thing:
Vay, tht c céc gid tri n cAn tim theo yéu ciu 98
bai la”=4k+1vz‘1n=4k+2,k€ N*.
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Binh luéin va Nhin xét.

1. Cho t6i thdi di€m ban thio vao nha in, Toa
soan chi nhin dugc 4 15 giai tir 4 ban hoc sinh,
gbm 2 ban 16p 9 (mot & Ha Giang va mot & TP.
H6 Chi Minh), 1 ban 16p 10 (& Binh Dinh) va
1 ban 16p 11 (8 TP. H) Chi Minh). Tét ca 4 15i
gidi déu sai, vi cdc If do khdc nhau.

2. Ban hoc sinh 16p 11 ¢6 13i giai sai do cho
ring bai da ra tuong duong va ¢ ciing két qua
véi bai todn sau:

“Trén miit phing, c6 7 — 2 hon sdi. Hai ban, Ti
va Teo, chai trd choi sau: § mbi lugt chai ciia
minh, m&i ban s& bdc 1 hodic 2 hon sbi. Ngudi
béc 1 hodc 2 hon s6i cudi ciing dugc coi 1a ngudi
thing cudc. Biét réing, Teo 1a ngudi diu tién thuc
hién viéc bdc sbi. Hoi ai 1a ngudi ¢ cach choi
dam bao chéc chén thing cugc?”

Dé dang nhdn thdy viéc ndi hai dién khéng cé
ldp (theo thudt ngit da dung trong 10i gidi trén)
d bai dd ra khong tuong iing vdi dong tdc béc
$0i ndo trong bai todn trén. Vi thé, bai dd ra
khong twong duong véi bai todn trén.

3. Ban hoc sinh 16p 9 & Ha Giang va ban hoc
sinh 16p 10 c6 16i giéi sai do da 1ap lusn nhu
sau, sau khi tim ra dugc diéu kién can cho céc
gid tri n can tim theo y&u ciu dé bai:

“Vi déu biét c4ch choi nén hai ban (ngam) “thda
thuin” véi nhau chira ra 3 diém khong ddng
cham t6i va & mbi Iugt choi cia minh, mbi ban
chi k& mot doan thing (tity ¥) ndi hai trong sb
n—3 diém con lai. Do sb doan thing c6 ca hai
dau miit nim trong sb n— 3 diém la mot sb 18
va Ti 1a ngudsi ké doan thdng déu tién nén Ti
S8 thing.”

Néu ban la Téo va lai biét cdch choi thi ban cé
“théa thu@n” vdi Ti nhu trén hay khong, khi da
nhdm tinh dwgc sé doan thdng cé cd hai ddu
miit néim trong sé n — 3 diém la mot s6 16?

4. Ban hoc sinh 16p 9 & TP. Hb Chi Minh da
8idi bai ra biing cach xét ddy di ca 4 trudng hop
¢6 thé dbi v6i n: n = 4k +m,m =0,1,2,3. Loi
8idi ctia ban d6 sai do chi ra sai cach choi ddm
bdo chic chin thing ciia Ti, trong trudng hop
n=4k+42.

5. Ton trong tdc gi4 clia trod choi, Pi d liét bai
da ra vao loai “sutu tAm”; tuy nhién, su suu tim

trong trudng hgp nay khong phéi 1a “sao y ban
chinh”. Cu thé, bai todn gbc chi ddi héi tim cdc
gid tri clia n sao cho Ti ¢ hi vong tim dudc
cdich chdi dm béo chic chin thing. Vdi yéu cu
nhut thé, 18i gidi sé chi 1a phan tim ra dang cla
n trong 18i giai di trinh bay & trén. Nhut vay, vé
thyc chét, bai da ra 1a mot su phit trién dang ké
clia bai todn géc.

Nguyén Khéc Minh

P125. Cho tif gisc ABCD ndi tiép dudng tron
(0). Biét riing, cdc dudng thing AB va CD cit
nhau tai E, cic dudng thing AD va BC cét nhau
tai F. Trén (0), ldy mot diém P tiy ¥. Céc dudng
théng PE, PF cit lai dudng tron (O) tuong tng
tai O, R. Ching minh ring cic dudng thing QF
va RE ct nhau tai mot diém nim trén dudng
tron (O).

Loi giai (cia tdc gid bai todn).

F

Goi G la giao di€m ctia hai dudng thing AC va
BQ. Dubng thang PG cit lai dudng tron (0) tai
diém thit hai X. Ta s& ching minh OF va RE
cung di qua diém X.
That vay, goi giao diém ciia dudng thing OX
v6i cdc dudng thang AC va BD tuong ungla K
vaL.
Pudng thdng BC cit dudng thing PQ tai Y.
Chiéu xuyén tm X hang diém (G,K ,A,C) 1én
dudng tron (0), ta dugc:

(GK,AC) = X(GK,AC) = (PQ,AC). (1)
Chiéu xuyén tam B hang diém (P, Q,A,C) lén
dudng thang PQ, ta dudc:

(PQ,AC) = B(PQ,AC) = (PQ,EY).  (2)
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Ch}éu Xuyén tdm C hang diém (P,Q,E,Y) lén
dudng tron (0), ta dugc:

(PQ,EY) = C(PQ,EY) = (PQ,DB). (3)
Chiéu xuyén tam X hang diém (P,Q,D,B) 1én
dudng thing BD, ta dugc:

(PQ,DB) = X(PQ,DB) = (GL,DB).
T (1), (2), (3) va (4), suy ra

(GK,AC) = (GL,DB).
Do d6, cic dudng thing KL,AD va BC
dong quy; néi cdch khdc, ba diém Q,X,F
thang hang. (5)
Biing cdch tuong tu, ta cling ching minh dugc
ba diém R, X, E théng hang. (6)
Tit (5) va (6), suy ra hai dudng théng QF va RE
cit nhau tai diém X nim trén dudng tron (0).
Ta c6 diéu phai ching minh.
Binh luin va Nhan xét.
1. Cong cu chi lyc dudc st dung trong 18i gidi
trén 12 ti sb kép va phép chiéu xuyén tam. Céc
ban doc chua lam quen véi cic kién thifc vita
néu c6 thé tim hiéu vé céc kién thic d6 trong
cudn “Tai liéu gido khoa chuyén todn hinh hoc
10” (s4ch do Nha xuit ban Gido duc t§ chic
bién soan, san xuat va phat hanh).
2. C4c 16i giai ma Toa soan nhan dudc cho t6i
thi di€m ban thao 1én trang cho nhiéu cdch gidi
Kkhéc nhau cho bai da ra, nhu ding hang diém
didu hoa, ti gidc diéu hoa, cuc déi cuc, dinh
1 Pascal, .... So vdi céc 16i gidi vita néu, 16i
giai trén day khong chi ngén gon hon ma con
c6 mot uu thé ndi troi la gidi quyet dugc dong
thoi moi thé hinh c6 thé. Cho t6i thdi diém nay,
ngudi chim bai (va cing dbdng thdi 1a tac gi bai
toan) vin chua biét c6 hay khong mot 16 gidi
“sg chp” hon, don gian hon cho bai dd ra. Vi
thé, viéc suy nghi tim mot 13i gidi “sd cAp” hon,
don gian hon cho bai todn vén 12 mot théch thic
danh cho nhitng ngudi c6 quan tam.
3. Céc ban c6 tén sau day c6 18i gii ding: Trdn
Vi Duy, Bii Khdnh Vinh (16p 10CT1, trudng
THPT chuyén Lé Hong Phong, TP. Hb Chi
Minh); Lé Pic Hiéu (16p 10 Toén 1, trudng
THPT chuyén Ha Noi - Amsterdam, Ha Noi);
V6 Huynh (16p 10 Toén, trudng THPT chuyén
Trin Hung Pao, Binh Thuan); Phan Quéc Ky

(C)

THPT chuyén L& Quy Doy,
khong rd clia tinh nao); Pham Vfin Long,l)h” e
(16p 10 Toan, trubng_THPT chuyén I\fguym Tri,
Hai Duong); Nguyén Trung Son gdp 10 Tosn,
truong THPT chuyén Huy,nh Man ,D% Kién
Giang), Vo Minh Qudn (16p ‘11 Todn, truing
THPT chuyén Thing Long, Da Lat).

Tran Quang Hiing

(16p 10T, trudng

Loi ban.
Bai di ra 1a mot vi du minh hoa hay va dep cho
viéc tng dung ti s6 kép va phép chiéu xuyén
tam vao giai todn hinh hoc.
BBT
P126. Cho P(x) 1a mot da thic bac 5 ma trén
b thi cia né c6 dung ba diém, véi hoanh dg
x1,%2,%3 thoa man diéu kién:
P’(x;) = P"(:2) = P"(x3) =0.
Chitng minh riing néu ba di€ém néi trén thiing
hang thi mot trong ba diém d6 12 trung diém ci
doan théng ni hai diém con lai.
Lui gidi 1 (cifa tdc gid bai todn).
Khong mit téng quét, gid st x; <x2 <x3.
Do ba. diém (x1,P(x1)), (x2,P(x2)) Vi
(x3,P(x3)) thing hang (theo gia thiét) nén yéu
ciu chitng minh cia bai todn tuong dudng vdi
yéu ciu chiing minh 2x, = x1 +X3.
Khong mét tdng quat, c6 thé coi hé sb cao nhil
ctia P(x) bing 1. Khi d6, tit gia thiét suy ra
P(x) = 20(x —x1) (x —22) (x — %3),

ddng thdi ton tai cdc hing sb o, sao che
P(x;) = ox; + B v6i mbi i = 1,2,3.
Xét da thic Q(x) = P(x) — ax — B. Taco

Q"(x) = P"(x) va @"(x) = Q(x:) =0,
véimoii=1,2,3.
Do d6, 20Q(x) = (x2 +px+ q) . Q”(x)_
Pitx=y— g; khi d, tir (1), ta dudc:

n0(r-2)= (< +a-5) & 6-5)

Bt RO)=0(y-2)

2=y5+ay4+by3+cy2+dy+e

@

va

7o S

Khi d6, (2) dugc viét lai dudi dang:
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20R(y) = (y* +5) - R*(y). ?3)

pong nhat hé s6 cdc hé s6 clia y* y2 va hé sb tu
do & hai vé ctia (3), ta dugc:

20a = 12a
20c = 12as+2¢
20e = 12c¢s.

Suyraa=0,c =0 vae=0.Vivay, R(y) la
ham sb 1&; suy ra R”(y) ciing 1a ham sé 1&. Vi
thé, R”(y) ¢ 3 nghiém yy,y,y3, véi y, =0 va
51493 =2y, Tit day, i x; = y; — g,i L 1/2;3}
suy ra
x1+x3 =2x;.

Ta c6 diéu phai ching minh.
Lui gidi 2 (cita nguoi chdm bai).
Khong mét tdng quat, gid st x; < x; < x3.
Do ba diém (x17 (xl))a (x27 (x2)) va
(x3, P(x 3)) thing hang (theo gia thiét) nén yéu
cu chung minh ctia bai todn tuong duong véi
yéu ciu ching minh 2x; = x; +x3.
Khong mat tdng quat, c6 thé gia si hé sé cao
nhit clia P(x) bing 1.
Vi tinh cht ciia d6 thi cfia P(x) khong thay d6i
qua phép tinh tién theo truc hoanh nén ta cé thé
gid st hé s ctia x* bing 0. Tuong tu, nhd phép
tinh tién theo truc tung, ta cé thé gia si hé sb
ty do bing 0. Nghia 13, ta c6 thé gia st P(x)
¢6 dang:

P(x) =X +ax> +bx® +cx.
Khi d6, ta c6: P”(x) = 20x> + 6ax + 2b.
Thyc hién phép chia da thiic P(x) cho da thic
P(x), ta duge:

P(x) = (

7a = %

i
3

4 21a? Tab
“"700 ) T 100
Do a6, P(x) = %2+ (c— 385) -1~ Job,
=123,
Nhu vy, c4c diém (x;, P(x)) nim trén parabol
21a? 7b
y=T5A ( m) 100"

Theo gia thiét ciia bai ra, cdc diém nay nim trén
- MOt durdng théng. Vi thé, parabol trén phéi suy

bién thanh dudng théng; tic 1, ta phai c6 b = 0.
Do d6, P(x) 1a ham sb 1&; suy ra P”(x) ciing la
ham sb 18. Vi thé, ba nghiém x{,x,x3 cla P”(x)
phai thda man rang budc x| +x3 = 2x2.

Ta c6 diéu phai chitng minh.

Binh luin va Nhén xét.

1. Péy la mot bai todn giai tich v& tinh chit clia
db thi ham da thifc, ma trong 10i gii chia dung
nhiéu k§ thuét cd ban lién quan dén cac phép
bién d6i trén da thitc va db thi. Céc tinh todn s&
kha ric rbi va cong kénh, néu khong biét cich
xu ly.

2. Hai c4ch gidi trén ddy c6 phan giao 1a si
dung phép tinh tién theo truc hoanh (phép dit
x=y—1£), nhung céch 1 xdy dyng da thic (ing
v6i d6 thi nhan dugc qua phép tinh tién) dua
trén céc nghiém, con cich 2 xay dlmg da thiic &
dang t8ng quat dua trén cac hé sb.

3. & 16i giai 1, chiing ta da sit dung céc tinh chét
rit co ban va quan trong sau déy ciia da thifc:

o Tinh chét 1. Néu da thic P(x) bac n c6 hé
s cao nhét 1 a, vA ¢6 n nghiém thuc phan biét
X1,%2, -+ yXns thi P(X) = ap(x —x1) -+ (x — xp) .
e Tinh chét 2. Néu moi nghiém ciia da thiic
P(x) déu 1a nghiém ctia da thic Q(x) (tinh cé sé
boi, titc 1a néu o 12 nghiém boi r ciia P(x) thi
ciing la nghiém boi r ciia Q(x)) thi Q(x) chia hét
cho P(x).

4. Lo gidi 2 ham chifa hai ki thuat quan trong.

Ki thut thit nhét la céc phép tinh tién theo truc
hoanh va theo truc tung. Phép tinh tién theo truc
tung thi don gidn; ¥ tudng tinh tlen theo truc
hoanh dugc 1y tit y tu’dng khtt hé s6 cia x*~!
trong phudng trinh dai s6 béc n:

“Trong phuong trinh

a2t aixtag=0,

néudgtx=y— a" L thi phitong trinh dé sé ¢ dugc
dua vé dang:
V' by2y" 24+ by + by =0."

Y tudng néu trén ciing dudc ding d 16i gxal 1,dé
dua tam thic béc hai x2 + px+q védang y? + .

Ky thudt thit hai 1a k¥ thudt st dung phép chia
da thitc dé viét phuong trinh dudng cong (hodic
dudng thang) di qua cic di€m cyc tr hodc cic
di€m uén clia ham da thic. Y tudng co ban Ia:
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“Gid sit chia da thitc P(x) bdc n cho da thitc
P'(x) ta dugc:
P(x) = P'(x)- Q(x) + R(x),
trong dé R(x) la mét da thitc bdc n— 2.
Khi dé, dé thj ciia R(x) la duong cong di qua
n— 1 diém cuc tri ciia do thi ciia P(x).”
5. Cho t6i thi khéc Giao thita sang Méu Tudt,
Toda soan vin chua nhan dudc 18i gidi nao cho
bai d ra, ti ban doc. .
Tran Nam Diing
P127. Cho P(x),Q(x) 12 hai da thic vdi hé sb
thuc, khéc da thic hing, va thda man diéu kién:
Vx € R, [P(x)] = [Q(x)].
Chiing minh ring P(x) = Q(x) véi moi sb
thuc x.
(V6i 1 1a sb thue, [f] ki hidu sb nguyén 16n nhét
khoéng vugt qua 7).
Lui giai (dua theo 10i gidi ciia ban Lé Tudn Anh,
I6p 11 Todn 1, truong THPT chuyén Lé Hong
Phong, Nam Dinh).
Trudc hét, ta ching minh bd dé sau.
B3 dé. Xét da thic P(x) véi hé s thuc, khic da
thitc hing. Khi d6, ton tai s6 thuc a d€ P(x) don
diéu trén khodng (a, ).
Chiing minh. Gia s
P(x) = cox" +oX N en1x+ e

véin € N*,co,c1,.--,cn ERVACO #0.
Khong mét tinh tong quét, ta c6 thé gia st
co > 0. bit

M= max{|c1 |, ICZI: ceey lcn—l ”’
Khi d6, véi moi x > 1, tacod

o == 1 (n—1)erX?
P (x) =ncox™ +(n )e1
+(n —2)02)("_3 4ot Cn-1
> e =M X" (n=1)+(n=2)

4ot ]
L

Mn—1), ..
Do d6, chon a =max{1, e } thl P'(x)>0
Vx > a. Suy 13, P(x) ting thuc sy tren (a,+o0).
B& dé dugc ching minh.
Trd lai bai todn.

Xét da thitc R(x) = P(x) = 2(x)- Theo gia g,
ta cO:
R(x) = [P+ {P()} — [P(X)] = {Q(x)}
= {P)}—{2®)}; |

vdi moi x €R. |
Vi thé, —1 <R(x) <L,Yx€R. 1y
Néu degR > 1 thi tity theo dau cla y@ 56 cao!
nht, R(x) — +oo hodc R(x) = —eokhix — oo
mau thuén véi ().
Do dé, R(x) = ¢, v6i c lamdt hang s thyc thuge |
khoang (—1;1), hay ‘

P(x)— Q) =c Vx€R. @
Giastc #0.
+Xétc>0.
Do P(x) khac da thiic héing nén theo b3 dé trén,
¢6 thé chon dugc sb thuc a sao cho P(x) don
diéu trén (a,+e0). Tl d6, do P(x) lién tuc trén
(a, o) nén tdn tai xo > a sao cho P(xp) 12 mét
sb nguyén; dit P(xp) = k. T (2), ta c6:

Q(x0) = P(xo) —c=k—c<k
Do dé, [Q(x0)] < k = [P(x0)] , mAu thudn vdi
gia thiét cia dé bai.
+ Xétc < 0.
Do Q(x) khdc da thitc hiing nén theo b3 dé trén,
c6 thé chon dudc sb thuc b sao cho Q(x) don
diéu trén (b, 4-o0). Tir d6, do Q(x) lién tuc trén
(b, +o0) nén ton tai x; > b sao cho O(x1) 12 mot
s0 nguyén; dit Q(x;) = m. T (2), ta c6:
P(x))=0(x1)+c=m+c<m.

Do do, [P(x1)] < m = [Q(x1)] , mdu thudn véi
gia thiét cla dé bai.
Véy, phéi ¢6 ¢ = 0, hay P(x) = Q(x) v6i moi
x €R (theo (2)).
Chu y: Trong 16 gidi trén, {t} ki hiéu phén 1€
ctia s0 thyc f; nghia 1a: {r} =t — [t].
Binh lugn va Nhén xét.
1. Bai dd ra 12 mot bai todn khé vé tinh chét cia
da thic.
2. Ngoai ban L& Tuén Anh, hai ban c6 €1
sau ddy cling c6 13i gidi tbt: Trdn Huy Hoa"8
va Lé Huy Hoang (1p 11 Toan 1 va 16p 11
Todn 2, trudng THPT chuyén Lé Hong Phong:
Nam Binh).
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3, BG dé trong 1i gidi trén 1a mot bd dé hay va
¢6 nhiéu ting dung trong gidi toan.

Vo6 Qubc B4 Can
P128 Tim tht ca cdc ham sé f xéc dinh trén

tap sb thue R, 13y gia tri trong R va véi moi
1,y € R, taludn co

FE@+210)) = (F(x))* +2.
Lui gidi (dua theo 16i gidi cila tdc gid bai todn).
Gia s¢t /: R — R 12 mot ham sb sao cho véi
moi x,y € R, taluén c6

fE+2f M) = (@Y +2. ()
Trudc tién, ta s€ ching minh f 1a mdt song 4nh.
Thit vy, trong (1), chon x = 0 va djt a = £(0)

ta dudc:

ff)
véimoiy € R.
Tir d6, néu f(y1) = f(y,) thi
i+a’ = f(2f 1)) = F(2f (02)) = 232+ a*;
suy ra, y; = y2. Do d6, f 1a mot don anh.
Hon nita, do vé phai clia (2) c6 thé nhan moi gid
tri thyc (khi y chay khép R) nén f ciing 12 mot
toan dnh. Vi thé, f 1a mét song 4nh.
Do d6, tdn tai duy nhét b € R d€ f(b)
Y= b vao (2) ta dugc:

’

=2y+a> @

= 0. Thay

Trong (1), chon y = b ta dudc:
f2) = (f(x)>+2b )
vdi moi x € R.
Theo (1), (2), (3) va (7), tacd
FE)+f2FB)) = (F@)* +2b+2y+d
= (f()}+2y+20+a°
= f(© +2f(y)) +a
véi moi x,y € R.
Tit d6, do x> va 2f(y) c6 thé nhan moi gid tri
thuc nén ta co:
FE)+50)
v6i moi x,y € R.
Trong (2), chon y = 0 va sif dung (5), ta dudc:
f(2a) = a® =3a. )

Trong (8), chon x =y = a va st dung (9),
ta dudc:

=flx+y)+a ®

fla) =2a. (10)
Trong (8), chon x = 2a,y = a va si dung (9),
(10), ta dugc:

fB3a)= an
Trong (7), cyon x = a va st dung (5), (6), (10),
(11), ta di dén

4a=f(3a) = f(a’) = (f(a))® +2b

4
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a=2b+d. @3) =(2a) —2a=8-3a—2aq=22a;
Trong (1), chon x = b,y = 0, ta dudgc: suyrag = 0, hay £(0) =0; do d6, b = 0. Vi vay,
f(b3 +2a)=0= 7(). tir (7) va (8), ta c6:
Tir d6, vi f 1a don 4nh, suy ra: f(x3) = (f))%, 12)
| b 420 =b. 4) FE)+ 1) = flx+y) 13)
1 R a-d L . it v6i moi x,y € R.
e tlr (3), 10i thay vao (4), ta d0C: 0 (19), chonx = 1, chil § £(1) %0 (do f Ia
(a— a3)3 a2 don anh), ta dudc:
g 2= (PP =1. (14)
& ala?(1-a?)’ +16—4(1—a*)] =0 Vi thé, theo (13), ta c6:
© a(a®—3a°+3a* — 54> —12) =0 f((x+1)3):f(x3+3x2+3x+1)
Sa@®—3)(a®+1)(d* —a 2+4)=0 = () +3f(x® )+3f(x)+f(1)
Sa(a®-3)=0 (F+1))= (F(x) +£(1))
&gdeag 5) =(f@)*+3r(1)(f (x))2+3f(x)+f(1).
3
| Dods, 5 a—;a3 o) ~ ;I‘:ydrc; do f((x+1)%) = (f(x+1))3 (theo (12)),

- 9256 3Tnang 3. 2018
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[

F2) = F(1)(f(x)? s
v6i moi x € R,
Theo (14), chi c6 thé xay ra 2 trudng hgp sau:
e Truong hgp 1: f(1) = 1. Lic nay, (15)
trd thanh:

&) = (f(x))?
véi moi x € R.
Suy ra, véi moi x > 0, ta cé:

f) = (f(vx)? = 0.
Do dd, v6i moi x,y € R ma x >y, ta cé:
@) =flx—y+y) = fx=y)+ f() > f)-
Vi vay, f 12 mot ham khoéng giam trén R. Két
hop véi (13), suy ra
fx)=f1)-x=x
véi moi x € R.
e Truong hop 2: f(1) = —1. Lic nay, (15)
tré thanh:
F&@) =-(f®)
v6i moi x € R.
Suy ra, v6i moi x > 0, ta cé:
) =-(f(v%)*<0.
Do d6, v6i moi x,y € R ma x >y, tacé:
f(x) = fx—y+y) = fx=y)+ ) < fO)-
Vi vy, f 12 mot ham khong ting trén R.
K&t hop véi (13), suy ra
f)=f(1)x=—x
véi moi x € R.
Bling céch kiém tra tryc tiép, dé thiy c4 hai ham
sb, f(x) = x va f(x) = —x, déu théa man cdc
yéu cau ciia d& bai. Vi véy, chiing la tat cé céc
ham can tim.
Binh luin v Nhan xét.
1. Cho t&i thdi diém ban thio 1én trang, Toa
soan nhan dugc cé thay 6 15 giai tir ban doc,
nhung chi cé hai ban c6 16i giai ding; do la
céc ban: Pham Trdn Minh Ditc (16p 10 Todn 1,
trudng THPT chuyén, Pai hoc KHTN, PHQG
Ha Noi), Trén Tién Manh (16p 12A1, trudng
THPT chuyén, Dai hoc Vinh).
2. Theo ngudi chim bai, cic phuong trinh ham
¢6 dang nhu trong bai ra xuét hién lan dau &

MO 1992 (xem Bai 2, D& thi IMO 1992) g -
day, trén Tap chi Epsilon, 56 7,.théng 02/2016,
trong bai “Sy bang nhau ?ua ha\1 da thic vy ing
dung vao gidi phuong tr{nlil']amj‘, téc gi vg
Quéc B4 Cin da duara 18i gidi khd dep cho mg
<6 bai todn tong quat hon thudc dang nay,

Nguyén Duy Thsj Son

P129. Tim tit ca cdc bd sb nguyén dutong
(x,,2) sao cho véi moi s6 nguyén n, tdng

n nt

x ¥y z
1a mot sb nguyén.
Loi gidi (dwa theo da s6 10i gidi ma Toa sogn
nhdn dugc). |

2inind |

Pit Ty = =+ —+ —
x y z

Gia sit (x,,2) 12 bd s6 nguyén duong théa min
yéu ciu dé bai.

Véinzlvvénz—l,tacé:
1 tlsedil PR [
hi=—+—-4+-val_1=—+—-—-.
x ¥y z x .y 2z

Vi T; va T_ 14 cdc s6 nguyén nén
2w 1 2 42
h+T1=-vah—-T1=—+-
y X Z

1a cdc s6 nguyén. )]
Suy ra y 1a wéc nguyén dudng cla 2. Vi vy,
ye{1;2}. |
Xét hai trudng hgp sau:

o Truong hgp 1: y = 1.

Khi d6, vi T} 1 s6 nguyén va x, z 1a céc sb duong
nén suy ra

1 1
_+ e
b
1a s6 nguyén duong. @
Neéu x,z > 3 thi

| D N A |

S R o o el g
~ wed s B 3 . 3 ) 17
la dieu vd 1i. Vi viy, mot trong hai sé nguyen
duong x,z c6 gid trj khong vuot qua 2; nghia 14,
x€{1;2} hoicz € {1;2}.
+Xeétx € {1;2}.
—Véix:l,tir(Z)suyrazzl. :
- V6ix=2,tl (1) va (2) suyraz=2. ;

30

Tap chi Pi

Tép 2 56 3 Thang 3. 2018




4 Xét tuong tu v6i z € {152}, ta ciing dugc: Vdi
g=1thix= lvavdiz=2thix=2,

Nhu vdy, trong trudng hop ny, ta duge
(x,32) € {(1,1,1);(2,1,2)}.

o Trutong hop 2:y = 2.

Khi do, vi

h=-+-+-
Xy z

L4 .
12 s nguyén va o 2 nén
2 8

— ol
X 2

Ja sb nguyén. Két hop véi (1), suy ra

2 8
21
X Z X 2 g

1a s6 nguyén. Do d9, z € {1;2;3;6}.
+V8iz=1, 1t (1) suy rax € {1;2}. Két hop véi
T 1a s0 nguyén suy ra x = 2.
+ Vi z =2, xét tuong tu trén, ta dugc x = 1.
+V6iz=3,tacé g =2 1a s6 nguyén. Do d6, tit
(1) suy ra g 12 s6 nguyén. Do d6, x € {1;2;3;6}.
Két hop v6i T 1a sb nguyén suy ra x = 6.
+V6i z = 6, xét tuong ty trén, ta dudc x = 3.
| Nhu vdy, & trudng hop 2, ta duge
(r,2) € {(2,2,1);(1,2,2);(6,2,3); (3,2,6)}-
Tom lai, tit viéc xét hai trudng hop néu trén,
tadugc
(y,2) € {(1,1,1);(2,1,2);(2,2,1);
(1,2,2);(6,2,3);(3,2,6)}. 3)
Ngwge lai, xét (x,y, z) théa mén (3), ta c6:
*V6i (x,y,7) = (1,1,1) thi
T,=n +n2 +n3,
amot s6 nguyén véi moi n nguyén.
V6i (x,y,7) = (2,1,2) thi
n n’ n(n*+1)
lﬁm()Tnizz_{:nZ:{—.?.:nz_I— A( 2 !
Mot 56 nguyén véi moi # nguyén, do trong hai
0nvan? 4+ 1 1u6n c6 mot sb chin.
Vi (x,y,2) = (2,2,1) thi

noon?ioogh o n(ntl)
Tn = 5 + -i— +n’ = —‘2——
12 mot s6 nguyén véi moi n nguyén, do trong hai
$6 n va n+ 1 ludn c6 mot s6 chin.
+ Vi (x,y,2) = (1,2,2) thi
2143 2,
Li=n+=+> =n+'—’—(—;+—1)
12 mot sb nguyén vdi moi n nguyén, do trong hai
6 n2 va n+1 ludn c6 mot sb chin.
+ Vi (x,y,2) = (6,2,3) thi
T, - Q+n_2+ﬁ s n(n+1)(n+2)
3 2 6 6
12 mot sb nguyén véi moi n nguyén, do tich clia
3 s6 nguyén lién tiép ludn chia hét cho 6.

+n

Viy, céc bd sb nguyén duong (x,y,z) théa man
(3) 1a tt ca céc bd sb cin tim theo yéu ciu
d8 bai.

Binh luin va Nhan xét.

1. Bai d4 ra 1a mot bai toan khong khd, tuy nhién
doi héi phai rat ti mi trong viéc phan tich, sip
xép céc trudng hop cho hop 1.

2. Trong sb c4c 10i giai ma Toa soan nhén dugc,
6 khong it 13i giai sai, do méc phai it nhit mot
trong céc 16i sau day:

— Thiéu hotc thita nghiém;

— Coi x,y,z ¢6 vai trd nhu nhau trong biu
thic T,;

— Khong kiém tra viéc thda min yéu ciu d bai
clia cdc bd 6 (x,y,z) tim dugc, mic di céc bd
s d6 dugc fim ra tlf gia thiét T, 1a sb nguyén
khi n=1,n=—1,n=2, trong khi d& bai doi
héi phéi c6 T, 12 s6 nguyén v8i moi n nguyén.
3. Céc ban c6 tén sau day c6 10i gidi ding:
Nguyén Quang Minh, (16p 9/3, trudng THCS
Nguyén Binh Khiém, Bién Hod, Pdng Nai);
Nguyén Hitu Danh, Nguyén Hitu Thinh, Bii
Khdnh Vinh (16p 10CT1, trudng THPT chuyén
Lé Hong Phong, TP. H6 Chi Minh); Lé Tudn
Anh (lép 11 Toan 1, trudng THPT chuyén
Lé Hong Phong, Nam Binh); Nguyén Tdn Tai
(16p 12A, trudng THPT chuyén Quang Trung,
Binh Phudc).

4. D& ¥ ring véi x,y,z 12 céc sb nguyén duong
cho trudc, T, 12 mot da thic bic 3 véi hé s hitu
ti ciia n. Trong 1i thuyét da thic, c6 két qu sau:

+ 1§ 2
;i 9258 3 Thang 3. 2018

e

Tap chiPi 3]

lOOH NYOL DQHL HOYHL



LTHACH THUC TOAN HOC

T
L

“?/10 56 e nhién m. Khi dé, néu da thitc P(%),
bdc m \:di hé s6 hitu 1f, nhdn gid tri nguyén tai
moi diém nguyén thi m! - P(x) la m¢t da thitc voi
hé s6 nguyén.”

Vi thé, dp dung két qua trén cho da thic T, (ciia
n), ta s€ suy ra ngay cdc sb nguyén duong x, ¥,z
théa man yéu ciu dé bai phai la cdc udc nguyén
duong cta 6.

Dua vao két qué néu trén, ban doc cd thé ty dé
Xuat va giai quyét cic bai todn ciing kiéu véi bai
da ra, nhung véi hé sb cta céc liy thita cda n
phtic tap hon hodc c6 sé dn nhidu hon 3.

5. ng 161 giai da trinh bay trén day, c6 thé th?ly
yéu cau T, 1a s6 nguyén v4i moi n nguyén la
qud manh. Tir d6, c6 thé nghi t6i viéc 1am yéu

PINH CHINH

1. Tap chi Pi Tép 1, s6 12, thang 12.2017, trang
25, cOt bén trai, cic dong 51-9 1 :

< Trang 19, c6t bén phai, bai P130, cdc dong
141-16:

— Pa in: Ching minh ring, sau khi biét tdng
di€m ma méi gido vién da cho n— 1 gido vién
con lai,

— Nay sita thanh: Chiing minh riing, sau khi
biét diém ma mdi gido vién da cho ting gido
vién trong sbn—1 gido vién con lai,

o Trang 25, cOt bén tréi, cic dong 5 17-9 1:
—-Pain:

Goi R 1a giao diém ctia BC va tiép tuyén tai T
clia dudng tron @. Ta cé R,N,A’ thing hang
(vi cing thudc trung tryc cda DT). Do dé6,
RP-RQ =RA’-RN.

o Truong hop 2: EF khong song song BC.

— Nay sira thanh:

o Truong hop 2: EF khong song song BC.

Goi R 1a giao diém ctia BC va tiép tuyén tai T
ctia dudng tron ®. Ta c6 R,N,A’ thang hang
(vi cung thuc trung tric cia DT). Do do,
2. Tap chi Pi Tap 2, sb 2, thing 2.2018:

o Trang 23, cot bén trdi, bai P146, céc dong
15)-16
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di yéu clu do. Ngudi chim bai xin dg Xuly by
todn sau: i .

Bai toan dé xuat. Tim rat cd cdc b(, s’(; gy,
diwong (X, %:2) $ao cho voi moi s¢ "guuyg,
n > m2018, tong

n I’l2 }13

x Yy Z
la mot s6 nguyén.
Hi vong Pi s& s6m nhan dugc 16i gidi cfiy bat
doc cho bai todn vifa néu trén. p
Ha D“y Hll’ng

P130. Do su ¢4 ki thudt (xem Dinh chinh duyg;
ddy) nén viéc nhdn loi gidi cho bai todn nay
dugc gia han 16i ngay 15/4/2018.

—Pa in: Chitng minh ring tam gidc ABC vatan
gidc Iyl c6 clng tryc tim.

— Nay sira thanh: Ching minh ring tryc tim
ctia tam gidc I,Ip1. 12 tim dudng tron ndi tiép
tam gidc ABC.

o Trang 23, cot bén phai, bai P149, cic dong
71-81:

—Pi in: t6ng binh phuong ciia p s& nguyén lién
tiép 12 mot s6 chinh phuong.

— Nay sia thanh: tn tai p sb nguyén lién tiép
ma tdng binh phuong ctia ching 12 mot sb chinh
phuong.

© Trang 37, cot bén phai, cdc dong 10} - 12:

-Pa in: Khi d6, diéu phai chiing minh theo yéu

ceflu clia d2 bai tuong duong véi viéc ton tai chi

$01<i<n+1saocho S;=p.

~ Nay sita thanh: Ta s& chiing minh ton tai chi

61 <i<n+1 sao cho §; = p. Khi do, hiéh

npién\ta s€ c6 didu phai chitng minh theo yeu

ciu deé bai.

Tap chi Pi chan thanh cém on ban Trdn Ngwé

Nam Hung (16p 9A11, trudng THCS Ngb T
T6, Quan Phii Nhuan, Tp. Ho Chi Minh), thd¥
Trdn Quang Hing (trudng THPT chuyén T
nhién, PHKHTN - DHQG Ha Nbi), co Llﬂl:’
Thi Thanh Ha (trudng THPT chuyén H“yn~h4
Mén Pat, Kién Giang) da phat hién ra ¢ic 1"
néu trén. !
Xin cdo 15i cilng ban doc. J
Tap 2 56 3 Thang 3 20]8%



DANH SACH BAN DOC GUI BAI VA LOI GIAI

Tir ngay 18/01/2018 dén 23/02/2018, Toa soan da nhan dugc

+ Bai toan dé xuéit, bai viét ctia cdc ban c6 tén sau:

Triong Quang An (GV THCS Nghia Théng, Quang Ngii), Lé Qudc Hdn (GV Dai hoc Vinh, Nghé
An), Vo Thuc Khdnh Huyén (Trudng trung hoc ndi tri Mercersburg Academy, Hoa Ky) - Khong
Minh Thdi (Trudng THPT chuyén Lé Quy Dén, Quéang Tri) - Nguyén Nam Viét (Trusng THPT
chuyén Ha Noi - Amsterdam), Nguyén Quang Minh (L6p 9/3, THCS Nguyén Binh Khiém, Dong
Nai), Lé Diing Muu (GV Dai hoc Thing Long), Lé Véin Quang (Cuu GV Quéc hoc Hué), Nguyén
Viin Quy (Ha Noi), Nguyén Trudng Son (GV THPT chuyén Luong Vin Tuy, Ninh Binh), Lé Thé
Thong (GV THPT Lé Quang Chi, Ha Tinh), Hoang Lé Nhdt Ting (SV K61 SP Toan, PH QG HN).
* Lui giai ciia cac ban ¢6 tén sau:

Nguyé?l Viin Bdo A;g (Ldp 9/11, THCS Ping Tran Con, TP. HCM), Vi Thity An (Ldp 10 Todn 1,
THPT chuyén Lé Hng Phong, Nam Dinh), Lé Tudn Anh (Lép 11 Toan 1, THPT chuyén Lé Hong
Phong, Nam Dinh), Lé Gia Bdo (Ldp 10 Toan, THPT chuyén Lé Quy Don, Khanh Hoa), Nguyén
Thdi Binh (L6p 10CT1, THPT chuyén Lé Hong Phong, TP. HCM), Vi Vin Ding (THCS Ly Tu
Trong, Ha Giang), Trdn Vii Duy (Lép 10CT1, THPT chuyén Lé Hong Phong, TP. HCM), Phan
Minh Pat (L6p 10CT1, THPT chuyén Lé Hong Phong, TP. HCM), Nguyén Xudn Hiéu (L6p 10
Toan, THPT chuyén Nguyén Chi Thanh, Pic Néng), Pham Hiéu (LSp 10A1, THPT chuyén Lé
Quy bon, ba Nzcing), Dinh Xudn Hoan (LSp 10 Todn 1, THPT chuyén Lé Héng Phong, Nam binh),
Nguyén Quéc Hung (Lp 10CT1, THPT chuyén Lé Hong Phong, TP. HCM), Trdn Nguyén Nam
Hung (Lop 9A11, THCS Ngb Tit T, TP. HCM), Ta Nam Khdnh (Lop 10A1, THPT chuyén Vinh
Phiic), Pham Pinh Anh Khoa (L6p 10CT1, THPT chuyén Lé Hbng Phong, TP. HCM), Nguyén
Bitc Anh Khoa (Lép 10CT1, THPT chuyén L& Hong Phong, TP. HCM), Vii Hodng Long (Lép
11 Toén 2, THPT chuyén Lé Hong Phong, Nam Dinh), Nguyén Quang Minh (LGp 9/3, THCS
Nguyén Binh Khiém, Ddng Nai), Lé Ditc Minh (Lop 8T1, THCS Doan Thi Diém, Ha Noi), Trdn
Duy Minh (L6p 9A5, THCS va THPT Nguyén Tht Thénh,~Hé Nbi), Trieong Ho Hoai Nam (L6p
10CT1, THPT chuyén Lé Hong Phong, TP. HCM), Nguyén Thily Kim Ngdn (THPT chuyén Lé
Hong Hong Phong), Truong Tudn Nghia (LSp 9A, THPT c\huyén Ha Noi — Amsterdam), Hodng Lé
Bich Ngoc (Lép 7A, THCS Thai Thinh, Ha Noi), Tran Hong Nguyén (L6p 10CT1, THPT chuyén
L& Hong Phong, TP. HCM), H6 Long Nhdt (LSp 10 Todn, THPT chuyén L& Quy Don, Nha Trang),
Pham Véin Long Phudc (L6p 10 Toén, THPT chuyén Nguyén Tréi, Hai Duong), Trdn Thanh Quang
(Ldp 10 Todn 1, THPT chuyén Lé Hong Phong, Nam Dinh), V5 Minh Qudn (L6p 11 Toan, THPT
chuyén Thing Long), Nguyén Van Thanh Son (THPT chuyén L& Quy Pon, ba Nang), IYgzaye’n
Trung Son (Lop 10 Toan, THPT chuyén Huynh Man Dat, Kién Giang), Doan Quang Tié{z (Lép
1A, THPT Phd My, Ba Ria), V6 P& Hoang Tin (L6p 10CT, THPT Nguyén Thugng Hién, TP.
HCM), Qudch Minh Tudn (L6p 11 Toan, THPT Luong Thé Vinh, Dong Nai), Truong Manh Tudn
(Ldp 12A1 Todn, THPT chuyén KHTN), Hoang Lé Nhdt Ting (SV K61 SP Todn, PH QG HN),
Chut Thi Thanh (L&p 10A1, THPT chuyén Vinh Ph1i~c), Pham Pitc Thanh (Lép 10 Todn 1, TI-{PT
chuyén L& Héng Phong, Nam Dinh), Truong Nguyén Tran (LSp 10CT1, THPT chuyén L& HéI}g
Phong, TP. HCM), Nguyén Manh Trung (Lép 10 Toén, THI?T chuyén Nguyén Chi T~hanh, bac
Nong), Bing Pitc Truong (LOp 10CT1, THPT chuyén,Le Hong Phong, TP. HACMz, V? Tuong Vi
(THCS La Quang Cudng, Ba Ria), Bii Khdnh X{t‘nh (I:dp 10CT.1, THPT chuyén Lé Hong Phong,
TP, HCM), Lé Ditc Anh Vii (LSp 8A3, THCS Céu Giay, Ha N6i).

Toa soan xin chan thanh cAm on va mong tiép tuc nhan dudc sy cong tc clia cdc ban.
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PHUONG PHAP ARCHIMEDES

TINH DIEN TICH VA THE TICH CAC HINH, KHOI QUEN THUOC
D6 Trong Dat - Phé Buc Tdi

Tinh toan df dai, do dac dlen tich, thé tich vat
thé tir 1au da la mot nhu cau ciia loai nguoi.
Tir khoang thé ki thi 3 trudc cong nguyén,
nguoi Hy Lap da phat hién ra céch tinh chu
vi hmh tron, xap xi 50 T va tmh dién tich cia
mot ) mat. Sau dé dén thé ki 17, Newton
va Leibniz, hai nha toan hoc 16n, da tim ra
phép tinh vi phan, tich phan, m6 ra thoi dai
méi cho nganh giai tich, giip chung ta c6 thé
tim dudc dién tich, thé tich ctia hau hét cic
vat thé.

Trong bai viét nay chiing ta s€ tim hiéu ki
hon ve lich sit phép tinh dién tich va thé tich
thoi ¢o dai, dic biét la hai trong cac dinh Ii
néi tiéng cha Archimedes ma dng luén ty hao
vé chiing.

Gioi thiéu
Archimedes (287-212 TCN) la mot nha khoa
hoc ngudi Hy Lap, tai ba trong nhiéu linh vuc,
bao gdm toén hoc, vat 1y, cd hoc va thlen vin
hoc Tir bé chéc nhiéu ban da dudc nghe vé cdc
cbd may chién tranh thong minh do Archimedes
ché tao dé chéng lai quan La Ma. Hodc cdc ban
da biét tit Eureka (nghia 1a “tim thily”, trong
cau “Toi da tim ra nd!”) trong cau chuyen lam
thé nao 6ng tim ra 10 glal cho ciu hoi cia Vua
xif Syracuse | (Hy Lap c8) vé cdi vuong mién.
Nhung trén t4t ca, Archimedes la mot nha hinh

hoc, diéu nay dugc thé hién & tren bia m§ ciia
ong, két qui ma 6ng rAt tam déc ve t1 18 thé tich
ctia khéi tru ngoal tlep va khéi cdu bang tilé
dién tich va bing 3/2 (xem Hinh dudi).

Tit thdi Ai Céap cd dai hon 5000 nim trudc,
céc nha toan hoc da biét thé tich ti dién bing
1/3 chiéu cao nhan véi dién tich dy, thé tich
khbi lang tru va thé tich khéi tru béng chiéu
cao nhan véi dién tich ddy. Sau khi c6 s6 7
(dinh nghia bing ti s6 giita chu vi dudng tron
va dudng kinh), ngudi Hy Lap (trudc thdi
Archlmedes) da biét tinh dién tich hinh tronx
bing cong thic TR, mot chiing minh clia cong
thic nay, bing cdch xép xi dién tich da gidc deu
¢6 6 canh 16n (din ra vo ciing), c6 thé tim théy :
trong mot cubn sach ciia Archimedes. Tit décd
céc cong thiic thé tich khbi nén V = —ﬁth thei
tich khéi try V = whR2. Tuy nhién de c6 duge.
thé tlch cla mot
khéi cu hay thé tich
clia mot khdi xuyén
la mot nghé thuat.
Archimedes di dung
nguyén ly (ngay nay
£0i 1a nguyén ly Cav-
alieri): Cho hai khéi
¢6 cing chidu cao,
dit hai khéi nim kep
gitta hai mit phéng
song song, néu mijt

ARCHIMEDES

Binh Iy ciia Archimedes
trén bia m9
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] A bit ky song song vdi hai mit phing nay
I hai tiét dién v6i hai khéi ¢6 ciing dién tich thi
hai Kkhéi c6 cung thé tich. Xem Hinh 1.

Hinh 1. Nguyén Iy Cavalieri

~ § trwong phd thong ching ta duge hoc cong

thitc tinh dién tich mit ciu va thé tich khéi
' ciu nhung khong c6 ching minh. Lén dai hoc
. sinh vién nganh toan va k¥ thudt c6 thé hiéu
. dugc ching minh tit phép tinh tich phan. Tuy
 nhién, it ai ngd ring c6 mot ching minh da dugc
'~ Archimedes tim ra hon 2000 nam trudc dva trén
. quitic don by trong cd hoc (xem [2]). Trong
bai bdo ngén nay chiing t6i trinh bay lai chung
minh ciia Archimedes (tham khéo [1, 3]) bing
ngdn ngit toan hoc dé& céc ban hoc sinh phd
thong c6 thé hidu dudc.

Thé tich khéi cdu va dién fich mét cu

Cong thite dién tich hinh tron dugc suy ra tut

¢ong thitc chu vi. Nhung d6i véi khoi cAu,

Archimedes di tinh thé tich trudc, sau d6 méi

tinh dign tich bé mit. Trude hét, ching ta co
| dinh 1y ddu tien lien quan dén thé tich.

[ Hinh , Khéi cdu ni tiép khdi tru va 2 khdi non

T . . 2
Pinh Iy 1. Moi khdi cdu déu cd thé tich bang 3
thé’tich cita khéi tru ngoai tiép no.

Chitng minh. Goi ban kinh ciia khbi cdu 12 R va
tam cia n6 Ia O. Phuong phdp cla Archlmedes
chi ra thé tich clia phan gi6i han bdi mat clu
v mit try biing tdng thé tich cla hai khéi nén
dinh Oy c6 ddy la cic day clia khéi try. va chiéu
cao 1a R; xem Hinh 2. Y tuang nay v& sau goi
la nguyén ly Cavalier da nhéc trong phin md
dAu, téng quat hon ta c6 cong thic Fubini d&
tinh dién tich, thé tich,.

Xét tai mit mitc c6 dd cao 1a [ so véi O, v€ mit
phing song song véi ddy clia khéi tru cit truc
tai A, mit cau tai B va mit tru tai C dé ba diém
nay thing hang, né ciing cét mit nén tai D va
truc ctia khbi nén tai A;, xem Hinh 3.

A B [c

78
N

Hinh 3. Mgt cdt nhin tit phuong ngang

Tathly O1A| = A D = . Dién tich ciia hinh tron
tao bdi AC khi quay quanh truc bang nR%. Tit
dinh 1i Pythagore, ta c6 AB = VR?2—I2, nén
dién tich cta hinh tron tao bdi AB khi quay
quanh tryc bing 7(R? — [2). Trit hai dai lugng
trén, ta rit ra dién tich cta hinh vanh khuyén
tao bdi BC khi quay quanh truc biang mi2, va dai
luong nay ding bing dién tich céia hinh tron tao
bdi A1 D khi quay quanh truc.

Vy tai m&i mit mic, dién tich mit cat (tiét dién)
clia phin g101 han bdi miit cdu va mt tru.va dién
tich mit cdt ciia hai khdi nén 1a biing nhau, hgp
tht ca cac tiét dién d6 lai, Archimedes suy ra thé
tich clia chiing ciing biing nhau. Ngoai ra thé

tich cia mot khbi chép bi“mg §7IS, v6i S 1a dién
tich ciia ddy. Suy ra thé tich ciia phan gi6i han

b&i mit ciu va mit try bing §7cS, chinh biing

| . 2. ot Lo S
— thé tich ctia khoi tru. Vdy tom lai thé tich cia
khbi ciu bing 2/3 thé tich cda khéi tru.

14 2
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|

T cong thic tinh thé tich khéi tru, bing chidu
cao nhén dién tich ddy, trong trudng hgp nay
bing (2R)(nR?), Archimedes thu dudc cong
thic tinh thé tich khéi ciu:

HE qua Thé'tich ciia khéi cdu bing gﬂR3.

Mot diéu dang ngac nhién 1a ta ciing c6 mot Kkét
qué’tu’dng tu (cung chung 6 s6 2/3) nhu dinh Ii
1 dai véi dién tich bé mit.

< 2 AP L H
Dinh 1y 2. Moi mdt cdu déu cé dién tich bing 3

dién tich ctia mdt tru ngoai tiép né.

Chitng minh. D€ tinh dién tich ciia mit ciu,
Archimedes chia nhd mt ciu bing “tam gidc
phén”; xem Hinh 4. Khi ting s6 diém ta c¢6 tam
gidc phan min hon, khi s§ diém cang 16n thi dién
tich xung quanh cla da dién tién t6i dién tich
clia mit cdu va thé tich ciia khbi da dién tién t6i
thé tich ciia khdi ciu bing $7R®. Mit khdc, khi
nbi tdim O dén cdc dinh clia cdc tam gidc ta phan
khéi da dién thanh cic ti dién, chidu cao ha tir
O tién t6i ban kinh R. Vi vy thé tich ciia khéi
da dién bing téng thé tich tit ci cdc tii dién,
va gid tri nay tién t6i (1/3)R nhan véi dién tich
toan phan cta khéi da dién. T d6

Vinsi ciu = (1/3) RSt ciu-
Vay
= 3Vinsi cau/R = 3(§”R3)/R
=47R%.

S ‘mit ciu

So sanh véi dién tich toan phén ciia mit tru ta
¢6 didu phai chiing minh.

Mot chiit tinh todn, ban c6 thé thiy dién tich
xung quanh cia mit try 1a 477R%, bing dién tich
ciia mit ciu. C6 thé dén ddy ban s& ngac nhién:

A9

“6, sao lai trang hgp dén thé”. Nhung déy khong

diing hang ngy. Ching (01 hi vong sz v

chi dé thii vi nay trong MOt s0 bo sdp tgj.

Hinh 4. Tam gidc phén mdt cdu

Thé tich va dién tich cdc hinh khée?

Tuwong ty nhu Pinh 1y 1, nhu mot bai tap, bay
doc hdy tu dua ra cong thic tinh thé tich ciy
mot hinh xuyén. Néu khong tim ra 10i gidi, ban
6 thé tham khao bai viét [4].

Téng quét hon, néu xét cac khdi tron xoay, chiing
ta ciing c6 mot phuong phap c8 dién c6 tén goi
“Pjinh 1y trong tdm clia Pappus” dé tinh thé tich
va dién tich xung quanh. Pappus ciing 1a m{t
nha toén hoc Hy Lap thdi ¢8 dai (290-350 sau
cong nguyén). Thé méi thdy con ngudi tit thud
xuta dd c6 nhitng y tudng chiing minh hinh hoe
that tai gidi.

Chii thich: Mot vai hinh 4nh trong bai viét ndy
dudc léy tu nguén Internet.

Tdi liéu tham khdo
[1]1 T. M. Apostol, M. A. Mnatsakanian, A fresi

look at the method of Archimedes, Amer Math
Monthly. 111: 496-508, 2004.
[2] A.K.T. Assis, C. P. Magnaghi, The illustrated
method of Archimedes, C. Roy Keys Inc., 2012
H. Gouin, Archimedes’ famous-theorem
arXiv: 1510.069591v1, 2015, (Pudng link:
https://arxiv.org/abs/1510.06959).

3]

phai 1a mot sy trang hop ngdu nhién ddu, mala 4] P.  Kunkel, Volume of a torus, nguol
hé qua cia mdt dinh Ii khdc ciia Archimedes, http://whistleralley.com/torus/torus.htm, ba%
cﬁng 151 cubn” khong kém hai dinh 1i néi trén, cip nhat 9/2003. ]
d6 12 v& phép chiéu “ding dién” (bdo todn dién 5] E£.W. Weisstein, pappus's Centroid Theoret™
tich). Nh& c6 phép chicu dt}ng’dlt?{l o rpat_ call dudng link: http://mathworld, wolfram.co
Jén mét try ma chiing ta 6 cdc ban do dia ly PappussCentroidTheorem, html
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THIEN TAI VA SO PHAN

Chuyén ké vé cdc nha Todan hoc

Lé Bich Phuong'!

6i dén todn hoc thé ky 19, ngudi ta
Nkhf)ng thé khéng néi dén nhiing tén

tudi nhu Cauchy, Galois, Abel va Can-
tor. Ho 1a nhitng ngudi da dit nén tang hién dai
vig chéc cho toan hoc, tif gii tich, dén hinh
hoc va dai s6 hién dai, dén 1y thuyét tap hop, dé
cho todn hoc va tin hoc dudc tiép tuc pht trién
1619 trong thé ky 20 va 21.

Hiu hét nhitng ngudi yéu toan dugc biét dén bét
ding thitc Cauchy-Buniakovsky-Schwarz tit cip
phd théng cd s6, hodc 1én bac dai hoc thi biét
dén nhitng khéi niém nhu day Cauchy va tich
phan Cauchy. Nhung rit it ai biét ring, Cauchy
khong nhiing 13 mdt nha todn hoc toan ning
¥Si nhitng déng gop co bin cé trong gidi tich
laAn hinh hoc va dai s, ma con la mot ky su
- “% dudng tai ning, mot nha cd hoc va vat 1y
- XUat sic véi nhitng 1y thuyét vé dan hdi va vé
; zzang hQC.:Ngoz‘ii ra, 6ng con 12 mot ngl.I(:ji rit
s cﬁ: t‘{m, san sang dem cd ndm luong gido su
- aminh phit cho ngudi nghéo. Nhung ké cd 1a
le‘,n i thi ciing c6 nhitng diém yéu clia minh.
- °tdiém yéu ciia Cauchy, khién cho ong gip
! cug;‘ghit Kh6 khan vi ¢ nhiing lic trd thanh trd
g bc N ‘hjenkha, 12 6ng “bao hoang hdx) vua”,
g Vio ;‘0 ahu ve ton gido va chinh tri, kho?g m:
G WWYCt tien hoa va chi trung thanh v6i che
" 94n chii 18i thai gén lidn voi nha thd.

1
D =
- “hoc Mg Big chdr,

Thin déng Galois khong dugc may médn trd
thanh vién si gidu c6 sang trong nhu Cauchy.
Sinh ra trong mét ra dinh chda sin bi kich, cha
chét vi ty tit, Galois trd thanh mdt thanh nién
c4ch mang cuc doan, bi danh trugt khi thi vao
trudng Bach khoa Paris (Ecole Polytechnique),
1di bi dudi hoc tif trudng Su pham Paris (Ecole
Normale), sau d6 bi di ti hai 14n, déu vi nhiing
hanh dong qua khich. Cubi cling, Galois di chét
vi d4u sting, khi tudi méi 20. Trudc khi chét,
Galois di kip dé lai cho thé gi6i mét 1y thuyét
dai sb hién dai, ngy nay goi 12 1y thuyét Galois,
ma céc nha todn hoc thdi d6 phai mét rit nhidu
nim sau méi hi€u va nhén ra gi4 tri thuc ciia ng.
Nha todn hoc Abel ctia Thuy Dién c6 tinh tinh
hién hoa, khong chét vi dAu sing nhu Galois,
nhung ciing khong tranh khéi bi kich chét tré khi
mdi 28 tudi, do nghéo déi va bénh tat. Trude khi
qua ddi, Abel ciing kip d€ lai cho hau thé mot
khéi cong trinh todn hoc dd s, trong ca hinh
hoc, dai s6 va giéi tich. Ong chinh 13 ngudi diu
tién ching minh dudc mot céch d?ly dt vi sao
nghiém clia phuong trinh dai sb tdng quét bac 5
trd 18n khong viét duge dudi dang cin thic. (Ly
thuyét ctia Galois sau d6 di sau hon, cho biét
nhitng khi nio thi nghiém viét dugc dudi dang
cin thiic). D& tudng nhd cong lao ciia dng, Thuy
Dién di lap ra gidi thudng Abel cho todn hoc tit
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cudi thé ky 20, twong duong véi gidi Nobel vé
y nghia.

{?IeuAtrong\ thé ky 20, ngusi ta biét dén dinh 1y
khong day di” clia Godel trong 1ogic (bi rat
nhicu ngusi thiéu hidu biét toan hoc lam dung,
Xuyén tac thanh Iy 1& cho céc hoc thuyét gia
khoa hoc ctia ho) va dinh 1y “khéng xdc dinh”
m}a Turing trong khoa hoc mdy tinh, thi cong
dau phai k€ dén Cantor, ngudi diit nén méng cho
1y thuyet tap hop va dua ra phuong phap (goi Ia
p}ZUOng phap chéo héa) dugc ding
dé ching minh cic dinh Iy nay.
C6 nhitng tdc gid
nhén dinh ring
Cantor chinh 12
nha toan hoc 16n
nhét ciia nita sau
thé ky 19. Nhung
6ng ciing khong
tranh khoi bi kich bi
nhitng ngudi cung
thdi cong kich, khong
céng nhan, dén miic
phat dién.

Dén déu thé ky 20, xuét
hién mot gidi thudng
toan hoc québc té rat uy
tin, do nha toan hoc Fields
ngudi Canada khéi xudng.
Khong may cho Fields, ong
da bj chét trude khi ngudi
ta kip trao gidi todn québc té 5
nay l4n dau tién, nén dé tudng nhd ong ngudi
ta thuong goi day la giai Fields, tuy rang day
khong phii 1a tén goi chinh thitc cia no, ya huy
chuong di kem véi gidi in hinh mot ngudi kPéc,
chinh ]a nha toan hoc Archimedes tir thoi cd Hy
Lap. Giai Fields hay dudc vi nhu }é giéi}NE)bel\,
tuy ring né c6 mot diém khdc biét kha,ldnkla
han ché tudi, va nhidu nha todn hoc 16n tam
<& Nobel hay Abel, vi du nhu Zariski, Arnold,
Nash, v.v. khong dugc giai nz‘iy..Tuy nh~1en, dar}h
sach nhitng ngudi doat giai F}fldsﬁcung) phén
4nh kha trung thuc sy phét trién cua toim hgf
thé gi6i k€ tir nhiing ndm 1930. Cho dén mai
ndm 2014 méi co mot phu nit duy nhat doat

gidi Fields, la Mar/yam Mirzakhani, gigg g ol
Stanford, ngudi goc Iran. That ding budn, pr
nim 2017 vi nit gido su téi gidi nay di qQua g
vi bénh ung thu. Trong sf) nhitng ngug; 4

trao gidi Fields trude dén nay, cling cg din
mot ngudi tir chdi nhan gidi, 1 “nha togn pog
ky di” Perelman nguf)i Nga - Do Théi, g 4

giai dugc “gia thuyet Poincaré”, mt baj (g
thién nién ky thyc su héc bia.

Ciing trong s nhitng ngudi dugc giai thtdng
Fields, c6 mot “nha todn hoc ky di” khac, 13
Grothen@ieck, nguoi di lay
thay do6i toan bd bo my
ctia nganh hinh hoc dai 5§
Cubc d6i ctia Grothendieck,
tur rp(f)t cau bé ti nan khong
quoc tich, bo bi chét trong
trai tip trung ctia Phét xit
Pitc, dén dinh cao todn
hoc, sang mién Béc Viét
Nam giang bai dudi bom
dan ctia My, rdi sau d
trd thanh 4n si tir chdi
gidp mat cé con dé clia
minh, ciing hét sic
diic biét.
Tit ca nhing ditu
trén, va rit nhiéu didu
thu vi khéc nita déu
¢6 trong quyén sécl: ;
Thién tai va S0
phén: Chuyén ké'vé cdc nha todn
hoc ctia TS. L& Quang Anh. Quyén séch ndy.
dugc TS. Lé Quang Anh viét, dau tién la dudi
dang céc bai bio nghién cifu lich si todn ho%
dya trén sy tham khao nhiu tai liéu tiéng AT
va tieng Phdp. Sau d6 né dugc Sputnik Educas
tion tdp hop va chinh sita lai cong phu d€ !h 2
sdch, véi sy hd trg ciia GS. Nguyén Tién Dile
vé mit ndi dung va sy bién tap ciia TS. Luu Ti8
Huong, ciing véi 10 gidi thiéu cia TS. Nguyel
Xuén Sanh. i

Qixyé'n sdch chifa rit nhiéu thang tin va bai hot
b3 ich v6i moi ngui, diic biét 1a cdc ban B
sinh yéu todn va céc gido vién todn.
Xin m&i cdc ban tim doc!
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HILBERT HOC TOAN

Chl Qudan

berg

tén ndy, it nhit cling tir bai todn “Bay ci ciu &
Konigsberg™ ctia Euler.

D6 1a thanh phé thudoc DE quéc Phé, nay la
Kaliningrad thudc Lién bang Nga. Piéu déng
ngac nhién 13 c4i thanh phé bé nhé d6 lai la noi
$in sinh ra nhiéu nhén vt kiét xuit cia Khoa
PQC: Kant, Hilbert, Hurwitz, Minkovski,. . .

 Daihgc Konigberg. Nguon: Internet.
il N .
4ch day va hoc ctia Pai hoc Konigsberg

R 1oy =
d‘nguyen nhan san sinh ra nhitng thién tai
oching?

Ta thd xem Hilbert ting hoc dai hoc Konigsberg
thé nao nhé.

Diéu may mén 16n cho Hilbert 13 trudng dai hoc
& thanh phd Konigsberg qué dng, mic du xa thi
d6 Berlin, nhung 12 mot trong nhiing trudng dai
hoc t6t nhét nuéc Piic. Jacobi da ting gidng day
3 d6, vao thsi ma 6ng dugc xem la nha Toan
hoc 16n thit hai Chéu Au, sau Gauss. Ké tuc éng,
Richelo chinh 1a ngudi ¢ cong 16n trong viéc
phét hién ra thién tai cia K. Weierstrass khi doc
cong trinh ctda thdy gi4o trung hoc v6 danh nay.
Ong di thuyét phuc dugc Trudng dai hoc trao
bang danh du cho Weierstrass, va tim dén tan
thanh phé nhd bé, noi Weierstrass dang day hoc
dé thong bdo tin nay. “TAt ca ching toi déu tim
thily & Weierstrass vai trd clia ngudi hudéng din”.

Miuia thu ndm 1880, khi Hilbert budc vao Trudng
thi Weierstrass da 1a nha to4n hoc kiét xuit nhit
nudc Dic; Jacobi va Richelo t6t bung da qua
ddi, nhung Franz Neumann, ngudi s& séng dén
trdm tudi, van con doc bai gidng & trudng. Sinh
vién déu dudc biét dén cdch ma Vién han lam
déanh gid cac cong trinh khoa hoc, va F. Neu-
mann, ngudi c¢é nhiéu phat minh khong bao gids
cong bd, néi vé didu d6: “Tim ra chan 1y méi
tu né 1a niém hanh phiic 16n lao; viéc thita nhin
dudng nhu khong gitip thém dugc gi”.

O trudng dai hoc, Hilbert cAm thiy thoai mai
nhu khi & trudng phd thong: cdc gido su day
nhitng gi ’h() thich day, con sinh vién chon nhiing
gi ho mubn hoc! Khong c¢6 mdt yéu cu bit budc
ndo, cic budi da hdi dugc gidm dén muc téi

188 5 oz
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QUAN TOAN

thlf:u’ lfhéng ¢6 bit cit ky kiém tra nao, cho dén
khi phai thi tt nghigp. Tht nhién véi mot suf ty
d? nhu vy, nhiéu sinh vién da bién nhiing ndm
dau & dai hoc thanh nhiing cudc vui trién mién
i sinh vién, va nhiing cudc déu sing! Nhung
VO1 anh sinh vién 18 tudi Hilbert thi trudng da
cho anh ta co hdi khong thé tuyét vai hon: su tu
do mong dgi tif 1au d& danh tron cho Toan hoc.

David Hilbert. Nguon: Internet

Ngudc véi mong mubn cia cha me, Hilbert
khong ghi tén vao nganh Ludt, ma ghi tén hoc
céc bai gidng vé Toén, thdi d6 dang thu¢c Khoa
Triét hoc.

Trong hoc ky dau tién, Hilbert di nghe c4c bai
giang vé phép tinh tich phan, dinh thic, do cong
ciia cdc mit. Sang hoc ky thif hai, nhu thong 1&
phd bién thai d6 la sinh vién di dén cdc trudng
dai hoc khac d€ nghe cdc chuyén dé khic nhau,
Hilbert dén Gottingen, “thd d6 Todn hoc” clia
nuée bite. O do, éng nghe bai giang ciia Fucks,
ma tén tudi gin nhu dong nghia véi Iy thuyét
phuong trinh vi phan tuyén tinh. Fucks gidng bai
theo phong cdch rat la. Thudng thi 6ng khong
chusn bi bai gidng, ma “ngdu hing” ngay trén
16p. V& sau sinh vién néi ring, chinh nhd dé ma
ho “cé co hoi quan st suy nghi ciia mdt nha
toan hoc dinh cao”.
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Hoc ky tiép theo, Hilbert dén Berliy .
c6 dip lam quen véi nhiing nhy {oé(sl an
kiét xuéit nhu Weierstrass, Kummer, Kronn .
Helmholtz. Nhung vdi tinh yéu qué hita ech .
tr& vé Konigsberg. & by
& Konigsberg, Hilbert két than v ngug;

dén tir Berlin, mot thién tai nhung Jy; rf:l ¢
ré, d6 1a Minkovski. Hai ngudi ban, 'Cim ru
mot thiy gido tré 25 tudi méi dén 13 Hufw Vi
Iip thanh mot “b6 ba” khong the ri nhay, g
ngay, ding 5 gi0 chiéu, h9 lai 1am cuge “diy ;lén“
va Hilbert phat hién ra rdng, nhitng cay Chuy'é’
trong khi tan bo gitip ich hon rat nhidy g, v;,;!
ngdi nghe bai gidng & gidng dudng. Ong vié;
“Trong ,nlu"(ng cudc tdn b’_o” bdf‘ tén do, Chiing 5
chim ddam trong nhiing 1@1 dé todn hoc the; by
gid, trao doi nhitng dieu vita phdt hign dug,
\

nhing y neong, nhiing ké hoach khoa hoc, vi

tao Idp mét tinh ban dén tron doi”. |
‘

Hurwitz Minkovski

B0 ba tim hiéu titng lau dai ciia todn hoc (e
gi6i. Hurwitz, véi kin thitc uyén béc cia mith
trong moi linh vyc, ludn la ngudi ndi bit nhi
1am lu m& hai ngudi con lai. V& sau Hilbert ﬂh“3
lai riing: “Thai dd, chiing 16i khong tin 1 4
khi ndo dé cd thé'tién xa nhit vdy”. i
Tuong tryén ring, Alexander Macedon khi cof
nhé thuding than mdi khi Vua cha chinh P
dét nude nao do: “Cit thé nay thi lam gi €O

cho ta chinh phuc nita”! Nhung cdc nha ©
hoc may mén hon: thé gi6i toan hoc 12 V0 L
va ludn con nhing dinh cao cho nhiing &
tri chinh phuc n6. Ciing nhu Hurwitz, Hi
va Minkovski di dat dén nhiing dinh €2
Todn hoc.

I E.

.
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HAI BIEN QUANG CAO
cACH NHAU BAO NHIEU?

Phan Thanh Hong - Nguyén Thi Nhung

Thhy em gdi dang ngdi trAim ngam, anh trai hdi:

gm dang suy nghi vé cdu db sau mdi chuyén
;i ciia cdc ban trong nhém a? Em nhén dugc cau
g thé?

ving anh 2. Nhung ma 1an nay em nhdn duge
u hoi ki cuc 18m, khong vé dia 1y hay lich sit
cda ving ching em dén ma vé khoédng céch cla
i bién quéng cdo trén dudng.

Thiy anh chau may khong hiéu, em gii
gidi thich:

_Thé ndiy anh a. Trén dudng di c6 rit nhiéu
bién quang cdo cach déu nhau. Miy dia bon
em khong ¢6 viéc gi lam nén nhin ddng hd dém
bién. C4u ban d6 em xem hai bién lién tiép cich
nhau bao nhiéu.

— “Sao biét dugc. Chic phéi c6 thém thong tin
gi chd.” Anh trai thic mic.

— Vang, ¢6 thém mét chi tiét nita anh a. Khi em
bit ddu dém tir mot bién quang cdo, vita hét mot
phuit thi két thiic § mot bién khac, cau ban em
kéu Ién: “That 1a triing hgp, néu 14y s bién nay
nhan véi 10 thi ding bing vén tbc clia xe 6 td
chiing ta”. Liic d6 xe dang di véi téc do rit déu
va em dang cb nhé xem vén tdc theo kilomet
trén gio cha xe ldc d6 1a bao nhiéu.

Ciu anh trai ding suy nghi mot lic va néi: “Em
khong phai cb nhé nita dau, anh tinh dudc rdi.
Tbi nay rita bat ho anh thi anh ggi y cho!”

Khéng cin biét van tbc ma vén tinh dugc a. Anh
trai d4 lam thé nao 4y nhi, c4c ban giai thich hd
cho c6 em géi v6i nhé.

5 ox
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QUAN TOAN

GIAI DAP BAI TU NHAN

(Xem Tap chi Pi Tap 1, s6 9 thdng 9.2017, trang 56)

Gié st trong nha th chi ¢6 diing 1 ti nhan nhiém
b@nh, chang han t nhén s 01. Ngay budi sdng
dau tién, th nhan 01 nhin thiy khéng ngudi nao
€6 chim den trén tran, ma nha tu lai thong bdo
c6 ngudi bi bénh. La ngudi thong minh, 01 hiéu
ngay rang chinh minh c6 nt den trén trdn! Anh
ta bdo cdo véi nha ti, va dugc tha ra. Nhu vay,
neu chi ¢é 1 ngudi nhiém bénh thi ngudi dé
dugc ra vao cubi ngay diu tién.

Ta nghi thém mot chiit, gia sit c6 2 ngudi nhiém
bénh, 12 s6 01 va 02 ching han.

Budi sdng diu tién, 01 va 02 déu nhin thiy c6
ding mot ngudi c6 chAm den trén trdn, nhiing
ngudi khéc nhin thiy cé 2 ngudi c6 chim den.
Di nhién khéng ai dim chic minh c6 bi nhiém
hay khéng, nén ngay dau tién qua di ma khong
tu nhén nao 1€n khai bao.

Sang ngay thit hai, ti nhan 01 thiy ngudi duy
nhét c6 chAm den 13 02 vén con ngdi d6. La
ngudi théng minh, ti nhan 01 hi€u ngay ring
chinh anh ta ciing c6 chdm den trén trén. That
véy, néu anh ta khong c6 chim den (tifc 1a trong
nha ti chi mot ngudi 1 ti nhan s6 02 ¢6 chdm
den) thi & ngay thd nhét, ti nhan 02 s& khong
thy ai c6 chdm den. Khi d6, nhu da nhn xét
& phn trén, anh ta hiéu ngay 1a anh ta ¢6 cham
den, va da dugc tha tit ngay thif nhat, sau khi ¢6
thong bdo.

Ngudsi 02 ciing suy nghi tuong tu, va ciing hiéu
riing chinh anh ta ciing c6 cham den. C4 hai anh
chang sé bdo cho nha t, va dudc tha.

Vay néu trong tl c6 hai ngudi nhiém bénh, thi
ho dugc tha sau ngay thif hai.

Suy luan trén day din ta dé~n gid thiét quy nap:
néu trong tit ¢6 n ngudi nhién{ bénh, thiv tt ca”} sé
phat hién ra vao ngay thit n, va dudc tha ra ding

ngay do.

Minh hoa: Linh Rab

Khing dinh trén ding cho n=1,2. Gia si khing
dinh ddng cho n. Ta chiing minh ring, néu trong
tll ¢6 n+ 1 ngudi nhi€ém bénh, thi ho sé phit
hién ra va bdo cdo 1én trai ding vao ngay thit
n+ 1. That vdy, gia st tu nhan 01 1a mot trong
$6 n+4 1 ngudi nhiém bénh. Khi d6 anh ta s
thdy c6 ding n ngudi c6 chim den trén trdn.
Nhitng ngudi nhiém bénh khdc cling théy 0
dL’lpg n ngudi c¢6 chAm den, va khong ai biét
chic ring chinh minh c6 nhiém bénh hay khong
d€ bio. Tuy nhién dén sang ngay thi n+1, 1
nhan 01 vin thiy c6 ding n ngudi nhiém bénh,
va anh ta hi€u ngay ring, chinh anh ta cing
nhiém bénh: néu ngugc lai thi trong ti chi €@
n ngudi nhiém bénh, va theo gia thiét quy 1P
ho d& dugc ra tit vao cudi ngay thif n. Nhifis
ngudi khdc ¢6 chim den trén trdn ciing thons
minh nhu ngudi 01, va tht cé ho lén bdo 422
véi trai. “

Nhu viy cd n+ 1 ngudi dugc ra ti vao ngy tht
n+ 1. Khang dinh dugc chiing minh. 4
Chi Qudt
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Hoc VA BOI SONG
< |

e

RACIA

MIEN GIAQ THOA CUA TOAN HOC.
NGHE THUAT VA QUY LUAT TU NHIEN

(tiép theo ky trudgc)

Pham Huy Dién

' Trong khi cong lao phat tri€n hinh hoc fractal
 duge nhin nhan thudc vé Benoit Mandelbrot,
 uén thyc t€ nhiéu nha todn hoc khéc trong thé
kj trudc ong da ddt nén méng cho cdng viée
' ny. Didu ddng néi 12 Mandelbrot dd may mén
 sdhitu ning lyc ciia mdy tinh - 1gi thé ma nhiing
vitién bdi clia ng dd khong thé c6. Tuy nhién,
viéc thira nhan va hiéu nhitng thanh tyu cia
- Mandelbrot chéc chén sé chi gidp cho ching
- @1am quen va hi€u sau hon céc tic phdm c6
hel} quan clia Karl Weierstrass, Georg Cantor,
- Felix Hausdorff, Gaston Julia, Pierre Fatou va
| fg:ll\ALéVy - vén lf_h(‘ing ~ch1 lam cho t\éc\phe‘fm
iy 3n1?flbr?'t trfj nef1 r(2 .rar}g hdI:l, ma c?n cf:o
| e et noi clia no véi cac ngan.h .khac cua
0C noi chung, va todn hoc néi riéng.

Nhitng “quai vat” toan hoc
Cho déy tns Ky )
- Cic hﬁm ¢ y
) a0 ra
i ty i

19, todn hoc chi quan tim dén
6 th cz\ic duf{ng cong tron. That vay,
i & UOng ciia ngdy d ndi réing bit
Gl gy Ch° vi cong thifc giai tich (hay 12 tong
Rmgy duaum ldy thira hoi tu) chac chan sé tao
g n;g cong nhut véy. Tuy nhién, ngay 18
Mty bém 1'87-2: Ka\rl Weierstrass trinh bay

8ia ppg cho tz.n; Vlg-n han lam Khoa hoc Hoang
L agsy 0 thay ring d6i vdi s6 nguyén duong
€(0,1) thi

f(x) = Y b"cos(a"xm)
n=0
12 m6t ham khong kha vi. St dung dinh nghia
gi6i han cfia dao ham, dng chi ra ring ty sb sai
phén ctia ham

flx+h) —f(x)
h
16n bét ky khi chi sb liy tng ting lén. Nhu
chinh Weierstrass da chi ra, Riemann ciing da
tirng cho biét riing

i sin(n?x) /n?
n=1

1a mét vi du cta
mot ham lién tuc
ma khong kha
vi, nhung khong
bao gid cong bd
mot chiing minh,
va ciing khong
c6 ai lap lai né.
Nhu vdy, ching
minh ciia Weier-
strass xem nhu 12
vi du dugc chiing

minh chit ché diu tién vé mot ham lién tuc,
nhung khong khé vi.

A

9 a
. 2S°3Thdng 3.2018

Tap chi Pi

43




it

( TOAN HOC VA BOI SONG

Tr‘ozng khi Weierstrass, va qué thyc phn 16n cdc
thl\et lﬁP todn hoc thdi d6, da tranh sit dung do thi
ma thlwen Ve bien ddi hinh thic dé chitng minh
ket qua, cdc nha todn hoc sau nay nhu Helge von
Kgch va Mandelbrot lai thiy hitu ich khi bi€u
dien céc ket qua ciia ho dudi dang dd hoa. That
vay, doi v&i mot ngudi chi quen 1am viée voi cdc
dudng cong kha vi hiu khdp noi, khi gip mot
cong thitc cho mgt dudng cong khéng nhu vy
thi mot céu héi hién nhién phai 1a “né tréng nhu
thé nao?”
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f
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. 400
(a). Do thi Y. b"cos(a"xw), a=5,b=0.5.
n=0
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oL ‘,,-f!.\/*/
g
Do

Ve -2 58 1 = Y
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~ i \‘\..- N
VAo j' =t

. 10000
(b). DO thi Y, sin(n?x)/n%
n=0

Hinh 30.

Hai dudng cong trén déu 1a xp xi, nhung ciing
gitip ngudi ta hinh dung ra dang diéu cia cic
ham chinh x4c khong khic gi cic fractal (kiéu
nhu dudng von Koch ma ta thiy trong phan
trudc). Céc ham nay da “khédng” céc phép todn
gidi tich truyén thong va da dudc gan nhin “qudi
vat’ bdi Charles Hermite (mdc di khong phai
do hinh thii ciia chiing, vén nim ngoai kha ning
bi€u dién ctia cdc nha todn hoc ngay do), cho
nén phan 16n bi bo quén bdi cong ddng todn hoc
duong dai.

Nim 1883 Georg Cantor, ngudi di tham dy cic
bai giang ctia Weierstrass trong khi con la sinh
vién tai Dai hoc Berlin (va sau nay c6 vai tro doi
véi 1y thuyét tp hop cang nhu 1a Mandelbrot
d6i véi hinh hoc fractal), da dua ra mdt ham s6
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w lién tuc, c6 dao ham bing 0 hiu Khép g |

khong phéi 12 héing s6. Dao ham ciia ng cp; kh
0 trén mot tap c6 cAu tric ddc bigt, m g, nf"
duoc mang tén 1a tip Cantor, con ban than .

. hay

|
!
1
3
E

v thi ¢6 dd thi nhut trong Hinh 31(a).
1

0.8

0.6

0.4

o2

0 0.2 04 o6 08 T

(a). P6 thi ham .
o mmoran ot o s o e |

(b). Tégp Cantor
Hinh 31.

R T

R& rang, ham y 1a don diéu va c6 tinh chét sau
1
/0 ¥ (x)dx = 0, nhung ma y(1) — w(0) =1

Tap Cantor dugc xdy dung theo quy trinh minh
hoa trong Hinh 31(b). Cu thé Ia: 14y doan [0.1]
chia lam 3 phan va khoét b di khic giifa, 10!

con con i V
| cong viéc cif th
| tiép dién vO b2l
| lan thi tap cOf
' lai chi la nhins
gt byi” thita thd
| ma ta khong "h‘_

563 3

chinh 1a quy ¥=
ma Sierpinskh
46 10
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tam gidc mang tén ong sau nay (nhu da trinh bay
trong phan trudc cla bai viét), chi khac 1 doan
théing da dugc thay biing tam gidc. Tap Cantor
a tap v0 han dém dugc va c6 db do Lebesgue
1a0.RO rang n6 c6 thudc tinh ty dong dang, c6

nghia 1a néu phéng to mot phan cla tip, ta sé
thu dugc toan b tap. Ta biét ring tinh ty ddng
dang 1a mot dic trung ctia fractal, va tap Cantor
Jamot vi du ban du ciia fractal, mic di tinh ty
dong dang da khdng dugc dinh nghia cho dén
tan ndm 1905 (bdi Cesaro, ngudi da phan tich
bai bdo ctia Helge von Koch ma ta sé thio ludn
ngay dudi day) va fractal da khong dudc dinh
nghia cho dén nim 1975, do d6 Cantor da khong
nghi vé n6 theo nhiing thuat ngit nay.

Chiing ta da biét
vé béng tuybt
Koch trong phin
trudc cla bai viét
nay. Ngudi phat
minh ra n6 1a nha
todn hoc ngudi
Thyy Dién Helge
von Koch, vao
nam 1904. Trong
phan gi6i thidu
vé cong trinh ciia
minh, 6ng da néu
ra nhitng diéu sau

NGNS
Helge van Kach
day vé bai tiéu luan nim 1872 clia Weierstrass :

“... duong nhu véi t6i vi du cia ong [Weier-
strass] khong thda ddng tix quan diém hinh hoc
vi ham dige xdc dinh bdi mot biéu thiic gidi tich
Von che gidu bdn chdt hinh hoc ciia duong cong
tuong ting, va do do tir quan diém ndy ta khong
thdy tai sao duong cong khong cd tiép tuyén.
Thay vio dé cé vé nhu s xudt hién ndy thuc sy
mdu thudn véi thirc 1€ dugc Weierstrass thiét Idp
theo cdch gidi tich thudn tiy.”

Buding cong ctia von Koch, ciing nhu tdp Can-
tor, ¢d dic tinh tu ddng dang. N6 ciing 1a mot
fractal, cho di giéng nhu Cantor, von Koch da
khong nghi theo thuat ngit d6. Ong chi don thuin
14 nhéim muc dich cung cip mdt cdch khac d&
Chl'mg t6 ring cic ham khong khé vi (nghia 1a

An??

cdc ham “khéng c6 tiép tuyén” theo cach néi

hinh hoc) c6 thé tdn tai - theo mot céch lién quan
dén viéc stt dung “hinh hoc co s¢” (Tiéu dé cia
bai bdo ctia 6ng chinh 1a “Vé dudng cong lién
tuc ma khong c6 tiép tuyén tao dung tir Hinh hoc
Cd $3”). Biing cich dé, von Koch da cho thiy
mbi lién hé giita nhitng “con quéi véat” khong
kha vi cta giai tich va hinh hoc.
Von Koch ty minh 12 mot nha todn hoc khong
néi tiéng. Nhiéu két qua khéc ciia 6ng rit ra tir
Henri Poincaré, tit ngudi ma ong biét ring c6
thé c6 nhitng két qua “bénh hoan” - tic 14 nhitng
céi dugc goi 1a “quéi vat” - nhung chua bao gig
thuc su khai thac ching, ngoai bai ludn ndi trén.
Ciing cén Iuu y ring Poincaré nghién ctu dong
Itc hoc phi tuyén vao cubi thé ky 19, cudi cling
da dan dén 1y thuyét hén don, mot linh vyc lién
quan chit ché dén hinh hoc fractal. Vay 1a phu
hop khi von Koch trd thanh mét trong nhitng
ong t§ ciia linh vic cé lién quan chit ché dén
linh vyc nghién cifu ma chinh Poincaré da gitip
d6 dit nén méng.
Tap 6 sb chiéu khong nguyén
Mot khéi niém dic
biét quan trong
trong nghién ciu
fractal, ngoai sy ty
ddng dang va su
khong kha vi da
néi & trén, 1a s
chiéu Hausdorff,
mot khdi niém
dudc Felix Haus-
dorff dua ra trong
mot bai bdo cong
Folir Hnasdonfy b vao thang 3 nim
1918. Két qua ciia Hausdorff tit bai bdo nay 1a
rit quan trong déi vdi linh vyc top6. Dinh nghia
ctia 6ng vé s6 chidu di md rong dinh nghia trudc
day dé cho phép cdc tap c6 sb chidu 1a mot gia
tri thy ¥, khac khong (khong giéng nhu sé chidu
tdp6 chi 1a sb tir nhién), duge Mandelbrot sau
nay dung trong dinh nghia fractal khi dng xem
n6 1a “mot tap c6 sb chiéu Hausdorff 16n hon
hén sb chidu top6 clia né.”

Ngay khi Hausdorff gi6i thi¢u dinh nghia “mé
rong” vé s chidu, né da trd thanh dbi tudng

T0p 2 56 3 Thang 3. 2018

——

Tap chi Pi 45

[SNQS I0G YA DOH NYOL



w—

i TOAN HOC VA BOI SONG

khéo citu duge quan tam - dic biét 1a bdi Abra-
ham Samilovitch Besicovitch, ngudi tit nim
1934 dén diu nim 1937 da viét khong dudi ba
bai bo c6 dan tic phdm cta Hausdorff. Ding
budn thay, vao thdi gian ndy, Hausdorff dang
gap kho khin khi séng nhu mét ngudsi Do Thai
& nude Pic qube xi. Ong bi bude phdi tir bd
chic vu gido su tai Pai hoc Bonn nam 1935,
va miic dii vy 6ng tiép tuc 1am v& ly thuyét tap
hgp va top6, nhung téc pham ciia ong chi c6 thé
dugc xuit ban bén ngoai nudc Pitc. Mic du da
tam thdi thu xép d€ tranh bi dua dén mot trai
tap trung, tinh hinh 6 Dic nhanh chéng trd nén
khong thé chiu dung ndi, va khéng cé noi nao
khéc d€ di, 6ng cling véi vg va chi dau da ty t
vao thang Giéng ndm 1942.

S6 chiéu Hausdorff ciia mot tap 1a mot khéi
niém kha phuic tap nén khong dugc trinh bay chi
tiét & day d€ tranh lam bai viét trd nén qué dai.
Trong trudng hgp dic biét, khi tap cé tinh tu
ddng dang, thi s6 chiéu clia n6 chinh 1a s6 chiéu
fractal va dudc tinh theo cong thiic da dudc nbi
t6i trong phn trudc ciia bai nay, cy thé 1a

_ log(H )

" log(K)

trong d6 H 1a hé sb ting gidm s6 do ddc trung
cua tap tuong ting véi ty 18 ting gidm clia kich
thudc tuyén tinh K cla né. Tuy nhién, cong thitc
nay da khong xuét hién trong bai bdo clia Haus-
dorff, vi chiing lién quan tryc tiép dén fractal,
khai niém ma Hausdorff dd khong hé biét dén.

So chiéu Hausdorff ra doi nhiim khic phuc mot
s6 han ché cua sb chiéu topd, nhung rit may
1 né cling phan dnh t6t ban chét doc ddo ciia
cdc tap fractal. Chinh vi vdy, ngudi khai sinh
ra khai niém fractal sau nay da hoan toan co
1y khi dwa ra dinh nghxa né 1a mdt tép c6 sb
chiéu fractal 16n hon sb chiéu topo. Tuy nhién,
do tinh da dang ctia céc fractal c6 thé gap ma
dinh nghia nay da khong thé vét hét, Chdng han
nhu cac dudng cong lap day mot hinh hdp trong

khong gian.

Nhitng “diém hiit” va “diém day”

Gén nhu cing thoi gian ma Hausdorff da nghién
ctu, hai nha todn hoc ngudi Phép, Gaston Julia

va Pierre Fatou
da phat lrleu
céc nghiep cliy
(hoan toan g,
13p v6i nhau) yy
di t6i nhung ké
qua ¢4 § nghy
quan tr()ng dm
v6i hinh hoe
fractal. Ho
nghién ciu cge g
4nh xa cta mat phfmg phtic va cic ham lap, |
Cong v1ec ciia ho v6i cac ham 1dp da dén dény
tudng vé cac diém hit (nhiing diém trong khong
gian c6 tinh thu hiit cdc diém khdc vé vdi chiing)
va céc diém dédy (nhitng di€m trong khong gian ‘
ma ddy cdc diém khéc, thudng 1 t6i mot diém
hit khac). Nhitng khdi niém nay cing quan trong
déi véi Iy thuyét hén don. Céc ranh gidi giva
céc Iuu vic khéc nhau cia sy thu hit héa rarit |
phuic tap va dugc biét dén bay gi0 nhu tap Julia
(ma ta d néi téi trong phin dau ciia bai viét).

Bdi vi Fatou va Ju-
lia (hay ding hon la
cong viéc clia ho) co
trude cac may tinh,
nén ho khong thé tao
ra cic hinh anh nhu
ta thiy trong phin
dAu cla bai viét nay.
Ho da bi gidi han
trong nhitng gi ho c6
th€ lam biing tay, véi
chi khodng ba bén
vong 1dp. Julia da céng bd mot bai bio dal 199,
trang vao ndm 1918, goi 1 “Ghi nhd vé sy lap
clia ham hitu t§” (Mémoire sur I'iteration 4%
fonctlons rationelles), trong d6 tho luan nhic?
vé cong trinh ciia dng v& cdc ham 1ip v mo &
tp Julia. Vi bai bdo nay, Julia da gianh gil
Grand Prix clia Académie des Sciences va e
nén néi tleng trong gidi todn hoc trong subt thii
nién 20 diu thé ky trudc. Tuy nhién, médc du ’
bt nhu vy, cong trinh ciia ong da roi Va0 que
lang trong khodng nim muci nim. Fatoll" )
khdc, da khong dat dugc mifc d6 ndi tiéng’
Julia, du 1a chi tam thdi, ngay c khi da Ki%5

PIERRE FATOU
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phira nhitng két qué tuong tu - theo mot cach
khdc va ciing gu‘l chung di cong bb. Ong da giti
mot thong bdo vé két qud ctia minh cho Comptes
Rendus, trong khi Julia da chon gui tdc pham
ctia minh cho tap chi Journal de Mathématiques
Pures et Appliguées. Julia, bao vé cong trinh cua
minh, dé gdi thu cho Comptes Rendus yéu ciu
ho khéo cttu xem két qua ctia ai ¢ wu thé hon.
Diéu nay lam tung ra mét cudc diéu tra va dudng
nhu 1am nén 1ong Fatou, di d€ giit 6ng khong
tham gia Grand Prix. Tuy nhién, Académie des
Scnences da ghi nhén va trao cho 6ng mot giai
thudng vé& bai bdo nay.

Tap Julia ¢ th€ hoan toan khoéng lién thong,
trong trudng hgp d6 ching 13 “bui” nhu tap
Cantor néi & trén (xem Hinh 32(a) bén dudi),
hodc ching la hoan toan lién thong (xem
Hinh 32(b)).
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(b)
Hinh 32.

Phlfdng phép dé xdc dinh mot tap Julia c6 la
lign thong hay khong da dugc biét dén trong
phin diu ciia bai viét: Tap Julia la tap lién
théng chi khi diém tuong dng véi nd ndm trong
tp Mandelbrot.

Nim 1938, mot nam sau bai bdo sau cling ciia
Besicovitch vé s6 chiéu Hausdorff, Paul Lévy
da dua ra mot cdch x ly toan dién ve tinh ty
ddng dang. Ong cho thiy dudng cong von Koch
chi 1a mét trong nhiéu vi du vé dudng cong
tu dong dang, ngay chinh von Koch cung da
néi riing dudng cong clia ong c6 thé dudc téng
quat hoa.

Su théng nhét trong khai niém fractal

Vao thi gian dé it ngudi nghi ring c6 mot ai d6
s& két nbi cdc téc pham ciia Lévy va Hausdorff.
Benoit Mandelbrot sinh nim 1924 & Warsaw,
Ba Lan va, giéng nhu Hausdorff, éng ciing 1a
ngudi Do thai, nén phéi cling gia dinh tim dudng
thoat khdi dch phat- xit ndm 1936 bing cach rdi
Ba Lan t6i Phap. O day, mét trong nhiing chd
cda Mandelbrot, Szolem Mandelbrojt, 12 mot
nha toan hoc thuin
tdy, dd quan tdm
dén Mandelbrot
tré va huéng anh
t6i toan hoc. Trén
thuc t&, vio nidm
1945, Mandelbrojt
cho chau trai cta
ong thiy céc cdng
trinh ciia Fatou va
Julia, nhung Man-
delbrot tré tudi
ban déu di khéng
quan tim 1im.

Benoit Mandelbrot

Do hoan cénh, viéc hoc hanh cda Mandelbrot
rt khong déu va bi gidn doan hoan toan vio
ndm 1940. Mandelbrot, giéng nhu Helge von
Koch trudc 6ng, wa thich cic bidu dién truc quan
clia cac bai todn, ngugc lai véi phong cach hmh
thitc, méc du diéu nay ciing c6 thé bit ngudn tir
viéc thiéu dugc dao tao chinh théng. Chinh didu
nay sau d6 da dua 6ng vao cudc xung dbt truc
tiép véi phong cich glang day cia “Bourbaki”,
ton thd viée gidi quyét céc van dd mot cich giai
tich (trdi ngugc véi tryc quan), théng tri viéc
gidng day todn hoc tai Phap vao thai gian do.

Sau khi chién tranh két thiic, Mandelbrot di
tham gia ky thi vao Ecole Polytechnique & Paris,
méc di khong c6 chudn bj nhung da dé. Noi day
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Ong giip mot ngudi thiy khdc cta minh, Paul
Levy, 1a mét gido su da ¢ d6 tir nim 1920 cho
dén khi nghi huu vao niim 1959,

Sau khi hoan tht viéc hoc hanh, Mandelbrot
chuyén dén New York, noi éng bt diu 1am viéc
cho Trung tdm Nghién citu Thomas J. Watson
ciia IBM. Céng ty da cho 6ng tu do trong viéc
chon chi dé nghién cifu, cho phép 6ng khai phd
va phit trién cdc khdi niém (concepts) biing cich
st dung cdc phuong phdp ctia riéng minh, ma
khong phii lo ling vé phan tng clia cong dong
hoc thuit han 1am. Nim 1967, trong khi van con
6 d6, Mandelbrot da viét bi tiéu luan ciia minh,
B bién nudc Anh dai nhie thé nao? Ty dong
dang théng ké va sé chiéu phdn sé, trong dé
ong lién két y tudng cia cc nha todn hoc trudée
day véi thé gidi thuc - cu thé 1a b bién, ma ong
tuyen bb 1a “tu ddng dang théng k&”. Ong 1ap
luén ring:

“Cdc phuong phdp ty déng dang la mot cong
cu manh trong viéc nghién citu cdc hién tuong
ngdu nhién, bao gém cd dia chdt, ciing nhu kinh
té hoc va vdt ly. Trén thuc té, nhiéu tiéng én cé
s6 chiéu D ndm trong khodng tir 0 dén 1.”

Sau bai ti€u luan nay va véi sy trg gidp clia may
vi tinh, Mandelbrot tré lai cong viéc cuia Julia
va Fatou. V&i kha ning nhin thiy, 1an dau tién,
cdc tap nay trong nhu thé nao tai gidi han ciia
chiing, Mandelbrot da dén vdi ¥ tudng vé ra céc
gid tri cla ¢ € C ma tép Julia tuong ung véi
né 1a lién thong. Piéu nay tao ra mot fractal
tinh tdy (mang tén Mandelbrot) nhu ta da biét
trong phin du cla bai viét nay. Mandelbrot da
khong chi phat minh ra mén hinh hoc fractal
ma con phd bién né thong qua ting dung ciia né
téi cac linh vyc khoa hoc khéc. Nhu dng da dm
chi trong bai “Bo biéh nudc Anh dai thé nao?”,
hinh hoc fractal c6 ich trong viéc biéu dién cdc
hién tugng tu nhién, nhit 12 nhitng thi khong
d& dang dugc biéu dién béing cdch st dung hinh
hoc Euclide truyén thbng. R6 rang, khong cé
hinh dang don gian nao tit hinh hoc Euclide dén
v6i tam tri khi ngudi ta ngim nhin (Iu’dng chay
ciia mot con song. Hon nita, ly thuyel hinh hoc
fractal va ly thuyét hén don c6 cdc két nbi quan
trong " véi vat 1y, y hoc, va nghién citu dong luc
dan sb. Tuy nhién, ngay cé khi khéng nhin ra

cac kct nbi nhu vy, cung 1a rit khe cho
mudn khéng lai su hép din thim my ciig

fractal ky do.

Hay nhd lai hinh anh riing ndi gia dua trgy, i

Au tién cda bai viét nay (xem Tap chi p; 4

2, sb 1 thang 1.2018). N6 dudc tao r‘\ b ph

1ip mot ham phan thidc (kém thém yéu 14 nely

nhién). Chinh viéc tim kiém mot tir 4§ bidy th

ring ndi ndy (cing nhitng dmng cong do Vong i
X

“d"
"icé

lip tao ra va “ho hang cla ching) cu; clin
i din Mandelbrot dén véi thudt ngiy fractal Ty
ny c6 lién quan dén dong tir tiéng Latin fran. i
gere, nghla Ja “phd v3”. Trong tdm tr{ La Mi,
frangere c6 thé ggi 1én hanh dong phé v3 mgt
hon d4, vi tinh tit dudc din xuét tit né bao ham
hai dic tinh rd rang nhit cla dd v3, d6 13 bg
thuong va phan mdnh. Tinh tlt nay 1a fractus,
1a cdi din dén ti fractal. Cudi cting Mandelbrot
di dé xuét mot dinh nghia chinh xdc cia thujt
ngit todn hoc: #dp fractal. Mi lién he ho hang
v6i “phan s6” cung quan trong neu ngudoi ta g1a1
thich “phan s&” nhu mdt sb nim giita cic s
nguyén, con mot tap fractal cé thé dugc coi I
nim giita cc hinh dang Euclid.

Ly do cho viéc tao ra thuit ngi fractal va sing
1ap hinh hoc fractal da dugc néu rd trong tap chi
Khoa hoc (Science) véi bai viét ctia Freeman J.
Dyson:

“Fractal” 1a mot tir dugc phét minh bdi Mandel-
brot d& tap hdp dudi mot nhém 16n cédc déi tudng
ddcd...vaitrdlichsi. .. trong sy phdt trién
clia toan hoc thudn tdy. Mot cudc cich mang vi
dai clia cic ¥ tudng tich todn hoc cd dién cla thé
ky 19 khoi todn hoc hién dai ctia thé ky 20. Todn
hoc ¢ dién c6 ngudn gbe tir cic chu tric hmh
hoc chufin myc cta Euclid va dong luc hoc tien
héa lién tyc ciia Newton. Todn hoc hién dai b“t,
dau véi ly thuyét tdp hgp ciia Cantor va dudng
cong IAp ddy khong gian ciia Peano. V& mit li
st, cudc cich mang nay di bj thic ép boi 8¢
khdm phd ra cdc cu tric todn hoc khong P g
hgp véi cdc miu hinh ciia Euclid va Newtof:
Nhitng chu tric méi ndy dugc cdc nha todn h9¢
dudng dai coi 1a “bénh hoan”, Chiing dugc miét
t& nhu 13 mét “bo suu tap ctia nhitng con quil
vat”, ho hang vdi tranh 1ap thé (cubist pdlﬂ“"gS)
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va nhac phi dm chi (atonal music) vén dang phé
16i cdc chudn myc thim my vao khoang thdi
gian dé. Cdc nha todn hoc tao ra nhitng con qual
vit da xem ching 1a quan trong véi viéc cho t]my
ring thé gi6i cua todn hoc thuan tdy c6 chita sy
phoﬂ" phu vé kha ning vudt ra ngoai cic chu
triic don glan ma ho nhin thiy trong ty nhién.
Todn hoc thé k¥ XX dd nd hoa vdi nidm tin riing
n6 dd hoan toan vugt qua cic gidi han dp dit bdi
ngudn gbc ty nhién cla ng.”

pén nay, ngudi ta da thiy ring khé ma dua ra
mot dinh nghia ngin gon cho khii niém frac-
tal. Thay vi dugc dinh nghia chit ché, dya trén
thudc tinh khong kha vi khip noi va sé chidu
fractal, tap fractal cin thda mén thém mot vai
trong sb nhitng tiéu chi khac, duge liét ké trong
mot danh séch (nhung khong dugc néu ra & day
dé trdnh bai ndy tré nén qua dai). Nhu 1a mot
nhém, céc tieu Chl nay tao thanh cac huéng din
d€ loai trlt mot s6 tru'dng hop nhét dinh, vi du
nhu nhitng ci c6 thé ty ddng dang ma khong c6
céc dic trung fractal thdng thudng khac (nhu 1a
dutng thing).

Fractal - nhip ciu ndi giita Iy thuyét va
itng dung

Cich tiép can phi truyén théng ciia Mandelbrot
dén 6ng phat minh ra mot dang toan hoc méi la
va hitu ich, nhung khéng phai 14 trong su cb 1ap
hoan toan véi cong ddng. Phat kién cia Man-
delbrot 12 sy phat trién tiép theo nhiing coéng
trinh dugc khdi ngudn tir nhitng nha todn hoc
trude Ong, nhu Weierstrass va von Koch, nhung
ddc bigt 1a Julia, Fatou va Hausdorff. Ong dugc
hudng 16i tit viec tiép can mady tinh, cho phép

ong xiy dyng cong trinh ca minh trén nhiing
tdc phim ctia nhitng nguoi khdc theo mot cdch
hoan toan mdi chua titng cd trude do, va dbng
thdsi duge st dung phudng phdp yéu thich cia
minh dé gidi quyét vin dé - d6 la tryc quan. Hon
thé nita, phdt minh clia 6ng ciing cho thay rd nét
hon tdm quan trong ciia viéc nghién ctfu todn
hoc thuin tdy. Thét véy, cho dén khi Mandelbrot
xudt hién va thdng nhit y tudng chiét trung cla
Hausdorff, Julia va cdc tac gia khac, ho van chi
trinh dién nhiing ¥ tuéng toan hoc rét triru tugng
clia minh trong khuén kh8 cdc nhanh khac nhau
clia todn hoc ly thuyét. C6 rét it diéu lam cho
mdt nha sinh hoc binh thudng quan tim dén ly
thuyét tap hgp. Tuy nhién, thong qua hinh hoc
fractal, nhiéu y twéng dudng nhu tritu tugng (it
c4c nha todn hoc ma con chua dugc biét dén bén
ngoai linh vuc nghién citu cia minh) da phat
trién thanh cédc ¥ng dung ma céc nha khoa hoc
khdc c6 thé cam nhan dugc. Do dé, viéc din
dén céc fractal va cdc tng dung ciia chiing la
mot phan vi du tuyét voi cho cdc 1ap luin caa
bét e ai dim phii nhan tAm quan trong cua viéc
nghién cttu toén hoc thuan tdy.
Ngay nay, Hinh hoc Fractal da tr& thanh mét
mon hoc (chuyen dé) trong mot s6 trudng dai
hoc danh tiéng trén thé gidi (chan0 han nhu, Dai
hoc Yale 6 Hoa ky), cho nén viéc trinh bay né
trong khudn khd mét vai bai bao nhé 13 didu
khong thé. Tuy nhién, v6i nhitng gi biét dugc
chung ta ciing dé c6 thé bit diu cong viéc tim
hiéu vé fractal trong the gi6i t nhién, trong nghé
thufit va trong mot s6 ting dung doi thudng. D6
s€ la ndi dung tlep theo clia bai viét nay.

(Con nita)
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TOAN HOC VA BOI SONG

Méu den ciia k)ng chim thién dudng
VA CAU TRUC FRACTAL '

Ha Huy Khodi (Theo Le Monde, 15/1/2018)

Ngay 9/1/2018 vita qua, tap chi khoa hoc ndi
tiéng Nature Communication cong bb pht hién
ddc biét cia nhém cdc nha Khoa hoc My: mau
den “tuyét dbi” ctia chim Thién Pudng duc 1a
két qua ctia céu triic fractal!

Trudc tién ta cn biét tai sao mot vét nio d6 lai
c6 mau den? Vi né hip thu “hau hét” anh sing.
V6i muc tiéu ché tao nhiing thiét bi phuc vu cho
khoa hoc va quan sy, ngudi ta tao ra nhitng vét
liéu “siéu den”: chiing h4p thu dén 99%, thim
chi dén 99,95% anh sang.

Tt ndm 1552, nhitng thuy thad trén con tau cua
Magellan da néi vé mét loai chim dep tuyét vdji,
ma con duc c6 mau “siéu den”. Ho goi loai chim
dé 1a chim Thién Budng.

Nha ty nhién hoc Alfred Wallace - ngudi dong
phat kién thuyét tién hod cing véi Charler Dar-
win - viét nim 1857: “Mot vé dep khong thé'nao
dién td dugc. D6 la nhitng con chim ky la nhdt
va dep nhdt cia hanh tinh chiing ta”.

Mau siéu den ctia chim Thién Dudng 1a didy b
4n, vi 16ng cta chiing ciing chi ¢6 thanh phi,
hod hoc 1a keratin va melamin. Bi mat nay chi
dugc kham pha trong cong trinh nhic dén trén
day, cong bb thang 1 ndm 2018. St dung kiny
hién vi dién ti, cdc nha khoa hoc M)‘/ quan sat
thay cAu tric 16ng rat dic biét, mbi bo phan
nho déu rét phic tap, va hoan toan cé chu tric
fractal! Mau “siéu den” & day khong con 1a két
qua ciia tinh chat hod hoc clia chat tao nén long
chim, ma do dnh sang bi * ‘mic ket” trong ciu
tric fractal ciia b 10ng.

Mt 14n nita, Ty Nhién lai dua dén nhiing diéu
bét ngd nhét. Va fractal da c6 trong Ty Nhién,
chit khéng phii 1a trén trang gidy cda céc nhi
Toén hoc.

Ngudi ta thudng néi, ai chua nhin thiy diéu m:
clia chim Thién Dudng thi chét khong nhim
mat dugc!

C6 thé néi nhut thé vé FRACTAL khong nhi?

Mt con chtm Thién Pudng dic dang nhdy miia tricge mét con cdi.
(dnh: Le Monde, 15/1/2018)



p0O1 SONG TOAN HOC

HOITHAO QUOCTE

. "LY THUYET NEVANLINNA VA HINH HOC PHUC
KY NIEM 100 NAM NGAY SINH GIAO SU LE VAN THIEM”

Ha Noi, 26/2/2018 - 2/3/2018

Gido su L& Vin
Thiém (29/3/1918 -
3/6/1991) la mdt trong
nhitng nha khoa hoc
ndi tiéng nhit cia
Viét Nam trong thé ky
20. Cung véi Gido su
Hoang Tuy, 6ng dugc
coi 1a cha dé cta Hoi
Toan hoc Viét Nam.
Ong 1a Hiéu trudng
diu tién ctia Trudng
Su pham cao cip va Trudng Khoa hoc co bén
nhitng nim 1950, tr§ thanh ngudi dit nén méng
cho gido duc dai hoc ciia nudc Viét Nam mdi;
Phé Hiéu trudng trudng Pai hoc Téng hop Ha
Néi (1957-1970) va Vién trudng diu tién ciia
Vién Toan hoc Viét Nam (1970-1980). !3an
doc c6 thé tim doc Tap chi Pi Tap 1, so 3,
thdng 3.2017 bai “Lé Van Thiém: con ngudi
va sy nghiép” dé€ hidu rd hon vé nhitng déng
£6p ctia 6ng cho khoa hoc va gido duc dai hoc
nude nha.

Nhén dip ky niém 100 nim ngay sinh Cﬁfl GS
L& Viin Thiém, Héi thao khoa hoc quoc té “Ly
thuyét Nevanlinna va Hinh hoc phic” duge t6
chic v6i sy tham gia ciia cdc chuyén gia vé Gidi
tich phitc, Hinh hoc phic, Ly thu}iét Nevan-
linna, Ly thuyét S6 va mot sb chii dé khic lién
quan dén sy phat trién hién tai ciia todn hoc &
Viét Nam.

Ban T6 chitc: Dinh Tién Cudng (Pai hoc Quéc
gia Singapore), Nguyén Hitu Du (PH Khoa hoc
Ty nhién — PH Qudc gia Ha Néi), L& Mau Hai
(Pai hoc Swt pham Ha Ngi), Phung H& Hai (Vién
Todn hoc), Pham Hoang Hiép (Vién Todn hoc),
Vi Hoang Linh (PH Khoa hoc Tu nhién — DH
Quéc gia Ha Noi).

Ban Khoa hoc: Ngé Bao Chau (PH Chicago,
Hoa Ky va Vién NC cao cdp vé Todn, Viét Nam),
Jean-Pierre Demailly (Pai hoc Grenoble Alpes,
Phdp), L& Tuén Hoa (Vién Todn hoc), Ha Huy
Khodi (Pai hoc Thing Long), D6 Piic Théi (Pai
hoc Su pham Ha Noi).

Hoi thio dugc 8 chitc tir ngy 26/2/2018 dén
ngy 2/3/2018 tai hai dia diém:

Thit hai (26/2/2018): Khai mac L& ky niém va
cdc bdo cdo tai Hoi trudng Tang 2, Nha A6, Vién
Toén hoc, 18 Hoang Québc Viét, Ha Nbi.

Thit ba - thi sau (27/2-2/3/2018): Phong Hoi
thdo, Vién Nghién cu cao cip vé Todn, Ting 7,
Thu vién Ta Quang Bitu, Pai hoc Bach khoa Ha
Noi, s6 1 Pai Cb Viét, Ha Noi.

Ciéc bdo cdo khoa hoc tai Hoi théo ky niém 100
nam ngay sinh GS L& Vin Thiém s& dudc xuit
ban trén mdt sb diic biét ctia tap chi quic té Acta
Mathematica Vietnamica.

Thong tin chi tiét cda hdi thio cé thé
xem tai dia chi: http://math.ac.vn/conference/
ComplexAnalysis2018/index.php?lang=vi

Nguén: Vién Todn hoc

Tap 2 86 3 Thang 3. 2018

————



DIEN DAN DAY VA HOC TOAN

Day tré ](’)pl lam céc bai vé so sanh

Nguyén Chién !

Ai chua hiéu cif bio day todn, hoc toan kho
khan. Day tré 1p 1 ma lam cho chiing cam thiy
kho khan thi that 1a nguy hiém. Téi thi théi hdn
vao bai todn 16p 1 trang 42 & sach gido khoa céc
ban th xem nhé.

Bai 1. S6?

— GV chufn bi c4c sb tir 0 dén 10 biing bia, chon
11 HS rdi xép cac em tif thip dén cao, phit sb
cho céc em ngdi tai chd.

— GV goi HS mang s63 vasd61én dung cach
nhau, sau d6 goi cic em mang cdc sb con lai
ding vao vi tri theo thi tut.

1 Gido vién vé i, Ha NOI.

HS ditng vao hang xong ta dudc ddy s ting din
nhu x&p hang tir thip dén cao. Xép theo thit oy
gidm din thi ngugc lai. Trong tinh huéng khc,

|
]

GV c6 thé linh hoat khong can dd 10 s6, sau nay

& ky 2, ciing c6 thé ting sb cac sb 1én, céc sb

¢6 thé khong lién tiép nhau. Ching han, cho cic

chau mang s611,9,8, 17 xép hang.
Bai 2. Pidn <, >, =

(4 Viet ddu <vao b tréng :

HS lam xong bai trong sdch gido khoa rit nhanh:
tacé thé thay 4 < 5 bing ...< 5, cho tim cécsd
bén tri thi tim dugc 0, 1, 2 3 nita chit khong
chi ¢6 s6 4.

52
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Tathay 7>5biing ...>5hoic7> ...
Cho tim cdc s6 vao ché ... twong ty nhu trén.

3 3‘ b,
%& BANG NHAU. DAU =
4 [ 57 51]

4=4
bén béng bén

. babing ba

Dong 4 =4: ta cho HS tim cdc bd phén trén co
thé minh c6 nhitng s6 bing nhau nhu mét, ngén
tay...thé 1a hoc sinh thy todn vin gén thuc
té thoi.

Bii 3. Viét cics6 8, 5,2,9,6

Ta cho HS chai sip xép s6 trude (nhu bai 1) rdi

chdi tro “Ai & dau” nhu sau: Chon mot hoc sinh
viét cic s6 1én bang, ho to cdc s6 minh vira viét
rdi cdc ban (cAm miéng bai ghi s6) phai nhanh
chéng xép vao vi tri ding nhu ban vita viét
1€n bang.

Léy vi du:
Ban viét Ién bang: 9, 6, 2, 5, 8

Thi cdc ban mang sb xép hang theo thd tu 9, 6,
2,5,8.

Lai khuyén: Céc ban GV (cha me) c6 thé linh
hoat sif dung cdc tro choi nay. Khéng phai bai
ndo ciing 1am; c6 thé chon mot/ hai bai tuy
khong khi hoc va su hiing thi ciia HS, thoi gian
tiét hoc,. .. d€ tdi wu, tuy theo hoan canh ma véan
dung. Pay chi la cach nghi clia nha gido ngoai
60 tudi nghi da 1au nhung vin mudn gido duc it
nhiéu d&i méi tich cuc: Hoc sinh chim ngoan,
thich hoc, gido vién chuyén tim véi nghé va
dugc xa hoi quan tam di sbng vt chét va tinh
thin, yén tim tréng ngudi thanh cong dan tbt
cho x4 hdi.

T8p 258 3 Thang 3. 2018

.
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TOAN CUA B

TiNH BOI XUNG VA
CAC GOCNHIN CUABI

Do Thi Thu H&, Pham Thi Huong, Va Thi Ha, Nguyén Thi Mai Anh

Tré em ludn bi thu hit bdi nhitng chiéc guong.
Lén dAu tién nhin thiy minh trong guong, khong
biét cdc em nhd c6 biét d6 chinh 1a minh hay
khong nhi? Céc em c6 d€ ¥ thiy khi mot vat nhin
qua guong (hay chiéu trén mit nudc), hay khi
dudc quan sat tif nhitng géc khac nhau, thudng
tao ra nhing hinh anh thd vi khéc nhau hay
khong? Nhitng hinh dnh nay déu thay d6i theo
mot quy luit ca diy. .

C6 nhitng vit, khi nhin qua guong, em van thiy
n6 khong thay ddi. C6 khd nhiéu vét “can dbi”
nhu vay d6. Vat nhu thé duge goi 1a “vat dbi
xing”. Hay ciing Bi budc vao thé gidi “kinh van
hoa” nhé.

& sanh trudng Bi, c6 nhiing chiéc guong rit to.
Cic 16p déu rét hay diia nghich & sinh. Nhicu
1n, céc ban con ding 1am trd rat Jau trudc guong
nita. Hom nay, Ly c6 mot c{li no mé.i m:an rat hao
hitng khoe véi c4 16p. No rat d¢p,’z'u ciing kI}enz
Ly rat vui, thinh thoang, theo théi quen, di lai
qua sanh va 1én nhin minh qua guong.

Bi thiy vay cudi tim tim, cdc ban cé biét Bi di
1am gi khong? Bi ngdi v& hinh Ly, va db ci 1dp:
hinh nio bén dudi sé 1a hinh &nh nhin thiy khi
Ly diing truéc guong. Bi 1a ciu bé tinh nghich,
nén néi véi Ly tam thoi dirng ding trude guong,
d€ c 18p phai tudng tugng tim dap 4n diing.
Thé ma c6 nhidu ban dosn ding 1im, con em
thi sao?

(E)
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' day, hinh A Eln’nh Ia hinh cdc ban s& nhin thiy
 rong guUOng neu Ly ding soi day.

m c6 the tu ki€m tra lai bling cdch thir dé anh
Ly trudc guong xem thé nao nhé., Thuong thi
inh anh trong guong sé khong giong véi hinh
ioh cic em thay 6 bén ngoai dau, c6 thé hinh
dung 1ané hdi “ngugc” mdt chiit do.
gi rit thich thi v6i trd choi nay. Méy ngay lién
Bi dua ra cdc hinh khéc nhau dé cdc ban khic
cing dodn. Day la mot trong s6 cac hinh ma Bi
4 dung d€ chi vdi cdc ban & 16p. Céc ban hay
{hif ciing gii cau db ciia Bi xem nao.

. ABaitap 1: ‘
Hinh anh trong guong ctia hinh dudi day 1a

hinh nao?

(A)
(C)
(E)

(B)

(77/

(D)

4 Bai tap 2:
Hinh &nh trong guong cla hinh dudi day 1a
hinh nao?

(C) (D)
(E) Khéng ddp dn nao diing

Sau mot thoi gian, ca 16p
da khong con hing thu véi
tro tim hinh anh qua guong
nita. Mot ngay dep trdi, khi
Bi dang ngdi chdi ngoai san
trudng, nhin thiy My di qua.
My dang chép tay sau lung,
nhiin nhay va khé hat.
Bi bdng chgt cudi phd 1én,
nhé dén truyén Doraemon
méi doc méy hom trudc,
nghi tdi mén bao bi chi can
chup tit ding sau, nh sé cho
biét diing trudc 12 hinh gi.
j Bai tap 3:

Bi vé 4 bic tranh va db cdc ban, dau la hinh

anh ctia My nhin tit ding trudc.

T8 "
%286 3Thang 3. 2018
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(A) (B) (C) (D)

(E) Khéng thé'xdc dinh
Em ¢6 dodn duge khong? Em hiy thi quan sat
va (im cdu trd 13i cho minh nhé.
Céc em c6 thiy khéng, tir cdc goc nhin khéc
nhau, khi nhin mot vt s& thiy nhung dlCU mdi.
S6 9 quen thude khi viét trén glay, néu xoay
ngudc lai, n6 bién thanh sb 6. Véi s6 8, néu xoay
ngang ra, né tr§ thanh mot ky hiéu rit ky quai
o0, Sau nay, cdc em sé con gdp ky hiéu nay nhiéu
déy. Pdng xu b mang vé& cho ban Bi, khi ban
Bi quay nd, lic Bi thiy né hinh tron, luc thi chi
nhin thiy mot phin cong cong. Céc em hiy ciing
xem Bi ¢6 nhitng khdm phd gi v8i cic géc nhin
khac nhau nhé.

9 6 8 »

@@mm
11 0000

Mot cubi tuin, chi Nhi dén chai véi Bi. Ch1 Nhi
¢6 rét nhiéu omy mau, chj Nhi rd Bi ng01 déan
nhung vong gidy lai véi nhau. Sau do, mdi ngudi
s& ngdi & nhitng vi tri khdc nhau dé quan sdt cac
hmh dé. Em ciing cé thé 1am dudc d‘\y, chi cin
glay, but mau, kéo, vdi ho dén thoi.

Bai tip 4: :

Hinh dudi 12 hinh 4nh Bi nhin dugc khi ding

phia trudc 2 chiée vong.

Ch| Nhi ditng phia sau 2 chiéc vong. Haj tron
sb cc hinh dudi ddy, dau la hinh chj Npt

nhin thiy?

(A)

(B)

(C)

(E)

6

Bi thit v6i nhiéu hinh khéc
nifa, va hinh du6i 12 mot
trong céc hinh Bi di cAm dén
16p d€ chdi véi céc ban.

4 Bai tap 5:
Hoi hinh nao duéi day
12 hinh &nh thu duge
clia hinh trén khi nhin tir
bén trdi?

Cc-0-0

(A) (B) (C)
(E) Khong hinh vé nao phit hop

(D)

(D)
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 hop biit méi ctia Ly 6 hinh tam gidc déu,
Tml?f/u(;"g’ hinh ngi gidc déu,... nhu dudi day.
in

gi théy cdc hinh nay hay hay.

ALIGOO

vé nha, Bi 14y gidy v6i kéo ra, v& va cit lai cic

~em 46. Cic ban c6 biét Bi da 1am gi khong? Bi

:llillf gfp cc hinh lai, 6 Kia, chuing trung khit Ién
gd

phau do.

YARN AR

C#c em c6 nhén ra hinh nao la mot nita gap lai
ca hinh nao khong? Hay ciing thit 14y gidy, kéo
[alam vi gip xem thé ndo nhé.

Bi nhén thiy 13, c6 hinh c6 3 cdch gép, c6 hinh
¢6 4 cach gap, con c6 hinh Bi thiy dém mai
ciing khdng ra hét cach gp nita co. Hinh tam
gidc déu ¢6 3 cach gap. Gép theo cach nao ciing
tao thanh hinh tam gidc nhu nhau. C4c em hay
gip theo duding gép mau do nhé.

AN

HPm sau, Bi dén 16p va khoe véi cac ban minh
¥ phét hién thu vi ciia minh. C6 gido dén noi,
%02 dau, khen Bi rét nhidu. C6 bao d6 1a “tinh
fl?{ Xiing” d6. C6 biét Bi Ia “triam guong”, nén
cl?:{:il dfi quan st c‘éc hinh nay trudc guong
b ﬂ'u;:a,ldp cng di ra gudng § trudc sanh va

cac hinh vao guong. O kia, hinh &nh

try - T & N & &
g guong ciia cac hinh nay du gibng véi
Ching c3,

CO opan bty 20t e 0

n?’glao n6i véi cac ban, néu mot vat khi soi

¢ gudng, nhin ciing gibng nhu né, thi vt d6
Ol xting” d6.

4 Bai tap 6:

Céc hinh du6i day, hinh nao khong thay déi

khi nhin qua guong?

(A)

(o)

Tuy nhién, sau d6, c¢6 ¢ hoi mot cau khac, phai

(B)

(D)

(E)

rét 1au sau c4 16p méi nghi ra dugc diy.

Ménh giy mau céc hinh Bi c6 chi c6 1 mit 1a
mau xanh, con 1 mit mau tring. C6 14y hinh
tam gidc déu ctia Bi, ¢6 néi Bi hdy cit d6i hinh
tam gidc déu nay ra theo dudng nép gip chia déi
d6. C6 hoi ca 16p hiy suy nghi xem 2 miéng cit
c6 gidng nhau khong. Bi thiy 16 1a minh gap né
tring nhau rdi. Nhung quan st lai thi hai nita
khong hé gibng nhau, né hoi “ngudc” nhau vé
mau sic. Pudng mau dé 12 dudng nép gip doi,
sau d6 dugc cét ra.

AN

Hai hinh bén trai
l1a phia trudc va
phia sau ctia mot
nda, hai hinh bén
phéi ciing la phia
trude va phia sau
clia nda con lai.

N/

Niral Nira2

Pudng cit

T4 z 5
2883 Thang 3. 2018 Tap chi Pi
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TOAN CUA BI

Néu dem 1 miéng cit ra trudc guong thi sé giéng
hét miéng cit con lai. Bi néi phat hién nay véi
¢d, cd lai xoa ddu Bi. Ding rdi do, Bi c6 thé
hinh dung nhu thé diy.

Néu ban c6 thé “cit d6i” 1 vat, ma khi dem mot
nita vit d6 dé trude guong, ban thiy phén trong
guong chinh la nita kia (vi du nita 1 d€ trudc
guong ban thiy nda 2, hoiic ngugc lai) thi nguol
ta néi vat dé c6 truc déi xing. Va dudng cit
dudc goi 1a “truc dbi xing” cia vit.

55 Bai tap 7:
Hinh bén dudi 1 mot nita nhin thiy ciia chi
budm Butt. Butt c6 truc dbi xiing 1a dudng
ké diit.

(D)

Hinh tam gidc déu c6 3 cich gap doi, hay tam
gidc déu c6 3 tryc dbi xing. Ta thiy sau méi I3
gp doi, hinh tam gidc nhan dugc déu nhu nhay,
Tuy nhién, v6i cac hinh con lai trong céc hinh
Bi di vé thi sao?

g Bai tap 8:

Trong céc hinh vudng, ngti giac déu, luc gidc
déu, hinh tron, hinh nao khi gép déi theo cic
truc dbi xiing tao ra mot loai hinh? Hinh nao
khi gdp doi theo cdc truc dbi xing tao ra
hai loai hinh? C6 hinh nao khi gap doi theo
céc truc dbi xitng tao ra nhiéu hon hai loai
hinh khong?

Bay gi®, ching minh cling thtt di dém sb truc
dbi xdng clia cc hinh con lai nhé.

& Baitap 9:
Hay cho biét:
(A) Hinh vuédng c6 bao nhiéu céch gap doi?
(B) Hinh ngii gisc déu c6 bao nhiéu cich
gép doi?
(C) Hinh lyc gidc déu c6 bao nhiéu cich
gap doi?
(D) C6 nhéan xét gi vé& hinh tron?

Céc em hay th& tim hi€u hinh tron, xem 6 g
ddc biét hon céc hinh khdc khong nhé. Hinh tron
12 hinh rét dic biét diy.

Céc em c6 thé tim nhiing vat dung quanh minh,
quan sdt nhitng ngudi quanh minh, d€ xem khi
ding & cdc vi tri khéc nhau, hinh dnh nhin dudc
s€ thay d&i nhu thé nao. Em cling thit tim xem
6 quanh em ¢6 nhimg vt gi dbi xing, va ching
¢6 bao nhiéu truc déj Xing nhé.
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HOC LAP TRINH SCRATCH

BAI 9. THAY GIAO VA EM

Muc tiéu:

Hoc xong bii nay em sé biét:

— Lam thé ndo dé€ nhan vét néi chuyén tuong tic vi ngudi sit dung.
— Biét c4ch st dung Iénh ask and wait (hoi va chd).

— Khai niém va y nghia cta bién nhé.

Ndi dung bai hoc

1. Nhan vét tudng tac véi nguoi sit dung nhu thé nao?

Chuing ta dd dugc biét nhan vét c6 thé néi bing 1énh say va phat 4m bing 1énh play
sound. Nhung nhitng hoi thoai nay chi 13 1 chiéu. Chiing ta ciing tim hiéu thé nao
la tuong tac thuc su v6i ngudi st dung.

Tuong tdc
mdy tinh <—
nguoi dung
thong qua

ban phim,
chudt,. ..

May tinh, nhan vat c6 thé trong
tac, noi chuyén voi nguwoi dung
may tinh.

Ci4c 1énh tuong tac v6i ngudi dung trong Scratch dugc mé ta trong bang sau:

ask and wait

Nhan vat sé€ dua ra ciu hoi v8i ndi dung sau tir
ask va cho nguoi dung nhép trd 10i tryc ti€p tif
ban phim.

Gié tri (bién nhS) hé théng nay sé luu két qué
trd 13i chia ngudi dung trong 1€nh trén.

<o

&

A » a g g
chdo ban, ban thn Két qud thyc hién lénh:
g
E Chao ban, ban tén |a gi? JERCICENS

Nguoi ding nhdp trd 10i tai day. Nhdp
xong bdm ENTER hodc nhdy tai vi tri

P
o. Két qud nhdp dit liéu sé€ luu vao

bién nhd answer

——e—a
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Vi du 1 doan chuong trinh ngén hoi thoai giita nhan VAt va ngudi sit dung nhy s,

Nhdn vdt: Chao ban, ban tén la gi? Ngus

Bin} y ]
& T, ding (g6 ban phim): . Nhan vt Xin

chao ban Binh.

By ——
sav(iah"ans,-er | for @ secs

2. Bién nhé Ia gi? ~
Trong vi du trén, gid tri answer luén dugc ding d€ luu tri thong tin do ngudi dung :
nhdp tit ban phim. Ngudi ta goi answer la mot bién nhd. Dy 1a bién nhd he théng,
bién nhé ¢6 sin cta Scratch.

Ngudi ding ¢6 thé tu tao ra cic bién nhé riéng cia minh. Biénnhd 1a 1 tén riéng
diing d€ luu trit dit liéu (sé hoiic chit) trong bd nhg. Bién nhd 1a mot cong cu h§
trg 1ap trinh rét t6t. Em sé con dugc tim hiéu va khdm phd sitc manh cda bién nhg
trong bai hoc nay va tét ci cdc bai hoc tiép theo.

Thao tic tao méi 1 bién nhé:

I Motion I Events

Looks [i control
I - |_ 1. Vao nhom lénh Data.
I Sound l Sensing

I Pen | £7alors

ifa ; More Blocks
— ——__L 2. Nhdy lén niit Make a Variable.

Make a Variable /

IMake a List

Hop hoi thoai tao m6i mot bién nhé c6 dang nhu hinh sau:

s New Variable 3. Nhdp tén bién nhé mudn khdi tao

/ — tai day.

Variable name:

4 Lua chon kiéu (bién chung = = for

@ Forallsprites O Forthis sprite o s alliptites) v bR

OK Cancel

Bién dung chung (hay bién tong thé) 12 bién nhé ma tit c cdc nhan vt déu nhin
théy va cé thé thao téc truc tiép trén cic bién nhé nay. Ching ta hiy 1am quen voi
céc bién nhé chung trudc.

C6 thé tao mot hay nhiéu bién nhé dé 1am viéc.

Danh sich céc bién nhd s€ hién ngay trong khung 1énh nhu hinh sau.

Tap chi Pi Tap 2 56 3 Thang 3.2018




Make a Variable

:I Danh sdch cdc bién nhd hién J day.

‘ 18 QD NYOL

Cdc lénh lam viéc véi bién
nhd hién & day.

Nhdy vao 6 vudng nhd bén phai bién nhé s& 1am cho bién nhd nay hién thj hoic
khong hién thi trén man hinh. Pa s cdc bién nhé khéng cin hién thi, trit ra cic
bién nhé déc biét, vi du nhu bién nhé luu diém s6, thoi gian chdi, lugt choi,. . .

Nhéy chudt phdi 1én 1 bién nhé sé xuét hién céc 1énh b8 sung.

rename variable: thay d6i tén bién nhd.

delete variable: xda bién nhd khdi danh sdch.

3. Céc 1énh don gian véi bién nhd
Chting ta dic biét cin chd ¥ va nhé 2 1énh quan trong sau véi bién nhg.

Lénh thiét 1ap, gn 1 gid tri cu thé cho bién nhd.

Lénh thay di gi4 tri ctia bién nhé (ting 1én
hoic gidm di) theo 1 gid tri cu thé.

4. Lénh join ghép ndi chi, sb va bién nhé
Lénh join tit nhém 1énh Operators ding d€ ndi 2 gié tri (s6 hoc chit) bét ky.

Gid il Gid tri2

AN

Lénh join c6 thé két nbi véi nhau d& ni nhiéu dbi tugng nhu bién nhé, chit hoic sb
thanh 1 xau dai. Lénh nay rét hitu ich va thu’dng xuyén dugc sit dung trén thuc té.
Mubn nbi n dbi tuong sé can n-1 1énh join két ndi véi nhau.

Mot vai vi du sit dung ciia 1énh nay:

ST Chao ban (STOREFRTISSY | Ban c6 khoe khong?

K&t nbi 3 dbi tuong.

[BTV o tong cis 2 55 |8 CUE va ) )

Két nbi 4 dbi tugng.
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|

5. B§ sung nhén vat tir tép hinh anh ngoai

Céc hinh 4nh nhén vét trong Scratch ¢6 thé 14y theo 1 trong cdc céch sau:

1. Tt kho &nh ¢6 sin ciia phan mém.

2. Khéi tao, vé tryc tiép biing cong cu vé ciia Scratch.

3. LAy tir 1 tép anh bén ngoai (tp dang jpg, png, bmp,.. )

Chiing ta di biét cich tao nhan vt mdi béing cdch 1, 2.

Céch thy 3, tao nhin vit mdi tit 1 t&p anh c6 san trén mdy tinh don gian nhu say;

'
Sprites New sprite: @ / & Nhdy biéit tugng ny -

i

dé tao nhan vt mgi
[ bdng cdch chon ép

dnh trén mdy tinh,

Trong clta s6 m& t&p tim t&p anh mubn 1am nhén vat.

T Selectfle(s) to upload by app:/Scratehswl %
« « 4 | « HabvHoc Scratch » Tu_hoc_Scratch > Resources » Images » v O Sechimage: V3
Organize v Newfolder = 0
el g .' [Gamelouzr) [Cemiraan pi2y 2
Video Hree-clipart-imag  Game Overjpg Get Ready Ghep_chupng gripng
Tap-huan-Scratch-Habv es-of-flowers-flo . X
Thietkepmgino ducScren PPN Vi du em chon hinh
4’ . e
i 55 ~ dnh nay va nhdy
CS-Seratch \A}I“ 3’ N
oenray & ! &/ it Open.
Design--Application Gon_1jpg gunipng 5 un19png
| Geogebra
Pics ;‘ ~ L . - .
Resources " g A
e . e [

Fiemme [

Nhan vdt méi
vita khdi tao.

6. Thay gido va em }
By gid chiing ta s& thiét ké chuong trinh chinh ciia bai hoc hém nay: thiy gido
vaem.

Chuong trinh s& ¢6 1 nhén vét duy nhét 13 hinh anh thiy gido ciia em dudc JAy ti
bén ngoai dua vao Scratch. ;

62
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Cau héi 1: Em hiy ’
tinh téng 2 86 2 va > \\1
3

Thay §ia0
yacim.sb2

Gido vién lién tuc duwa ra
10 cdu héi - bai todn aé
em trd Ioi bdng cdch nhdp
ddp sé tir ban phim.

S —)

Chuong trinh s& 12 mét bai kiém tra Todn cla thiy gido (nhan vét chinh) v8i em
(ngudi st dung). Thiy sé lién tuc dua ra 10 bai todn va yéu ciu em tra 18i. Tra 15i
diing dugc 1 diém, tra 18i sai dugc O di€m. Sau khi 1am xong bai kiém tra, thiy gido
sé thong bio diém cia em.

Dang toén ciia thy gido, vi du, chi don gian Ia tinh tSng cta 2 sb ty nhién.

Dé 1am bai tap nay, em cin thiét k& 1 s6 bién nhé hé trg gidi quyét bai ton nay.
Céc bién nhé sé dugc thiét ké trong chuong trinh:

m,n Céc bién nhd nay luu trit 2 s6 m, n 12 d6i tugng chinh dé sinh
bai todn.

ch S6 thid tu cau héi.

Scoring Piém sb clia ngudi chai.

— Phén thiét 1p cdc thong sb ban diu ciia chuong trinh bao gdm dit cdc bién nhé
ch = 0, Scoring = 0 va Gido vién thong bao chuén bi bai kiém tra.

LS Em chudn bl lam bai ki€m tra Todn, S& cé 10 céu hCII

~ Phin chuong trinh chinh s& c6 1 vong 13p 10 1in, m&i vong 13p s& thuc hién céc
cdng viéc sau:

Téng gid tri ch 1én 1 don vi.

Sinh ngfu nhién céc gia tri m, n.

Gido vién théng bao ndi dung bai todn chi tiét cho hoc sinh gidi. Vi du 1 thong bédo
s€ nhu sau:

Cau héi 4: Em hdy tinh tdng 2 s6 12 va 3.

o =3 . o T TR e
ask join join join [EEN fch) join () join IFY () ,...,..

T % "
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'I

Mét phuong
dn ciia chuong
trinh.

64

Sau khi ngudi dig nhap dép an, chuong trinh s& kiém tra xem c6 diing kg,

opie o ) 2, néy
ding thi ting diém cho hoc sinh. Poan chudng trinh x{ 1y nay nhu sau: ‘

Khi di 1am xong, gido vién chi con 1 viéc la thong bdo ket thic va thong bao diém
sb ctia hoc sinh.

]nin/m ioinf:\ and wait

Sconing)|IEIEN)) for © secs

Chuong trinh nay em c6 thé chinh sita, nang cép theo nhidu hudng khac nhau dé
1am cho chuong trinh sinh dong, hip din hon. Vi du:

— M4 rong dang todn cho ca phép triY, tham chi ca nhan, chia.

— Céc cau hdi s& dugc sinh theo thit tv khé din, hoiic 5 cau diu dé&, 5 ciu s3
kho hon. i ;
— Khi thong bdo cudi gid, gido vién c6 thé dwa thém nhan xét, vi dy véi <5 diem
thi “em can co gang”, néu > 8 diém thi “em lam baj rét t5¢”,

— C6 thé bS sung thém tham sb thdi gian, hién ngay trén man hinh dé tinh thoi gia?
lam bai cua hoc sinh.
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BAN BIEN TAP

" 12 Huy Khodi (Téng Bién tap)

Ngd Bio Chau (Phé Téng Bién tap)

Trin Nam Diing (Phé Tong Bién tap)
' Nguyén Thi Lé Huong (Pho Téng Bién tap kiém Thu ky Tda soan)
" Nguyén Khéc Minh (Ph6 Téng bién tip kiém Truéng ban Bién tip)

Pham Huy Dién, Nguyé~n Thanh Nam,
" Trn Vin Nhung, Nguyén Duy Thé~i Sqn, Chu Cam Tho,
Ngd Viét Trung, Vi Ha Van, Nguyen Ai Viét, Lé Anh Vinh.

CONG TAC VIEN
THUONG XUYEN

1

. HaVii Anh, V5 Qubc B4 Cin, Pham Ngoc Piép, Nguyén Minh Ha,

~ Luu Thi Thanh Ha, Dao Thi Thu Ha, Tran Minh Hién, Phan Thanh Hong,
- Tran Quang Hung, Ha Duy Hung, P4u Hoang Hung, Vii The Khéi,

- Nguyén Cim L¢, Nguyén Duy Lién, Pham Vi Loc, Tran Quéc Luat,

i Kiéu Dinh Minh, Nguy&n Thi Nhung, Ding Vin Son, D3 Hoang Son,

; Luwu B4 Thang, Dao Manh Thang, Nguyén Tat Thu.

|

TOA SOAN

Téang 7 Thu vién Ta Quang Biru, Trudong Dai hoc Bach khoa Ha Noi
Buodng Pai Cb viét, Phuong Bach khoa, Quén Hai Ba Trung, Ha Néi
Email giri bai: bbi@pi.edu.vn. Email giao dich: info@pi.edu.vn
Dién thoai: (024) 3215.1407 Fax: (024) 3623.1543

Website: www.pi.edu.vn

Ché ban: L¢ Québc Tudn

" i
I?o hea: Nguyén Trin, Poan Xuin Trudmg
Anh bia 1: David Hilbert Nguén anh: Internet
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Tap chi ra hang thang
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