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BAO VE TRUONG CU

Tap chi Pi rit vui ming va biét on nhiéu t6 chic, ca nhan da gii
tap chi dén cic em hoc sinh va thiy.cd gido d viing sdu, viing xa,
gui vé trudng hoc ci ctia minh:

Quy'Lé Van Thiém mua 140 cuén/ky lam phan thudng chohoc
sinh gioi todn.

Ba Hoang Ly mua 5 cu6n/ky ting Trudng THPT Nguyén
Thugng Hién, Quan Tan Binh, TP. HEM; 5 cudn/ky ting
Trudng THPT Lé Quy Bon, Quén 3, TP HCM; 5 cudn/ky ting
Triong THCS Ngo6 Si Lién, Quéan Tan Binh, TP. HCM.

Ba Chu C&m Tho mua 5 cuén/ky ting Trudng THCS Nguyén
Van Huyén, Hoai Dtic, Ha N¢i.

Ba Trin Luu Van Hién mua 3 cuén/ky ting tridng THPT
Nguyén Tri Phuong, Pht Vang, Thita Thién Hué; 3 cuén/ky ting
Trudng THPT chuyén Nguyén T4t Thanh, Yén Béi.

Ong Cao Kim Anh mua 1 cuén/ky ting Trudng THCS Cao

X4. Lam Thao, Phti Tho va 1 cuén/ky tang Trudng THPT Long
Chéu Sa, Lam Thao, Pht Tho.

Ong Nguyén Quéc Khanh mua 1 cudn/ky ting Trudng THCS
Nguyén Khuyén, Duy Xuyén, Quang Nam va 1 cudn/ky ting

Trudng THPT Lé Hong Phong, Duy Hoa, Duy Xuyén, Quang Nam.

Ba Lé Thi Nhu Bich mua 2 cudn/ky ting khoa toén Trudng Dai
hoc Su Pham Hué.

Ong Ngé Huy C4n mua 1 cuon/ky tang Trudng THCS Lé Loi,
TP Tam Diép, Ninh Binh.

Ba Pinh Thi Thu Ciic mua 1 cuén/ky ting Trusng THCS Dién
Thai, Dién Chau, Nghé An.

Ong Nguyén Ngoc Khéi mua 1 cudn/ky tang Trudng THCS
Trung Vuong, Ha Noi.

Ong Nguyén Hiing Khuong phé Hiéu trudng Trudng THPT
Bui Thi Xuan, TP. HCM mua 1 cudn/ky ting Trudng THPT
Théng Nhit A, Trang Bom, Déng Nai.

Ong Nguyén Truong Hoang Nhat mua 1 cudn/ky tang TG todn
Trudng THPT Qudc hoc Hué, TP. Hué, Thua Thién Hué.
OngLé Luong Tai mua 1 cudn/ky ting Trudng THCS xi An
Ninh, Binh Luc, Ha Nam.

Chung t6i biét réing con ¢ nhiéu ban doc ciing lam nhu vay,
nhung Toa soan khong c6 dugc thong tin. Mong céc ban tiép tuc
cung cap thong tin dé€ gitip Toa soan hiéu r6 hon vé miic 4 phs
céap ctia Tap chi.

Nghta ctf ctia cdc ban da givip Pi dén gan hon véi cac ban hoc
sinh va thdy, c6 gido.

Tap chi Pi hy vong phong trio BAO VE TRUONG CU
ngay cang dugc hudng ting rong rai!
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RACTA

MIEN GIAO THOA CUA TOAN HOC.
NGHE THUAT VA QUY LUAT TU NHIEN

- Pham Huy Dién -

Phén I. Khai niém Fractal

(tiép theo ky trudc)

4. Cac qua trinh 13p véi cac hinh hinh hoc
don gian

Béng tuyét Koch

Mot trong nhitng hinh dang fractal don gian la
bong tuyét von Koch. Phuong phép d€ tao ra
hinh nay 1a lién tuc thay thé mdi doan thing
bing miu 1ip gdm 4 doan glp khic nhu sau.

VNS

Hinh 14. Mdu ldp.

Qué trinh nay bit dau véi chi mot doan thing va
néu tiép tuc mai mai thi s& mang lai mot hinh
trong ho hang nha fractal. Vai budc ldp dau tién
clia qué trinh nay dudc trinh bay dudi day (xem

i

Hinh 15. Bén budc ddu tién ctia qud trinh ldp.

Chi sau 4 budc 1ip ta dé thiy dugc mot quy tic
sinh rit don gian cho méu 1ip nay c6 thé tao
ra mot sb dic tinh khac thudng nhu thé nao.
Khong gibng nhu cic hinh dang Euclid thong
thudng, dbi tuong nay c6 chi tiét & tit ca cdc cip
d6. Néu phéng dai mot hinh dang Euclid nhu
14 mot khiic chu vi cia mot vong tron thi né tré
thanh mot hinh dang khéc, cu thé 1a mét dudng |
théng. Con néu chiing ta phéng to fractal nay
thi nhiéu chi tiét hon dugc kham pha, chi tiét 1a
su ty ddng dang, hoic diing hon 1a né gibng hét
nhau. N6i mdt cdch khéc, bit ky phin nao dugc
phéng dai cling gibng hét véi moi phin dugc
ph(’)r}g dai khac. Khdc véi tap Mandelbrot, tinh
tu dong dang G déy 1a hoan toan chinh xdc.

Ciing luu ¥ riing "dudng cong" & phia bén phai
clia hi’nh khong phai 1a mot fractal ma chi la
mdt xap xi cla né. Piéu nay khong khac gi khi
mot ngudi v mot vong tron thi két qua cho ra
cling chi 12 mét x4p xi ctia mét vong tron hoan
héo. Tai mdi lan ldp, d6 dai ctia "dudng cong”
ting theo mot hé sb 4/3. Do d6, dudng cong gidi
han ¢6 chiéu dai 13 v han, va thyc ra chiéu dai
gifta hai di€m ctia dudng cong 12 vo han. Pudng
cong nay c6 thé nén mot chiéu dai vé han vao
mot khu vyc hitu han cia mit phing, ma khong
tf cat v6i chinh né (Mot didu khong thé tin ndi

Tap chi Pi
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P vé6i cdc hinh dang Euclid thong thudng). Vdi cac
dudng cong Euclid 1 chiéu thi d€ xic dinh mot
diém trén d6 ngudi ta chi cin t6i mot tham sb
(ching han nhu s do db dai ctia khiic dudng
cong di tif mot di€ém gbc nao d6, 4n dinh trudc)
t6i diém cin xdc dinh. Nhung véi dudng cong
nay thi khong thé 1am nhu vy (vi d6 dai d6 ludn
]a vo ciing), va day 1a diém khdc biét sau sic
nhét ctia né véi cdc dudng cong thong thudng
" trong hinh hoc Euclid! Mic du phuong phdp
tao dudng cong nay la don gidn, nhung khong
¢6 cong thiic dai sb nao mé ta cdc diém trén
dudng cong.

PE tao ra "bong tuyét" Koch (Koch Snowflake),
chiing ta cin bt ddu bing mot hinh tam gidc
ddu véi céc canh cé chiéu dai, vi du 1a 1. Véi
mdi canh, ching ta dp dung phép 1dp néu trén
va sau 6 budc ta thu dugc cac hinh dang sau

Hinh 16. Sdu budc ddu tién ciia qud trinh tao
bong tuyét Koch.

Lip lai qud trinh nay cho mot s6 lugng vo
han vong lip ta dugc fractal hinh "bong tuyét"
cta Koch.
Chu vi ciia bong tuyét Koch
Sau méi budc 13p thi s canh ciia bong tuyét
ting ghp 4 1an, con do dai mbi canh thi nhd di
3 14n. Cho nén, sau n budc 13p thi chu vi clia
"bong tuyét" tao thanh sé la:

4\"
P,,=3s(§> 5

trong d6 s 1a do dai canh cla tam gidc déu
ban dau.

Diéu nay cho thy bong tuyét Koch c6 chiéu dai
(chu vi) 12 v6 cung vi ’!i_r)r;P,, = oo,

Di¢n tich ciia bong tuyét Koch
Vi méi buéc 1ip cong thém mot tam gidc nhd
1én méi canh tao ra trong budc 1dp trudc, cho

nén sb lugng cdc tam gidc nhd dugc cong thém
trong budc thit n 1a
T,=3-4"",
Dién tich méi tam gidc nhé thém vio & mdi budc
diing bing 1/9 dién tich ciia tam gidc thém vao
& budc trudc d6, nén a, = So/9", trong d6 Sp 1a
dién tich tam gidc ban diu. Nhu viy tdng dién
tich dugc thém vao trong budc thd n 1a
bp=Ty-a,=3-4""1.5/9"

34N
e

Tit dy ta c6 dién tich cia bong tuyét xép xi tai

budc ldp thit n 1a
4
S,,=S0+Zb—So+Z ( )S()

i=1

15t ANy S0
——So(l-i-g;)(z)) 5

Cho n — o ta c¢6 dudc dién tich clia bong tuyét
Koch la

S=1imS, = §S().
n—yeo 5

Néu biéu dién truc tiép qua canh clia tam gidc
ban dau thi ta c6
S= d—gsz.

5
Mot trong nhitng tinh chit thd vi cia dudng
cong bdng tuyét Koch 12 lién tuc nhung khong
kha vi tai bt ky diém nao.
Tam giac Sierpinski
Quy trinh I3p & day 12 14y mot tam gidc déu va
khoét di mot tam gidc con & gilta c6 cac dinh
14 diém giita cla cdc canh. Khi cdc budc 1dp
dudc lip lai v6 han lan thi ta c6 dudc hinh frac-
tal mang tén nha todn hoc Ba Lan 1a tam gidc
Sierpinski. Bén budc diu tién ciia qué trinh lip
nay dudc minh hoa duéi day (xem Hinh 17).

A A 45 4

Hinh 17. Bdn budc ddu tién ciia qud trinh tao
tam gidc Sierpinski.

Tap 2 34 2Thang 2. 2018
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Dif:u \thﬁ vi‘ 1a nhitng hinh dang tuong ty nhu
the nay xuit hién nhu hoa tiét trang tri trong
nha thd da dugce biét dén tir thé ky thit 13 (trwde
Sierpinski t6i 7 thé ky).
V:l phén dién tich con lai sau mai 1in khoét diin g
bang 3/4 dién tich trudc d6, cho nén dé dang
suy ra dién tich clia tam gidc Sierpinski bing 0.
Diéu thi vi 13, néu ta ting gép 2 dé dai canh cla
tam gidc ban dau thi ta s& c6 dugc 3 tam gidc
Sierpinski gidng hét v6i cai nhan dugc tit tam
gidc ban diu. Piu nay hé 16 mot thudc tinh thi
vi clia hinh fractal nay.
Véi nhitng dang hinh hoc truyén théng (trong
Hinh hoc Euclid), ngudi ta d€ nhan ra méi quan
hé khing khit giita s6 chiéu D cla né véi kich
thudc tuyén tinh L va sé do déic trung S. Vi duy,
mot hinh chit nhat c6 56 chiéu D 1a 2, cé kich
thudc tuyén tinh L 13 d6 dai cic canh va sé do
ddc trung S 1a dién tich cda né. Méi quan hé
gilta ba dai lugng nay thé€ hién & ché khi ting
kich thudc tuyén tinh (4 dai canh) clia hinh 1én
K 14n thi s do dic trung (dién tich) cda né ting
1én K2 14n, trong d6 sb6 mii 2 chinh 1 s6 chiéu
ctia hinh. Tuong tut nhu vy, véi vat thé 3 chiéu
nhu hinh hop, néu kich thudc tuyén tinh clia n6
téng 1én gip K 1an thi thé tich cda né ting 1én
K3 14n. Tém lai, méi quan hé giita s6 chiéu D,
ty 1& ting gidm cia kich thudc tuyén tinh K va
hé sé ting gidm s6 do ddc trung H c6 thé duge
biéu dién téng quat 1a H = K, hay viét céch
khac la log(H)

~ log(K)

M&i quan hé nay diing cho tt cé cdc hinh dang
Euclid, nén ngudi ta c6 1y do dé€ mé rong khai
niém v& "sb chiéu" ra cho céc hinh dang hinh
hoc khong nhét thiét phai 12 Euclid, chang han
nhu cho céc hinh fractal. Ap dung cong thitc
nay cho tap tam gidc Sierpinski & trén, véi lvu y

ring khi cho K = 2 thi c6 H = 3 nhu da thiy &.

trén, ta c6 sb chiéu cia hinh nay 1a
_ 108(3) 585,
log(2)
Pidu nay cho thdy sb chiéu ciia fractal (theo
nghia m3 rong néi trén) c6 thé la s6 khong
nguyén, khac hén véi sb chiéu cla céc dudng

cong thong thudng trong hinh hoc Egclid !a luc:)n
biing 1. Ngudi ta ching minh dugc rang so chicu
ctia dudng cong bién cla tap Mandelbrot 13
biing 2.

Mot cich khéc dé tao tam gidc Sierpinski sé cho
thz‘iy 16 c6 thé dugc chu tric nhu mot dudng
cong trong mt phéing. N6 dudc hinh thanh bdi
mbt qué trinh stfa d6i 13p di 1dp lai céc dudng
cong don gian, tuong tyf nhut viéc xdy dung bong
tuyét Koch. Cu thé 1a:

1. Bét diu vdi mot doan thing trong mit
phing.

2. Thay thé m&i doan bing 3 doan’ngfi’n hon,
tao ra géc 120° tai méi di€m ket ndi gilta
hai doan lién tiép, nhung v6i céc doan dau
tién va cudi ciing cla dudng cong thi hodc
12 song song Vi doan khi dau, hodc 1a tao
v6i doan dé mot goc 60°.

3. Pudng cong thu dugc c6 tén goi la dudng
cong d4u miii tén Sierpinski, va hinh dang
£idi han ciia né 1a tam gidc Sierpinski (xem
minh hoa trong Hinh 18).

R4

:»é,fi.sp )‘3.&52«,
Hinh 18. Quy trinh thiét Idp tam gidc Sierpinski
bang dudng cong khéng ti cdt.

Tim tham Sierpinski

St dung quy trinh tao tam gidc Sierpinski thong
thudng, nhung thay thé tam giic déu bing hinh
vuong, ta chia né thanh 9 hinh vuéng nhd déu
nhau va khoét di cdi nim & chinh giita. Tiép
theo, xem 8 hinh vudng con lai 14 nhiing hinh
vudng ddc 1ap va 4p dung lai quy trinh vira néi
cho tig hinh vuéng nhé. Quy trinh ci thé 14p
lai dén Y6 han 1an sé& cho ta hinh fractal mang
tén 1a tdm thdm Sierpinski. Sau buéc dau tién
trong quy trinh néu trén dugc minh hoa trong

6 Tap chiPi

Hinh 19 duéi day.
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Hinh 19. Sdu budc ddu tién trong qud trinh Idp tao
tdm thdm Sierpinski.

DE thiy riing dién tich clia tim tham Sierpinski
14 biing 0 (vi dién tich ca "tAm tham" thu dugc
8 budc sau bing 8/9 dién tich ciia céi thu dugc
trong budc trudc. Tit ddy suy ra ring tim tham
1a tap khong c6 di€m trong.
Néu ta ting d6 dai canh hinh vudng ban diu lén
3 1an thi két qua qua trinh 13p s& dem lai 8 tAm
tham Sierpinski véi kich thudc gidng nhu tm
tham nhén dugc khi khong ting. T ddy ta cd sb
chiéu clia tm tham Sierpinski 12

p=108®) _; go0s.

log(3)

5. Céc hé ham Jip
Qua céch tao 1ap cac hinh fractal néu trén ta c6

. th€ cim nhén ngay dugc ring nhitng tinh chit
| "khdc thudng" ciia chiing (khéng gibng cdc hinh

trong Hinh hoc Euclid) dugc sinh ra béi qud
trinh 13p dén vé6 ciing tan. Mot cau héi hién hién

 1a: néu ta khong ding cdc mAu hinh hoc don
| &idn nhy d3 thiy & trén, ma ding mot méiu hinh

1 T8p 258 2Thdng 2. 2018

khac thi phép ldp vo ciing 4y dem lai cdi gi?
Phén nay s& dugc danh cho viéc xem xét van
d& 6. Cu thé hon, ta s& xem xét tdc dong clia
céc hé ham l3p néi chung 1én nhitng doi tugng
phd bién hon. Sau day 1a mot trudng hgp don
gian nhit.
Heé L (L-System)
Mot md ta ngén gon v& Hé L sé dugc trinh bay
trong vi du sau day. Mot chubi ky tu dugc viét
lai trong mbi 14n Lip theo mot sb quy tic thay
thé. Xem xét mot chubi ban dau (tién dé)
F+F+F+F
va quy luat viét lai
F—-F+F—F—FF+F+F—F.
Sau mét 14n 13p thi ngudi ta thu duge chudi
sau day
F+F—F—FF+F+F—F+F+F—F
—FF+F+F—-F+F+F—-F—FF+F
+F—-F+F+F—-F—FF+F+F—F.
Déi véi 1an 13p tiép theo, vin cling mot quy tic
dugc dp dung nhung bay gi& la cho chuéi sinh
ra tir ket qua tir 1an 1ap trudc, két qua thu duge 1a
F+F—-F—-FF+F+F—F+F+F—F—
—~FF+F+F—-F—-F+F—-F—FF+F+
+F—-F—-F+F—F—-FF+F+F—FF+
+F—~F—-FF+F+F—F+F+F—F—FF
+F+F—-F+F+F—-F—-FF+F+F—F
—F+F—-F—-FF+F+F—-F+F+F—F
—FF+F+F—-F+F+F—F—-FF+F+F
—F—-F+F—-F—-FF4+F+F—-F—F+F
~F—-FF+F+F—-FF+F—-F—-FF+F
+F—-F+F+F—F—FF+F+F—F+F
+F—-F—-FF+F+F—-F—-F+F—F—FF
+F+F—-F+F+F—-F—-FF+F+F—-F
+F+F—-F—-FF+F+F—-F—-F+F—F
—FF+F+F—F—F+F_F—FF+F4F
—FF+F—-F—-FF+F+F—-F+F+F—F
~FF+F+F—F+F+F—F—FF+FLF
~F—~F+F—F—FF+F+4+F —F+F4F
~F—FF+F+F—F+F+F—F—FF+F

.
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+F~F—F+F—-F—FF+F+F—F—F
+F—F—~FF+F+F—FF+F—F—FF
+F+F—~F+F+F—F—FF+F+F—F
+F+F—-F—FF+F+F—F—F+F—F
—FF+F+F—F.

Bay gid, mot sb ky ty dugc gin mot y nghia
dd hoa, vi du, F c6 nghia 1a di chuyén v& phia
trude vé ra mot dudng, diu + cé nghia la ré
trdi mot géc xdc dinh truéc @ (ching han la
¢@ = 90 do trong trudng hgp nay), con diu
— c6 nghia 1a ré phadi. Sit dung cdc ky hiéu
nay, chudi ban diu F + F 4+ F + F chi 1a mét
hinh chit nhat (¢ = 90). Nguyén tic thay thé
F—F+F—F —FF+F +F —F s& thay thé
mbi “chuyén déng vé phia trudc va vé mot
dwing” bing hinh v trong Hinh 20(a). Budc lp
ddu tién dugc dién gidi bing db hoa nhu trong
Hinh 20(b), va budc lip tiép theo dugc dién giai
biing db hoa nhu trong Hinh 20(c).

o lh

Hinh 20(a).

05

Hinh 20(b).

G5

Hinh 20(c).
Néu nhu quy trinh cif nhu thé tiép dién thi khi s6
buéc l3p tién ti vo cung thi ngudi ta thu du‘cc
mot hinh dang véi nhung thudc tinh khé gibng
vdl fractal bong tuyét Koch ma ta biét dugc
& trén.,

Ciing vdi tién de trén (1a F + F + F + F), nhung
véi mot quy téc viét lai khdc la:
F—FF+F—F+F+FF |
3 0, S ai budc ldp ta
va goc ¢ van 1a 90 dg, sau vai s |
thu dugc miu hinh nhu trong Hinh 21(a) Néu
quy trinh cif thé lip lai v han 14n thi két qua
thu dugc mot hinh v6i nhiing thudc tinh khd |
gibng véi “tdm tham” Sierpinski mata biét duge |
4§ trén.
Nhitng hinh hai fractal thd vi gibng nhu cdc tap |
Julia cung ¢6 thé tao 1ap nhd mot Hé L. Chéng
han, véi tlen délaFX, géc @ van 12 90 d9, con
céc quy tic viét lai dugc cho la ‘

Y +—FX-Y

X > X+YF+
(trong d6 cdc ky hiéu X va Y chi sif dung trong
quy tic viét lai va dugc bd qua khi thyc hién
1&nh V&) thi ta s& c6 dugc hinh dang nhu trong
Hinh 21(b) sau mot s6 hitu han budc

Hinh 21(a).

Hinh 21(b).

Diéu thd vi la’khi géc ¢ khong phai la 90 do
thi s& xufit hién nhitng hinh théi khéc biét ro rét.
Chéng han nhu khi chon ¢ = 22.5, vdi tién dé

1a F va quy téc viét lai 1a

8 Tap chiPi
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F—FF
X = F—[[X]+X]+F[+|FX] - X

thi sau mdt s6 budc 1ip ta cé thé thu duge mot
ciy manh mai nhu trong Hinh 22(b).

Hinh 22(b).

St dung hé L (véi nhiu quy tic phong phd hon)
ngudi ta c6 thé tao ra nhitng hinh dang sinh dong
' hon nita, nhung khuén khd bai bdo khong cho
| phép ta di xa hon.

Viée sit dung hé L gin ddy 1a d€ tao ra cdc vt
 thé trong gibng thyc té& xult hién trong ty nhién
| Va dic biét la cAu tric phin nhdnh cia cly. Mot
| trong nhifng dgc diém quan trong cda hé L la
| chi cAn mot lugng nhé thong tin d& biéu dién
| cdc a6 tugng rat phiic tap. RO rang, trong khi

cdc bui cy trong Hinh 22 ¢6 chita hang ngan
dudng nét ma chiing c6 thé dugc mo ta trong cd
s& dit liéu chi biing mot vai byte dit liéu (cdc bui
cy ndy chi "cho 16n" khi thiy cin thiét dé bi€u
dién truc quan). V4i thuét todn Hé L dugc thiét
ké phit hgp, cdc nha thyc vat hoc c6 thé thiét 1ap
ra cdc quy trinh sin xuét mi s& tao ra mot 16p
thuc vit cu thé.

Céc hé ham lap (IFS)

Ciéc hé ham 1dp (IFS- Iterated Function Sys-
tems) dudgc thiét 1ap trén cd s8 cdc phép bién ddi
don gian trong mit phéing: co din, di chuyén va
xoay truc toa do. Viéc tao mdt fractal dua trén
IFS bao gém cdc budc sau:

1. X4c dinh mot tdp cdc bién déi trong
miit phéng;

2. V& mot miu ban dau trong mit phing (md
hinh bét ky);

3. Bién d8i miu ban diu bing cach st dung
c4c bién d8i (dugc xéc dinh trong budc diu
tién);

4. Bién d8i hinh &nh tao ra (két hgp cdc miu
ban du va miu di bién ddi) bang céch st
dung chinh tap hgp cic phép bién déi;

5. Lip lai budc thif tu nhiéu 1an nhét c6 thé
(vé 1y thuyét, thi tuc nay cé thé dugc 1p
lai v han lan).

Trong khi cdc hé L thudng lam viéc véi cic
dudng, cac hé ham Iip IFS c6 thé lam viéc trén
céc da gidc, né thay thé da gidc bdi cic da gidc
khéc dugc mo ta bdi phan ti sinh (generator).
Trong mbi 1in 1ip, mbi da gidc dugc thay thé
b3i mot phién ban ciia céc da gidc trong phin
tif sinh dugc co dan, xoay va di chuyén sao cho
phu hop.

P& cho truc quan ta xem xét mot vi du cy thé.
Phén tit sinh bao gdm ba hinh chit nhat, mbi cai
d8u c6 tam, kich thudc va géc xoay clia minh.
Piéu kién ban diu thudng 12 mot hinh vudng
don 18, vong lip dau tién bao gdm viéc thay thé
hinh vuéng nay bing mét phién ban ctia phin
tl sinh dugc quay, co dén va dét & vi tri phit hgp
(nhu Hinh 23(a)). Budc 13p tiép theo, bao gdbm
viéc thay thé méi hinh chit nhét trong hé théng
hién tai biing cdc phién ban ciia phan ti sinh
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duqu quay, co dan va dinh vi phu hgp, va sé tao  C6 mot ky thudt ma theo d6 sy dinh hinh két
r}z: €t qua nPu t:png Hinh 23(b). Budc lip ti€p qua cé thé dugc rit ra sau mot sO vO han bude
t he:) t}{ay. tl;lebmm hinh chit nhat & trén vin bing  14p. Pay la mot hé ham 1dp ¢6 dang
phan tt sinh ban d4u nhu thiy tr : .

dy trong Hinh 23(c). Xna1 = f1(Xn,yn)

Yn+1 — f2(xm)’n)c

N6 cho ra mot day céc diém (x,,y,). Mic di vé
nguyén tic cin phai c6 mot lugng vd han céc
phin tit trong diy nay dé tao ra két qua, nhung sy
thé hién c6 thé dugc cdm nhan dé dang sau mot
s6 lugng vita phai céc phin tl ciia diy (ching
han Ia 10000).

Lutu ¥ ring c4 hai phuong phap déu c6 thé tao ra
hinh 4nh & bt ky mifc d6 nao. Trong phan 16n
céc trudng hap, khi cdc miu dudc phong to sé
cho thiy tinh tiy ddng dang & tht ca cdc mic do.
Hinh 23(b). Céc ing dung chinh 1a 1am gidm dit liéu cho cic
tép md hinh. Néu mét phén td sinh c6 thé duge
tim thiy cho mét hinh dnh phtic tap thi viéc luu
trit phin t sinh va cic quy tic tai tao hinh nh
s€ dem dén viéc gidm dit liéu rat nhidu 1an. Vi
dy, cdy dai trong céc vi du trén cé thé chita hon
2000 hinh chit nhat nhung dugc hoan toan xéac
Hinh 23(c). dinh bdi czéc ddc tinh cta 3 hinh chit nhat, chi
Va cit nhu thé, thém 3 budc lp saudétassce 0> consola t‘-’;.‘?‘-’ tam (cx, ¢y), 1y 18 co dan
Kt qui nhu trong Hinh 24(a), va saw i nhidu (), 1 £6¢ NEWANE (9). Lt § rine, Khong
budc 1dp ta cé két qua nhu trong Hinh 24(b) nhat cho mot hinh dang tiy ¥, mac dit c6 the tao
ra mdt phén tk sinh da gidc cho moi hinh dang.
Vi€c tim ra hé ham 13p va phin ti sinh chinh
1a cot 16i clia mot cong nghé nén hinh anh ma
thudng dudc goi 1a nén fractal.
H¢ ham lip cho hinh 14 dwong xi

Niét trong nhiing hinh dang rit phd bién va hip
dan dudc tao ra bdi hé ham 13p (IFS) la cdi 14
dudng xi (xem Hinh 25). K§ thut sit dung vao

ITOAN HOC VA BOI SONG

Hinh 23(a).

Hinh 24(a). viée nay da dudc ndi t6i & phén trén, tic 12 ding
¥, Gl ham lap~ de flnh ra day cic di€ém dugc biéu thi
4;?5{ 4 "f 1 % b?l 2 déy s, mdt diy 1a céc toa do x va mdt
Pt o > L day 1a toa d0 y. Céc phuong trinh mé ta su dich
A ;.','1" %}W chuyén, co dan, xoay va cit céc diém trong mit
kel S phang, véi rang bugc cho céc phép bién ddi phéi
A ";:?W la aphin (affine).
“é'f. =

%3 Dang t8ng quit cila phép bién ddi aphin trong
? mat phang dugc bidu didn qua mot ma trin

Hinh 24(b). Vuong v&i bon phin tit (a,b,c,d) va mot véets

10 Tap chi Pi
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v6i hai toa dd (e, f), ma khi viét lai dudi dang
hé phuong trinh tuyén tinh thi ddy cdc diém
sinh ra cé thé dudc biéu dién duéi dang hé ham
lap sau

Xpt1 = axy +Dby, +e

Yn+1 = Cxn+dyn +f
Mot diém dudc vé tai mbi cip toa dd (x;,yi)
46i voi i 16n hon mot sb nao dé (thudng trong
Kkhodng tit 10 dén 100).
Piém méu chét 1a xdc dinh gid tri cdc tham sd
(a,b,c,d,e, f) d€ cho ra dugc hinh dang mong
mubn. Trong nhidu dng dung thi cin c6 khong
chi mdt ma 1a mt sb cdc tap tham s nay. Trong
qud trinh sinh day, mt tap cu thé nao dé sé dugc
chon mét cdch ngéu nhién cho mbi tham $6. Mot
hé ham 13p nhu thé con thudng dudc goi 12 hé
ham ldp ngdu nhién.
L4 duong xi dudc thiét 1ap véi bang gia tri cho
trong Hinh 25(a). Piéu thid vi 1a néu cic tap gid
tri khdc nhau cua (a,b,c,d, e, f) dugc lya chon
v6i xédc suit thich hgp thi 14 duong xi s& “10
hinh” nhanh hon va can bing hon 1a khi c4c tap
ndy dudc chon véi cd hoi binh ding. Hang cubi
ciing trong bang cho biét xdc sut t6i uu.

. Tipl |Tip2 | Tip3 |Tip4
la| 00 | 02 | 015|075
5 00 |-026 | 028 | 004
e 00 023 | 026 | 004
'd 016 | 022 | 024 | 085
¢ 00 | 00 | 00 | 00
700 | 16 | 041 | 16 |
P 01 | o008 | 008 |07
(a) (b)
Hinh 25.

L4 duong xi & trong Hinh 25(b) 12 két qua ciia
100 nghin (10°) 14n Idp, nghia 12 100 nghin diém
‘dugc vé (tAt nhién khi vé c6 nhiéu di€m sé bi
tring 13p).

‘Anh 1 ty déng dang & moi cip dd, ngudi ta
€6 thé phong dai né tity theo y minh va nhiing
‘nhénh nho ciia 14 hién 1én trong gidng nhu 1a
hinh n6. Vi dy, Hinh 26 1a mot phén cia Hinh

25(b) dugc phong dai 1én 50 1an. N6 cho ta thiy

moi nhanh ctia mot nhanh 14 hién ra giong hét

nhy chinh chiéc 14 ban dau (trong Hinh 25(b)).

Tuy nhién, Iuu § ring cin phai ting déng ké
s6 14n lip d& xit Iy hinh anh khi hé s6 phéng
dai ting 1én, chiing han nhu d€ c6 hinh anh nhu
trong Hinh 26 da phai can t6i 100 triéu (108)

1an ldp.
AN Y 1% 7l
\¥ IS
) L

7 NN g ‘r:'fé
A
}

\ \\h ii\)}, \

| {
7 \% |

5 \jwt@/ \“fcl{
wi\r"ﬁ»‘ \i}«ﬂg
AN AR
Hinh 26.

Chi cin mot chiit thay ddi trong bang dit liéu
(nhu trong Hinh 27(a)) thi chiéc 1d duong
xi da c6 hinh hai khic biét trong thiy (xem
Hinh 27(b)).

- |Tip1 |Tip2 |Tip3 |Tip4
al 00 | 02 |-015
5| 00 | -026 (028 | 0.04
c| 00 | 023 | 026 |-004
d|016 | 022 | 024 | 085
e 00 | 00 | 00 | 00
sl 00 | 16 |04 | 16
001 | 007 | 0.07 | 083>

(a) (b)

Hinh 27.

6. Nhirng tap hit ky la trong cdc hé dong luc
Trong mit phing, diy diém cé thé dugc sinh
ra hoic la tif phuong trinh lip ca mot bién
phuc hodc la tir hé hai phuong trinh 1dp tuong
quan, mdt cho x va mdt cho y. Vi du nhu hé cac
phuong trinh 1ap sau day:

Xn1 = Yo — sign(xn)|bxy, — |1/

Yn+l = a—Xp.
Day t(?a d6 x,y nay dugc xdc dinh bdi mot diém
ban dau xg,yo va ba hiing s6 a, b va c. Didu thd
vi 8 déy 1a diém ban dau khong c6 vai trd quan
trong (ngoai trir mot vai trudng hgp diic biét),
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tiic 12: tt ¢a toa do ban diu xg, vy déu cho ciing
mot hinh dnh (ddi véi m&i b ba hiing s6 xdc
dinh). Chinh xdc hen, cic diém (x,y) ma c6 thé
dudc tao ra bdi day tit bt ky diém ban diu nio
ciling s& tao ra cing mdt tap hgp cic diém mic
du chiing c6 thé dudc tao theo thit tif khic nhau.
Chéng han, khia = 0,4,b =1, vac=0, taludn
c6 hinh anh tao ra nhu trong Hinh 28(a), cho du
xudt phit tif bit ky diém khdi diu ndo. Quan sit
qud trinh vé ta sé thély riing cdc ddy diém sinh ra
(tf moi diém khaéi diu bét ky) déu ludn hoi tu
(hay 1a “bi hit”) dén tap nay. Do viy ngudi ta
goi nd la “tap hut”.
Mot vi du khdc vé tap hiit st dung hé hai phuong
trinh 1dp sau day

Xn41 = sin(ay,) — cos(bx,)

Yut+1 = sin(cx,) — cos(dyy).
Véi a = —2,24,b = —0,65,c = 0,43,d =
—2,43, cic day sinh ra tir hé phuong trinh lap
néu trén (v6i bt ky diém khai diu nao) déu "bi
hit" v& mot tap c6 hinh dang gon xoéin nhu trong
Hinh 28(b).

Hinh 28(b).

Cic hé phuong trinh 13p néu trén thlic rala cdc
hé dong lyc rdi rac, va cdc ddy diém sinh ra
(tit mot diém khdi ddu nao d6) chinh 12 nhiing
quy dao cla né., Véi mot so hé d{)n{g luc !:én tuc
(dugc mo té bdi cde hé phuong trinh vi phén)
ngudi ta ciing phat hién ra hién tugng tudng .

12 Tap chi Pi

PR S dao nghiém clia nd cing cd tinh

:T'lbf‘c 11]L‘il{"(l\:1‘3ymét tzflpgni\o d6. Hai vi du ndi tiéng
v loai nay 12 tap hiit Rossler, d.lAfQC ?Ualra bdi
Otto Rossler trong qud trinh nghlcn’cuu ve d@t}g
hoc héa hoc, va tip hiit Lorenz, cO nguon goc
it mot mo hinh don gidn h(")u st doi !UU trong
16p khong khi clia vO trdi dat trong cdc nghién
ctu ctia nha khi tugng hoc Ed N. Lorenz (xem
trong Hinh 29). Rét tiéc 1a t})bi gian khong chc
phép chiing ta di sau tim hiéu céc tap nay. Quy
dao ciia ching khong lam thanh cdc vong gidi
han va ciing khong bao gid dat dén trang thd
én dinh. Thay vao d6 n6 a mot sy hén loan th
dinh. Giéng nhu céc hé théng hén don khz;ac, cé
quy dao rit nhay cam vdi diéu kién ban dau, ha
trang thdi ban dAu du gn nhau dén déu di chiing
nita thi cdc quy dao sinh ra s6m mudn ciing s
xa rdi nhau, cho dui ¢6 thé ciing bi hiit vé mg
tap nao do.
Mot diic diém chung dé nhan thiy ciia cc "t
hdt" 13 hinh thi ctia chiing rit khéc thudng, thir
chi 12 "qudi dén", hoan toan khong gibng nhitn,
gi ¢6 thé tao ra bing hinh hoc Euclid truyé
théng. C6 1& chinh diéu nay da khién ngudi t
xem chiing thudc vé gia dinh céc fractal.

Hinh 29(b). Tdp hiit L()I'(’II‘Z. F
-
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Nhu vdy, fractal bao gdm nhiéu loai, va nhitng
Joai ta dd néu & trén ¢ thé xem phd bién nhét.
Mic di khong gidng nhau, nhung ching cé
chung 2 diic di€m néi bat 1 tinh ty ddng dang va
6 sb chidu khong nguyén. O day tinh ty déng
dang c6 thé la chinh xdc theo Iy thuyét (nhu
v6i bong tuyét Koch hay tim tham Sierpinski)
va ciing c6 thé 1a “xip xi” (nhu 12 tdp Mandel-
brot hay cdi 1 duong xi). Luu y riing, cho du
khong phai 1a chinh xdc theo Iy thuyét, nhung
tinh “ddng dang xAp xi” & day cho thiy sy ddng

dang dén mic ngudi ta khong thé phat hién sy

khong gibng nhau bing mit thudng. Chéng han,

néu nhin cin than 14 cdy duong xi dugdc vé &

trén, ngudi ta s& nhan thiy ring m&i nhdnh 14

nhé - mot phin clia mét céi 16n hon - c6 cling
 hinh dang véi toan b 14 duong xi. Trén thuc té,
' ngudi ta chi c6 thé néi ring 14 cay duong xi 1a ty
ddng dang. S6 chiéu khong nguyén chinh 1a diéu
lam nén st khac biét rd nhét giita cic fractal véi
céc hinh théi gip trong hinh hoc Euclid truyén
 théng. M6t dudng cong hinh hoc truyén théng
 chi ¢ thé 6 chiéu 1a 1, do tinh don gian vé chu
 triic (khi phéng to 1én ta s& thiy n6 gan nhu 1a
 thing), con mot dudng cong fractal trong mit
phéing s& c6 s6 chiéu tiy thudc vao bao nhiéu
khong gian né chiém khi né xodn va cong. N6
cang 14p nhiéu mién mit phing thi sb chiéu cla
n6 cang 16n gin véi 2. Tuong tu nhu vy, mot
“canh quan bé mit fractal gdp nghénh ddi nii”

s& dat dén mot sé chiéu nio d6 gilta 2 va 3, ma
khong don gidn 1a 2 nhu cdc mit cong thong
thudng trong hinh hoc Euclid.

Nhitng hinh cdy 14 v ddi ndi dugec md phong
biing fractal trong gin véi ty nhién hon bt ci
cdch md ta nao, cho du 1a biing ban tay clia cdc
hoa si tai ba hay biing mudn van hinh thdi tao
dudc trong hinh hoc ¢8 dién. Didu lam cho frac-
tals thd vi chinh 1 & chd ching 12 cdc mo ta todn
hoc hién c6 t6t nhét cGa rt nhiéu hinh dang ty
nhién phic tap khéc, ching han nhu dudng bd
bién quanh co khiic khuyu (gidng nhu ciia nudc
Anh), céc tia chdp sét, cdc bo phén cla sinh vat
sbng, va thim chi 1a cdc canh quan vi try,... ma
khuon khé bai viét nhd nay khong cho phép dé
cap dén. Didu nay cho thiy fractal sinh ra la dé
thé hién nhitng phiic tap cta thé gidi tu nhién
ma céc cong cu hinh hoc trude d6 da khong thé
nao lam dugc. Néi céch khdc, fractal chinh 1a
nhitng “con chi” ma ngudi ta cin ndm bit dé
hiéu dugc “cudn sach” vil tru bao la ma Galileo
da titng ndi t6i. Néu qua nhu vy thi tai sao nd
da khong ra doi s6m hon, cung v6i bao cong
trinh toén hoc vi dai khéc trong thé ky 18-19,
ma lai chi dugc ngudi ddi biét dén vao nlta sau
ciia thé ky 20 cling véi tén tudi ctia Mandelbrot?
Piéu nay sé dugc lam sang té trong phin tiép
theo cua bai bdo nay.

(con nira)




TOAN HOC TU' C6 DIEN DEN HIEN DAI

LY THUYET NUT
VA DA THUC JONES

(tiép theo)

IIL NUT: LY THUYET CO BAN
Cdc khdi niém t6 p6 déu dung dén toan cao cAp.
Nhiéu khdi niém tudng ching don gian nhung
todn hoc héa chiing rat phiic tap va doi hdi nhiéu
kién thitc. Vi muc dich huéng téi doc gia 1a hoc
sinh phg thong, trong bai nay ta s chi dung kién
thife hinh hoc so cip trong khong gian 3 chiu.
Mic du s€ c6 han ché, hy vong doc gia c6 thé
tiép xtc véi mot sb y tudng ciia 1y thuyét nit va
t6 po. Bai doc c6 nhiéu bai tap, va nhidu ching
minh dudc chuyén thanh bai tap. Nhiing bai ¢6
déu (*) khé hon, doi héi thdi gian hon.
3.1. Khong gian Euclid
Ky hiéu R 1a tap sb thuc va R? 1a khong gian
Euclid 3 chiéu. Gia st x = (x1,x2,x3) € R? va
y = (y1,¥2,y3) € R3. Nhu thudng 18 ta dinh
nghia khoang céch d(x,y) bdi

d(x,y) = \/()q —y1)2+ (02 —y2)? + (x3 — y3)2.

Poan thing ndi x va y dugc ky hiéu [x,y], va x,y

dugc goi 12 diém bién ctia doan [x,y]. Cho mét

day cdc diém My, Ma, ..., M, trong R3, ky hiéu
n

(M1, M3, . M,] = (M, M),
i=1
véiquyudcn+1=1.
Ta goi [M1,Ma,... ,M,) 1a mot dudng gap khiic
khép kin.

- Lé Tu Quéc Thing -

3.2. Niit va két
D€ lam chinh xdc khdi niém ndt la dudng cong
khép kin trong R va d€ tranh cdc thi du ky d
ta s& dinh nghia niit 12 mot dudng gép khiic do
khép kin nhu sau.

Pinh nghia 3.1. Tidp hop K C R dugc goi li
mét niit néu ton tai cdc diém khdc nhau M, M,
<oy My voin >3 sao cho K = [My,M,,...,M,
hon nita cdc doan thdng [M, M), (Mo, Ms), ...
M1, M, va [My,, My] khéng cdt nhau, ngoa
1t [Mi, My 1] OV [Migy, M) = {Miy)} véi i =
L2,...,n(quy wécn+i= i).
Xem thi du nit 3 hinh 1.

0K

a) (b) (c)
Hinh 1. (a) Niit 56 8 (b) Niit ba ld (c) Hinh chiéu
cita cd hai niit.

Néu M’ € [My, M) va M’ khic My,M, th
[Mlv’MZ:“'»Mn] = [MhM’)MQa“"M"]‘ Nél.l ﬂ
1a s6 nhd nhit sao cho niit ¥ = My,..., Ml
thi ta goi M\,M,,..., M, 1a céc dinh ciia K

va My, M), (M2, M), ... [M,_1M,), [M,M;] 12
cac canh cia K.

= Bai tdp 3.2. Gid sir k 14 mét niit. Chiing minh

rang [X,Y] C K la mot canh ciia K néu va chi
|
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néu [X,Y] la mét doan thing cuc dai ciia K, nic
lanéu [X,Y] C [X,Y'| C K thi [X,Y] = [X',Y"].
Cluing minh rang M € K la m¢t dinh ciia K néu
va chi néu né la diém bién ciia mot canh. Méi
dinh la diém bién ciia diing 2 canh.

Pinh nghia 3.3. Kér la mgt tdp hop c6 dang
L= UI}::l K, trong d6 méi K; la mor mit (goi
la mot thanh phan ciia L) sao cho 2 it bdt ky
khong giao nhau.

Mot doan théng dugc goi 1a canh ciia két L néu
n6 14 canh cia mot thanh phan. M6t diém dugc
goi 1a dinh ciia két L néu né la dinh ciia mot
thanh phan.

Khai niém dich chuyén mat két thanh mot két
khac dugc chinh xac héa nhu sau.

Hinh 2. Bién déi A. Bén trdi la L, bén phdi la L.
Tam gidc T ¢o canh la cdc duong diit.

Dinh nghia 3.4. (a) Gid sit L,L' la kétva T
la mot tam gidc co 3 canh ey,e3,e3 sao cho
LNT =eyval = (L\e1)UerUes (Xem hinh
2). Khi dé ta néi méi mot L, L' nhdn dugc tit két
kia bing mét phép bién doi A.

(b) Két L' la twong dwong két L, ky hiéu la
L~ L, néul cé thénhgn duoc tic L bdi mgt
ddy cdc phép bién doi A.

(c) Mot két 1 khong-két néu nd twong duong voi
mot két ném trong mot mdt phdng.

D& thiy ring (i) L ~ L, (i) néu L~ L' thi L' ~ L,
va (iii) néu L ~ L' va L' ~ L" thi L~ L". C6
nghia 13 ~ 12 mot quan hé tuong ducng trong
tap tAt ca cdc két. Ta ky hiéu [L] 1a 16p tudng
duong cia L, tic 1 tap hgp tht ca cac két tuong
duong v6i L. Thong thudng ta khdng phén biét
céc két tuong duong nhau. Cac két tuong dudng
thi ¢6 cling s thanh phan. DE thy rang méi két
tuong duong véi mot két c6 chiéu dai mdi canh
nhé hon mot sé duong tuy ¥ cho trudc.

Trong trudng hop chi c6 mot thanh phan thi
khong-két dugc goi 1a khong-ndit.

» Bai tap 3.5. Chitng minh rang moi khong-niit
titong dicong vdi mot niit la hop ciia 3 canh ciia
mét tam gidc.

= Bai tip 3.6. Gid sit K = [M],Mz,...,M,,]

la mét mit. Chiing minh rdng ton tai € > 0

sao cho néu M,M,... .M}, la cdc diém vdi

d(M!,M;) < € thi [M{,M},...,M}] la m¢t niit
tuwong duong vdi K.

= Bai tap 3.7. Gid sit ¢: R> — R3 la mgt phép

quay, tinh tién, hodic vi ti va L la mot két. Ching
minh rdng @(L) twong diwong vdi L.

Nit tron dugc dinh nghia chinh xdc nhu
sau. M6t ham F: R — R3 cho bdi F(x) =

(f1(x), fo(x), f5(x)) dugc goi 1a tron néu céc
ham f;(x) 1a c6 dao ham f/(x) lién tuc va
(FL@)? + (B0 + (£4(x)2) # 0 voi moi
x € R. Gia st F tron, F(x+ 1) = F(x), va
F(x+t)# F(x) véimoixe Rva0 <z <1.
Khi d6 4nh ctia F dugc goi la mot niit tron.

Tit ndt tron ta c6 thé nhan dudc niit (gp khiic)
nhu sau.

Ton tai mot sb nguyén duong N (phu thude
F) sao cho néu n > N thi dudng glp khiic
K, =[F(0),F(}),F(2),...,F(%=1)] 1a mot mit,
va K, 1a tuong duong K,y véi moi n,n’ > N. Vi
vay m&i nit tron xdc dinh mdt 18p tuong duong
ctia niit.

Niit tron gin véi miit thyc té ta thudng gip hon.
Nhung nit gip khiic sé tién hon cho cic ching
minh todn hoc khong cin diing cong cu cao cip.
3.3. Bit bién két.

Mot bit bién két 12 mot ham I ti tap hop cdc két
vio mot tap A ndo d6, thi du tap cic sb nguyén,
sao cho néu L ~ L' thi I(L) = I(L"). Nhu vay
mot bét bién két 1a moét ham tit cic 16p tuong
duong két vao A.

Néu I(L) # I(L') thi L ¢ L', va ta néi ring bt
bién I phan biét dugc L va L'. Ta s& tim mt s&
bét bién dé& tinh nhung di manh d€ phan biét
dugc nhiéu niit.

3.4. Lugc do két.

Khi ta vé& nit trén mit phing, thi du cic nit &
hinh 1, thuc chit ta vé lugc d nit. Ta s& dinh
nghia chinh xédc lugc do nit.

Ky hiéu p: R? — R? 1a phép chiéu 1én mit
phéing ciia 2 truc dAu tién, titc 12

p((x1,%2,x3)) = (x1,%2).

Tap 2 56 2Thdng 2. 2018
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Gid sit L 1a két. Trong nhiéu trudng hgp hinh
chiCu p(L) khd don gian. Mot diém X € p(L)
dugc goi 1a don néu chi c6 ding mét diém cia
L chiéu xubng X.
Dinh nghia 3.8. Kér L duge goi la chinh quy
doi vdi p néu
e 1dt cd cdc diém cita p(L) la don, ngogi trit
mat sé hitu han diém,
o néu X € p(L) la khéng don thi ¢é diing 2
diém ciia L chiéu xudng X, va
e anh ciia mot dinh ciia L la don.
Néu két L la chinh quy ddi véi p thi p(L)
dicge goi la mot hinh chiéu kér. Mot diém
khong don c € p(L) dugc goi la diém kép.
Hinh 1(c) 1a mét hinh chiéu két. Trong p(L) ta
khong c6 cdc tinh hubng nhv trong hinh 3.
/

N/ XK A

Hinh 3. Cdc tinh huéng khéng xudt hién néu L la
chinh quy doi vdi p.

Gia st D 1a mét hinh chiéu két. Mot doan thing
a C D dudc goi 1a mot canh clia D néu né 1a
mot doan thing cuc dai trong D, tic 1a néu
a C d C D mad 1a mot doan thing thi a =d'.
Mbt diém X dugc goi 1a mdt dinh ciia D néu né
12 diém bién ctia mot canh cla D.

Chi y riing néu D = p(L) va a 1a mdt canh cia
L thi p(a) c6 thé khong phdi la mot canh ctia
D, ma chi 12 mot phin cia mot canh cla D, khi
canh nay 13 hinh chiéu cta vai canh lién tiép
cua L.

» Bai tap 3.9. Chitng minh rdng ¢ la mot diém
kép ciia D néu va chi néu nd la giao diém ciia 2
canh khéng lién tiép ciia D, titc la 2 canh khong
¢6 chung diém bién nao.

Gia sit két L 12 chinh quy déi vé6i p. Néu ¢ € p(L)
12 diém kép thi c6 2 canh khéng lién tiép a,b ctia
L sao cho p(a)Np(b) ={c}. Khidécé ' €a
va ¢ € b sao cho p(c’) = p(¢") = ¢, va ta néi
pla) la trén (hay dudi) p(b) tai ¢ néu ¢’ 1 cao
hon (hay thép hon) ¢”. O déy chieu cao ciia mot
diém ctia R? 12 toa do x3 clia nd. Ta goi p(L)
ciing véi thong tin doan nao la doan trén tai mbi
diém kép la lugc do két ctia L.

C6 nhidu két c6 chung mot Iude db. Dé chitng)
minh riing tit ci cdc ket c6 churtg m?t. Itde @3
thi chiing 1a tuong dudng. Nhu vay méi luge g
két D xdc dinh mot 16p tuong duong ket, ky higy
a L(D). ’

Gi sit D = p(L) 1a hinh chiéu két ciia mot ké;
L nio d6. Ta c6 thé quén L ma dinh nghia cdc
ludc db két trén D biing cich tai mdi diém kép ¢
ciia D chon mdt trong hai doan di ngang ¢ lam
doan trén. D& thiy riing v&i m6i lya chon, ta cg
mot hde db ciia mot két nao d6. Néu doan a 1y
trén doan b tai diém kép ¢ ta s& vé& a va b sao
cho a 1a mdt doan théng lién tai ¢ va b a m¢t
doan thing thiéu mot khiic nhé tai ¢, xem hinh

Hinh 4. Diéin kép, véi doan trén ditge ddnh ddu “t"
(trdi). Bén phdi la cdch vé diém kép nay.
Hinh vé mét lugc db két bay gid cho ta thy
ngay 18p tuong duong ciia két. Thi du biing cdch
chon céc doan trén khéc nhau, tit hinh chiéu nit
ctia hinh 1(c) ta c6 lugc dd miit khac nhau & hinh

1(a) va hinh 1(b).
Néu mot hinh chiéu két c¢6 m diém kép thi n6 c6
2" lugc do két khic nhau.

= Bai tip 3.10. Chitng minh ring trong 2" hege
do két nay cd khong-két.

Ludgc d ctia két L chi duge dinh nghia khi L 12
chinh quy ddi véi p. N&u L khong chinh quy déi
véi p thi sao?

Ménh dé 3.11. Méi két L c6 két nuong duong
L' chinh quy ddi véi p.

Y tudng chiing minh. Tap hgp tit ci cic vector
don vi la mit ciu §? = {y ¢ R? | d(v,0) = 1}.
Véives?ta ky hi¢u p, 1a phép chiéu truc giao
xuong mét phang vuéng géc véi v. Dinh nghia
L chinh quy véi p, tong ty nhu dinh nghia L
chinh quy véi p. Ta ¢6 thé ching minh ring tap
hdp tat ci v € $? sao cho L khong chinh quy
VI py ndm trong hgp ciia mot s6 hiru han mit
phang. Vi hgp cia mot sé hitu han mit phing
khong thé phi hét $2, tdn tai v 52 sao choll)
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1a chinh quy dbi véi p,. Chon mot phép quay
@ sao cho @(v) = (0,0, 1). Khi d6 L'=¢(L)1a
chinh quy doi véi p.

« Bi tip 3.12. (a*) BS sung chi tiét ciia chiing
minh trén, bdng cdch trd 10i cdc cdu hdi sau:
(1) Néu X la mét diém va e la mot duong thdng
khong chita X, tim cdc vector don vi v sao cho
p‘( ) € pule), (2) Néu ey, es,e3 la cdc duong
théng, tim cdc vector don vi v sao cho py (e1),
pule2), va pu(es) co diém chung.

(b) Cluing minh minh rdng néu mit K =
[Mi,...,Mu] 1a chinh quy ddi véi p thi ton
tai € > 0 sao cho néu d(M;,M!) < € thi
[M,...,M}] la mot niit chinh quy ddi véi p.

3.5. S6 diém kép

Lugc do nut ba 14 & hinh 1(c) ¢6 4 diém kép.
Nhung lugc dd nit ba 1a & hinh 5 & phén I
(Tap chi Pi tap 1, s6 9, thang 9.2017) chi ¢6 3
diém kép.

Dinh nghia 3.13. S6 diém kép ciia két L, ky
hiéu la cn(L), la s6 nguyén n nhd nhdt sao cho
c6 mot liwge do két twong diwong vdi L va co n
diém kep.

S6 diém kép 1a mot bét bién két. Nhung né rat
kho6 tinh. N6 thudng dugc st dung nhu mot do
phtic tap ctia két. Két c6 s6 diém kép cang 16n thi
cang phiic tap. Két c6 sb diém kép 0 1a khong-
két. Trong bang niit ngudi ta liét k& mit theo mic
ting din cta sb diém kép.

= Bai thp 3.14. Chiing minh rang néu K la mot
niit khong phdi la khéng-niit thi cn(K) > 3.

Vi nit ba 14 T 6 mot luge db véi 3 diém kép, ta
6 cn(T) < 3. Ta sé chifng minh 7" khong phai la
khong-niit. Vi véy ta c6 thé két luan cn(T) = 3.
3.6. Phép bién ddi Reidemeister

Hai két twong duong c6 thé c6 lugc dé két hoan
toan khéc nhau. Khi nao thi 2 luge dd két D, D’
Xdc dinh 2 két tuong duong, tic L(D) = L(D')?
Ta hay xem thi dy sau. Gia sit D va D' 1a 2 luge
4 két gibng nhau ngoai trir trong mot hinh tron
(dia bong hinh 5(a)) ma trong d6 D 1 phan bén
Wi cia hinh 5(a) va D' 1a phén bén phai cia
hinh 5(a). D& théy rang L(D) = L(D/ ).Ly dola
ta c6 mot phép bién ddi A bién két c6 luge db

D thanh két ¢6 luge dd D'. Hinh tam gidc clia
phép A dudc vé & hinh 5(b). Ta néi ring tit D
qua D' hoic ngudc lai tit D' qua D 1a mdt phép
bién d6i Ry. Hinh tron (dia béng) ma trong dé
D va D' khic nhau dugc goi 1a gid (support) ctia
phép bién ddi nay.

Tuong tu ta ¢6 cdc phép bién dbi R (hinh 6),
R> (hinh 7), va R3 (hinh 8). M&i phép bién ddi
nay khong thay d&i 16p tuong duong két, mic
du ching thay déi lugc db két.

\v 5 ¥ L % X |

Ry v
| | ad ]
] ® B 0}

Hinh 5.(a) Phep bién doi Ro. (b) Tam gidc ditge

st dung.

B Lﬁ

Hinh 6. (a) Phep bién doi R,. (b) Hai tam gidc ditgc
st dung.

@ | | R

Hinh 7. (a) Phép bién doi Ry. (b) Tam gidc ditoc
sit dung.

» 3 ¥
@ A\\ | g

Hinh 8. (a) Phép bién déi Rs. (b) Tam gidc duge
sit dung.
Dinh Iy 3.15 (Reidemeister). Hai lirgc dd két
D, D’ xdc dinh ciing mgt I6p twong duong két,
titc 1 L(D) =
nhdn dugc tir D boi mét sé hitu han phép bién
doi Reidemeister Ro,R1,R», R3.

Y tudng chitng minh. Dinh 1y dugce dua vé trusng
hop D 1a luge dd ciia L va D' la luge db cia L’
trong d6 L’ nhan dugc tir L bing mot phép bién
ddi A qua tam gidc T. Khi d6 p(T) 12 mot tam

18 256 2Thang 2. 2018
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gidc. Ta ching minh ¢6 thé chia p(T") thanh céc
tam gidc nhé hon, ma méi tam gidc nhé sé thyc
hién mot trong céc phép bién déi R;.

Dinh l)’; Reidemeister s& dudgc sit dung dé xdy
dgng bat bién mit hay két nhut sau. Ta xdy dung
him 80 /1 trén tip cic luge dd két. Néu 7 1a bit
bien dudi cdc phép bién dsi Reidemeister, thi /
la bat bién cia két.

3.7.Két ¢ hudng

Dinh nghia 3.16. Huwdng ciia mét doan thing
la sy lva chon mor trong 2 diém bién ciia nd,
goi la dién ddu; diém bién con lai diege goi la
diém cuéi.

Néu X 1a diém diu, trong hinh vé ta ddnh diu
huéng nay bing mot mii tén ti X dén ¥.

Dinh nghia 3.17. Hudng ciia mot két L (hay
mot liwge do két) la su lua chon hudng ciia méi
canh cua né sao cho méi dinh ciia né la diém
ddu ciia mét canh va la diém cudi ciia mot canh
khdc. Két c6 hudng la mot két cung vdi sy lita
chon mot huédng ciia né.

Trén mét it c6 hudng ta ¢ thé di theo hudng
clia miit, xuét phat tir mot diém bét k3, thi ta sé
trd lai di€m xuét phat. Hudng clia mot nit duge
xdc dinh duy nhét bdi hudng ctia mdt canh ciia
n6. Nhu vy méi niit ¢6 2 huéng khic nhau va
mot két c¢6 k thanh phén 6 2% hudng.

Ly thuyét két c6 hudng hoan toan tudng ty. Phép
bién d8i A dugc dinh nghia nhu trong trudng
hop cil, chi c¢6 hudng ciia két cii va két méi trong
phép A phai la nhu nhau, trong Vilng khong bi
anh hudng bdi A (xem hinh 9). Hai ket c6 huén%
L,L’ dugc xem la tucng dudng néu L' cé thé
nhan dugc tir L biing mot sb hitu han phép bién
ddi A.

Hinh 9. Bién déi A cho két ¢ hitong

= Bai thp 3.18. Chitng minh rdng bdt ky 3 hieong
nao cria mot khéng-két déu cho ra 2 ket tiwong
duwong nhau. ’

Gié sit L Ia két c6 hudng, chinh quy ddi Y(ji p}}ép
chiéu p. Khi dé lugc dé\cﬁaAL ciing c6 hudng
(huéng ctia doan pla) ]qa nhan dudc tit hudng
ctia a, cho mbi canh a ctia L).
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Tit dinh ly Reidemeister 3‘. 15 ta théy ring g
lugc db két c6 hudng xdc dinh cling mot Igy
cél huéng tuong duong néu va chi néy chip

né dudc lién hé nhau bdi mét chudi cie phy
bién ddi R; c6 hudng, véi i =0,1,2,3 4, dda}
mot phép bién d6i Ri ¢6 hudng Ia gibng o,
phép bién ddi R;, chi ¢6 tit ca cdc doan (p3,

1a dinh huéng tuy y sao cho h\{dng trude va g,
phép bién ddi 1a nhu nhau. Néu gid ciia g, (;
dia béng bén trdi clia cdc h:mh 5,6,7,8)co)
doan thi thi ta c6 2* phép bién di R; c6 hugny |
tuong wng vi tat ci cich dinh hudng cic dog,
nay. Thi du R; ¢6 mdt doan, vi vy c6 haj php
R; c6 hudng, ca hai déu c¢6 minh hoa trong hinf,
10. Ta c6 23 = 8 phép R3 c6 hudng, nhung cj
¢6 mét duge minh hoa trong hinh 10.

Nhu vay ta c6 2! +2! +22423=14 phép bién
déi Reidemeister ¢6 hudng. Gin day Polyak
chitng minh riing chi can diing 5 phép bién dgj
trong hinh 10 la da.

e

_<_
£

“k/“—

AKas X

Hinh 10. Cdc phép bién d6i Reidemeister cho két ¢
hudng. Chii ¥ ta c6 hai R.

Dinh Iy 3.19 (Polyak 2016). Hai lugc do kéi
dinh hudng D,D' xdc dinh ciing mot Idp ket
dinh hudng ticong cicong néu va chi néu D' c6
thé’ nhdn dicge ti D biing mot s6 hitu han phép
bién dsi Ry, Ry, R,, R3 ciia hinh 10.

Chiing minh dinh 1y trén hoan toan so cip. T2
chiing minh riing cic phép bién ddi ciia cia hinh
10 sinh ra (it ¢4 céc phép bién ddi R; c6 hudng
con lai. Trude khi ¢6 dinh Iy nay thi ta phii 1
Viéc v6i nhiéu phép bién dsi Reidemeister <0
huéng hon. ic
(Con tiep)

{
|
i
|
|
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MOT BA
TOAN CUA

Henri Cartan

- Ha Huy Khodi -

Toi tiing mang bai todn so cip sau déy ra “d6”,
vi chua thiy ban ndo gidi dugc. C6 14n t6i cling
d6 mot chuyén gia nudc ngoai, ngudi nhiéu nim
12 thanh vién ctia cac Ban bién soan Short List
cho céc ky IMO, va nim sau gip lai, ong 4y
Xin t6i 101 gidi! Néi thé d€ thy bai toan khong
hé dé.

Vay nhung khi cho 13i giai thi ai ciing thdy
khong cAn qua 5 phiit d€ hiéu né! Diing 1a “qué
tring ctia Colomb”.

Bai todn. Gid sit n la s6 nguyén duong tuy 3,
P,P,,...,P, la n diém tuy y trén mdt phang.
Chiing minh réng cd thé chon ducgc khong qud
n hinh tron, c6 téng cdc bdn kinh nhd hon 6,
sao cho hop ciia chiing chifa tdt cd cdc diém M
trén mgt phdng ma tich cdc khodng cdch MP,
i=1,2,.--,n, nhé hon I.

C4i khé ciia bai toan chinh 1a & chd cdc di@zm
P; c6 thé chon tuy y, vdy ma tap hop cédc diém
M tho4 min bai ra lai luon chita trong hgp cia
khong qué » hinh tron c6 tdng ban kinh nh6 hon
6, mot s c6 dinh khong phu thudc n.

RG rang, néu céc diém da cho “ding chum vao
mét ch&” thi rit dé xit 1y: néu tdn tai dudng tron
C} bén kinh r < 3, sao cho moi diém P; déu nam
bén trong dudng tron, thi ta chi viéc xét c}u’ang
tron C déng tam véi Cy va c6 bdn kinh bang 6.
Khi d6 moi diém M thoa man bai ra déu nam
ron bén tfong C, va bai todn dudc giéi.quyét:
That vay, néu diém M nao d6 nam ngoai C, thi
V6iméii = 1,2,...,n, ta déu co

MP; > M;P,>6—CP,>6—r>3

nén tich cac MP; 16n hon 1.

@

Ton tai hinh tron Cy bdn kinh nhé hon 3 chita
n diém.

Trudng hop dudng tron chita toan bd n diém
nhu trén khong t6n tai, di nhién ta sé mudn chon
dudng tron nao chita “nhidu nhit c6 thé” cic
diém P;, v3i ban kinh “nhé nhit c6 thé”.

Ta xét kha ning “thuan 1¢i” tiép theo. PEy
ring3=3- ;,—’, ta gid st c6 hinh tron C v6i ban
kinh 3 - % chita n — 1 diém P; di€ém con lai
dugc chifa trong dudng tron C’ bén kinh 3 - %
Trong trudng hgp nay, bai toan cling dugc gidi
quyét xong: chi can 14y dudng tron C; ddng tim
v6i C, ban kinh 6- =1 va dudng tron C, déng
tam v6i C', ban kinh 6- 1. Khi d6, néu diém
M nim bén ngoai ca hai dudng tron Cy,C; thi
tich cdc khoang cich tit M dén cic diém P; s&
16n hon

gn=1, (n—l)”*l ,3.% = (%)n (n— l)n«l.

n
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Ton tai hinh tron C bdn kinh 3 - % chita
n—1diém.

D& chiing minh (biing quy nap) bit ding thitc
sau day ding véi moi sé nguyén n > 2:
3\n n—1

(n) (n=1)"">1,
tlr d6 suy ra tich cic khoang cich tit M dén cdc
diém P, 16n hon 1.
Néu khéng ton tai hinh tron nao bén kinh

n—1
35

n )
Cau hdi dé din ta dén cdch lya chon sau day.

chita duge n — 1 diém da cho thi sao?

Goi A; 1a sb nguyén 16n nhét sao cho ton tai
hinh tron C; bén kinh r; = 3% chtta A, diém
di cho. (Trudng hgp A; =nhoic Ay =n—1da
dudc néi dén & trén).

Goi A, 12 sb nguyén 16n nhit sao cho ton tai hinh
tron C; bén kinh r; = 3% chifa A, di€m trong
s6 n— Ay diém con lai, va khong chita diém nao
thudc C.

R6 rang A1 > 2.

Tiép tuc qua trinh, ta nhin dugc céc hinh tron

C1,Co, 0, Gy
véi béan kinh tuong dng 12
rpZra2 2y,

sao cho mdi mdt trong cdc di€ém P chi thuoe
ding mot hinh tron. Hon nifa, ro rang ta c6:

q 34
g<n, ,-221,7:;;1[:3'

20 Tap chi P

Ciing nhu trudc day, ta hy vong ring néy G
d6i ban kinh nhitng hinh tron vita nhdn due, o
diém M thoa man bai ra phii dudc chita iy,
hinh tron (gip d6i) nao do. ¢
Xét cic hinh tron Ky, K2, -+ , Ky, trong do K1y
hinh tron ddng tam v8i Ci,i = 1,2, 4 e
kinh K; bing 2r;.

Nh vdy, cAn ching minh ring, néu M niim bén
ngoai tht cd cdc hinh tron K; thi tich cdc khogny
céch tit M dén cac diém da cho phai 16n hgp 1
tic 1a :

MPy-MPy----MP, > 1.

P& 1am didu d6, ta cin udc lugng khoang cich
tit M dén céc di€ém P;. VGi cdch chon cic hinp
tron K; voi bdn kinh nhut trén, ta can xem c6 bag

4 4 A 2 L 3
nhiéu diém cach M mot khodng bing =, bag
nhiéu diém cdch mot khodng biing T.f’

D& y riing, cdc hinh tron C; da dugc chon “tét
nhét” theo nghia néu hinh tron nao dé chita
nhiéu hon A; diém trong cdc di€ém P thi bin
kinh ctia né nhét thiét phai khong nhé hon bén
kinh C;. Ta phat biéu diéu nay chinh xdc hon
qua Nhan xét sau.
Nhén xét 1. Gia st v6i s6 nguyén duong A nio
d6, A < n ma tdn tai hinh trdn § bén kinh 32
chita k > A diém da cho, thi it nhit mot trong
céc di€m d6 phai thudc mot hinh tron C; nao d¢
véiban kinh r; > 3.4,
Tuy don gidn, Nhan xét 1 cho ta cdch udc lugng
s0 diém P, cdch diém M nhu da néi trén. Dict
nay dugce cho bdi nhin xét sau.
Nhién xét 2. Gia sit A 1a sé nguyén duong
A <n, M 1a mt diém nao d6 trén mit phang
ndm ngodi tit ci cdc hinh tron K;. Goi Sy B
hinh tron tim tai M, ban kinh R = 3%. Khi &0
S3 chifa bén trong né khong qud A — 1 diem £
da cho.
That viy, gia sit diém P, nio d6 nim bén tron
hinh tron §y, ddng thai niim bén trong hinh (0"
Cj n2o d6. Nhu vay hai dudng tron S; va €
nhau. BE don gian ky higu, goi R, r tuong U
la bdfl kinh ctia §; va Cj, d lakhoing cich git?
hai tam dudng tron. Khi d6 ta ¢6

d<R+r

p 18
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Henri Cartan. Nguén: Internet.

Theo gia thiét, diém M, tim cla dudng tron Sy,
khong nim bén trong dudng tron K; ban kinh
2rinénsuyra2r <d,ticlar <R.

Nhu vay, ban kinh ctia dudng tron C; nhd hon
3)~ Theo Nhan xét 1, dudng tron Sy khong thé
chua bén trong n6 nhiéu hon (A — 1) diém trong
$0 cdc diém P,.. Nhan xét 2 dugc chiing minh.

T6ng cac ban kinh clia cdc hmh tron K bing 6.
Nhu vy, chi cin chu'ng minh ring, néu diém M
n2o d6 cia mit phing khong thudc bt ky hinh
tron K; ndo thi tich cac khoang cich tt M dén
céc di€m P, s& 16n hon 1.

Gia sit M 132 mot diém nhu vdy. Khi d6 theo
Nhién xét 2,

~Khéng c6 diém P; nao nam bén trong dudng

1-
tron ) tdm M, ban kinh —— (lay trong Nhan
X6t2, 1 = 1. )
~ C6 khong qua mot diém trong s6 céc diém P;
4 cho niim bén trong dudng tron S tim M, bin

kinh 2‘3
n iy
Tuong ty, c6 khong qua A — 1 diém P nam bén

G
trong dutding tron S, tam M, ban kinh —=.

Nhu vdy, tich cdc khodng cdch tit M dén cic
diém Py, Ps,..., P, khong nho hon:
1.3 3 2.3 3.3
n n n n “n"
Phép chiing minh bai todn dudgc két thiic bing
chiing minh nhén xét sau:
Nhan xét 3. V&i moi sb nguyén dudng k, ta c6:
3k
kl—=>1.
Kk
Ta chiing minh bing quy nap theo k. Véi k=1,
16 rang bit déng thic ding.
Mit khdc ta cé:
k!3k (k—1)!-3%1.3k
KT (k= 1Tk (11 k= 1)1
Diing gia thiét quy nap, chi con phai ching
minh ring

1 \k-1
(L) s
nhung didu nay lai d& chiing minh (ciing bing
phuong phép quy nap).

Nhu véy, bai todn dit ra da dugc giai quyét
tron ven.

Trén day 1a mot bai toan ma 13i gidi hoan toan
s0 cép, va rit phit hgp véi nhitng k¥ thi Olympic
todn hoc danh cho THPT. Vay nhung bai todn
trén lai 12 phin quan trong nhét trong bai bao
ctia H. Cartan (1894-2008), mét trong nhiing
nha todn hoc 16n cta thé ky 20: Sur un theoréme
d’André Bloch, Comptes Rendus de ’Académie
des Sciences de Paris 186, 624-626 (1928). Két
qué nay dugc ing dung d€ dua dén nhitng dinh
1y ndi tiéng trong giai tich phiic vé& sy xdc dinh
cdc ham va dnh xa phén hinh qua &dnh ngugc
clia ching.

“Phién ban 3 chiéu” clia bai todn cé thé ding dé
nghién cttu cac dién tich.

Céc ban thif phat bi€u va chitng minh bai toan
tuong tu trong trudng hop 3 chidu nhé. Hoan
toan khong c6 gi khé. Ciing c6 thé phat biéu lai
bai todn trong trudng hgp mot chiéu, ciing kha
thii vi déy!

T8p 2 8 2Théing 2. 2018
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o MJi bai todn dé xudt (kém theo 10i gidi) cdn dugc néu ro la bai sdng tdc hay bai suu tdm |
(néu la bai suu tdm, cdn ghi ré ngudn) va phdi dugc trinh bay trong mgt file riéng (néu giti |
qua dudng e-mail) hodc mot to gidy riéng (néu gii qua duong buu dién). |

e Bai gidi cho mdi bai todn cén ditgc trinh bay trong mot file riéng (néu gii qua duong e-mail)

hodc mot 1o gidy riéng (néu giti qua duong buu dién).

e Nguoi dé xudt bai todn hodc giti bai gidi cho cdc bai todn trong mic “Thdch thiic ki nay
cdn ghi r6 ho, dém, tén va noi lam viéc/hoc tdp, s6 dién thoai lién hé trén trang bai todn hodc
bai gidi. Néu la hoc sinh (hodic sinh vién) cn ghi 16 la hoc sinh 10p mdy (hodc sinh vién ndm |

thit mdy).

”

e Cdc bai todn dé xudt da giti cho Chuyén muc khong duge cong bo hodc giti dang J bdt cit |
noi nao khdc, khi chita cé sw dong y ciia Tap chi Pi. |

o Pi tin chdc riing cdc 10i gidi da duoc déng tdi trén Tap chi cho cdc bai todn cia “Thdch thitc s

|

ki nay” chua hdn da la nhiing 10i gidi 1t nhét c6 thé cho cdc bai todn do. Vi thé, Pi rdt vui |

long don nhdn tir ban doc nhiing 1oi gidi mdi 16t hon, hay hon cho cdc bai todn dd cd 10i gidi J

duwgc ddng tdi trén Tap chi.

[

THACH THU'C Ki NAY

Danh cho cép THCS
P141. Xét céc sb thuc x, y, z khac 0, ddi mot
khéc nhau va théa man diéu kién:
xz—xy—-—yz—yzzzz—-zx.
Hiy fim tAt c4 cdc gid tri c6 thé clia biéu thitc
p=24247
Z A yWIEY
Ha Thanh (Can Tho) st.
P142. Cho tit giac 16i ABCD. Gié sl dudng
trung tryc cla canh AB cat duodng trung truc
ciia canh CD tai diém M ndm trong tif gidc da

ho va
<A JAMB = ZCMD = 60°.

Goi K, L va N tuong ung la trung diém ciia cic
C n thing BC, AM va DM. Hay tinh s6 do cia

P143. Cho s nguyén t& p c6 3 chit sb. Ki hiéu
a, b, ¢ tuong ung la chit s hang trdm, hang
chuc, hang don vi trong biéu dién thap phén
cia p. Ching minh riing phuong trinh (4n x)
ax® +bx+c=0
khoéng ¢4 nghiém hitu ti.
Luu Thanh Ha (Kién Giang) st.

P144. Ngusi ta chon ra 590 s6 nguyén duong
tir 2060 s6 nguyén duong déu tién, sao cho hai

sb thy ¥ trong céc sé dugc chon khong hon |

kém nhau [7], |27| hoic [37] (don vi). Ching

minh riing 2018 1a mot trong cdc sb duge chon- |

(Vi x 1a 56 thuc, [x] ki hiéu sé nguyén nhd nhiit
khdng nhé hon x va |x| ki higu sé nguyén 160
nhat khéng vugt qua x).

doa

5c ZLKN. :
£0¢ Lé Huy (Nam Dinh) st. Nguyén Khéic Minh (Ha Noi)
e Tap chiPi Tap 256 2Thang 2. 2018 |




panh cho cép THPT

a A £ . 2.
P145. Cho day sO (ay)u>; xdc dinh bdi:
2 va
_ Qny1apy2+7
; R
n

(,1::(12= l,ﬂ3=

. v6i moi 1 nguyén duong.
1) Ching minh rdng a, 1a s6 nguyén, véi moi n
nguyén duong.
2) Chitng minh ring tdn tai cdc gidi han hiu han
lim 22 lim "f,”“ va tim céc gidi han dé.
= +eo am+l " p—4oo @2n

Trdn Nam Diing (Tp. Hd Chi Minh)

P146. Cho AA;, BB va CCj 1a cic dudng cao
clia tam gidc nhon ABC (A} € BC, B, € CA,
C) € AB). Goi I, I, va I, tuong dng 1a tim
duding tron ndi tiép cdc tam gidc AB,Cy, BC1A,
va CA|B;. Chitng minh ring tam giic ABC va
tam gidc Il c6 cung tryc tAm.

Ha Minh Tho (Phua Tho) st.

P147. Cho x, y, z 12 c4c sb thuc duong, c6 téng

bing 1. Chitng minh riing

243 1 1 1 9
< 5+ 5+ 5 <

16 ~ (x+yz2)?  (y+2zx0)? (z+xy)* 7 16xyz
Hoi mbi diu déng thic xdy ra khi va chi
khi nao?

Nguyén Viér Hing (Ha N6i)

P148. Cho hai s6 nguyén t6 1 p, g (p 7 g) ma
P—1va p+1 déu khong chia hét cho ¢. Cho sb
nguyén n > 3 va cho n s6 nguyén ddi mot phan
biét a;, ay, ...,a, thdéa man didu kién: a; —a;
chia hét cho ¢ véi moi i, j € {1; 25 1}

Chiing minh riing da thic
P(x) = (x—a)(x—az)--

khong thé phan tich dugc thanh tich ciia hai da
thitc khdc hiing, vdi hé s6 nguyén.

Huynh Phitéc Truong (Tp. HS Chi Minh)

(x—an)—p

P149. Tim tit ci cdc s6 nguyén t6 p sao cho
tong binh phuong ciia p s& nguyén lién tiép 1a
moét s6 chinh phuong.

Lé Quéc Hdn (Nghé An)

P150. Chia mit phing toa d¢ thanh cic 6 vudng
don vi bdi cdc dudng thing song song véi truc
tung va di qua cdc diém nguyén trén truc hoanh
va cdc dudng thing song song véi truc hoanh
va di qua cdc diém nguyén trén truc tung. Xét
bang 6 vudng gbm tht ca cdc 6 vudng don vi
nam trong duong tron ban kinh 2018 va cé tam
nim & gbe toa do. Pién vio mbi 6 vudng don vi
ctia bang mdt s6 +1. Cho phép thay ddi céc s6
trong bang theo qui tic: M&i 1an, 14y tit ca cac
s6 nim trong cting mot hang hoic trong cing
mot ot hodc trong ciing mdt dudng chéo, rdi
thay méi s bdi s6 d6i cdia né.

- Hobi, sau mdt s6 hitu han 1an thuc hién lién tiép

phép thay d&i s6 néi trén, ta c6 thé dua bang sb
ban diu vé bang s ma trong dé cé ding mot
sd —1 va tat ca cdc sb con lai déu 1a 41 hay
khong?
(Hai sb dudc goi 1a ndm trong ciing mor dwimg
chéo néu géc gitta dudng théng ndi tim hai &
vudng chia hai s6 d6 va dudng thing chia truc
hoanh bdng 45°).

Nguyén Hing Son (Varsava, Ba Lan)

GIAI BAI Ki TRUGC

P” 1. Cho tam gidc ABC. D 1a mot diém tiy y
ham trong canh AB. C4c dudng phan gidc trong
Clia cic géc LABC va ZADC cit nhau tai E.
Céc duong phan gidc trong ciia cdc géc £BAC
VA /BDC cét nhau tai F. Goi J la trung diém
Ciia doan thing EF. Chiing minh ring cdc duong
thing /D va AB vudng goc v6i nhau khi va chi

i dugng tron noi uep tam gidc ADC tiép xic
VGi dudsng tron noi tiép tam gidc BDC.

Loi gidi (ctia nguoi chdm bai).

Trudc hét, ta chitng minh hai BS dé sau:

B& dé 1. Cho tam gidc ABC. D 1a mot diém
ty y nim trong canh AB. Khi d6 dudng tron
noi tiép tam gidc ADC tiép xiic v6i dudng tron
ndi tiép tam gidc BDC khi va chi khi D 1a tiép
diém ctia dudng tron ndi tiép tam gidc ABC véi
canh AB.

Chiing minh.

18p 2 55 2Thang 2. 2018
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° Giﬁ.sfr D 1a tiép diém ctia dudng tron ndi tiép
tam giac ABC véi canh AB. Khi d6

AB+AC — BC —AC
P =EE RO eRE g, BLIBE AT e

2 2

"
/[
5
1 D B

Do dé

CB+CA—AB
AC—DA:f:BC—DB. 1)

Goi P 1a tiép diém ciia dudng tron ndi tiép tam
gidc ADC véi canh CD. Véi luu y t6i (1), ta c6:
2DP = DC+ DA —AC = DC+ DB —BC.
Suy ra, P 1a tiép diém cta dudng tron ndi tiép

tam giac BCD véi canh CD.

Nhu viy, cidc dudng tron ndi tiép cac tam gidc
ADC va BDC cung tiép xiic CD tai P; vi thé,
chiing tiép xiic nhau.

o Ngudc lai, gia s dudng tron ndi tiép tam gidc

ADC va dudng tron ndi tiép tam gidgc BDC tiép
xdc nhau tai P.
Vi CD 1a tiép tuyén chung trong cla hai dudng
tron néu trén nén CD tiép xiic vdi ca hai dudng
tron dé tai P. Do d6

DA +DC — AC = 2DP =DC+DB—BC.
Suy ra, DA — DB = AC — BC. @)
Do D nim trong canh AB nén

DA +DB =AB.

Két hop véi (2), ta duge
AB+AC —BC
S T
Do dé, D 1a tiép diém cila dudng trdn ndi tiép
tam gidc ABC v6i canh AB.
B& dé& 1 dudc chiing minh.
B& d& 2. Cho tam gidc ABC. D 1amot diém tiy y
niim trong canh AB. Céc dudng phan gidc trong
ctia cdc géc ZABC va ZADC cat nhau tai E.
Céc dudng phén gidc trong cuia cdc géc LBAC

DA =

va £BDC ciit nhau tai F. K 1a tiép diém ctl
duding tron ndi tiep tam gidgc ABC véi canh 4p!
Khi d6 KE L KF. 1

Chitng minh. .

Do DE, DF la phan gidc trong ctia hai géc ki
bu nén DE L DF.
Goi M, N 14n luot 1a hinh chiéu clia F, E tréy
canh AB. Ta c6:

/FDM = 90° — ZEDN = /DEN.

Do d6, ADFM ~ AEDN. Suy ra
DM -DN = FM-EN. 3
D& thiy, F va E 1an lugt 1a tim dudng tron bang
tiép géc ZA ciia tam gidc ADC va tam dudng
tron bang tiép géc £B cha tam gidc BDC. Do
d6, N va M tudng tng la céc tiép diém cia cic
dudng tron bang tiép d6 véi canh CD va véi
canh DB. |
Goi I 1a tam dudng tron noi tiép tam gidc ABC.
Do K 12 tiép diém ctia dudng tron ndi tiép tam
gidc ABC vdi canh AB nén |
IK || FM || EN. |
Do dé, theo dinh ly Thales, ta cé 1
EMri AK: @
1IE Al |
Vi F 1a tim dudng tron bang tiép géc ZA cl

tam giac ADC nén

ZCFI = = /CDE.

ZADC ©)
5 v

Vi E la tam dudng tron bang tiép géc LB ctia
tam giac BDC nén

ZCED = 90° — £CBD _ 1800 2AIC
= /CIF. (©
Tit (5) va (6), suy ra ACED ~ ACIF. Do do
ED_CE ()
IF — cI’
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¢ Goi H 1a hinh chiéu vudng géc ciia C trén EI.

" Taco:
LICH = ZBIC —90° = @ — JIAK,

Suy ra, AIAK ~ AICH. Vi thé

AK _1n

CHIC ®
Vi F 1a tim dudng tron bang tiép géc A clia tam
gidc ADC nén

ZAD

Suy ra, AECH ~ ADEN. Do d6,

é DN DE
CH  CE )
- Tir (8) va (9), suy ra
AK _IA CE
DN~ DF CI’ H
Tit (7) va (10), suy ra
AK _IA ED IA
DN DE ‘TR ot ()
Tir (4) va (11), suy ra
AR IR
DN KM’
Vivdy, DN = KM.
Chiing minh tudng ty, ta cling c6
DM = KN. (12)
Tit (3) va (12), suy ra
FM-EN =DM -DN = KN -KM.
Do do, il = % Vi viy, hai tam gidc vudng

KEN va FKM ddng dang. Do d6
ZEKF = 180° — /FKM — ZEKN
=180°— LFKM — ZKFM =90°.
Vay, KE | KF.
BS dé 2 dugc ching minh.

176 lai bai todn.

Goi K 1a tiép diém clia dudng tron ndi tiép tam
gidc ABC véi canh AB.

Theo BS dé 2, KE L KF. Lai do DE, DF 1a
phan giic trong ctia hai géc k& bunén DE L DF.
Do d6, cdc tam gidc EKF va EDF la cic tam
gidc vudng tai D. Vi thé, tir gia thiét J 12 trung
diém EF, ta c6:

JD = E——ZF— =JK.
Do vay, JD L AB khi va chi khi D va K trung
nhau; ndi cach khac, JD L. AB khi va chi khi D
1a tiép diém clia dudng tron ndi tiép tam gidc
ABC véi canh AB. Theo B6 dé 1, diéu niy tuong
duong v6i dudng tron ndi tiép tam gidc ADC
tiép xiic v4i dudng tron ndi tiép tam gidc BDC.
Ta c6 diéu phai chiing minh.
Binh lu&n va Nhén xét.
1. Cho tdi thdi diém ban thao 1én trang, Toa soan
mdi chi nhan dugc ding mot 161 giai, cia mét
ban hoc sinh 16p 9 ciia Tp. H5 Chi Minh. L&i
giai d6 1a mot 161 giai chua ding vi tac gia cda
15i gidi da bd qua, khong xét mét sb trudng hop
cin thiét (do quan niém sai 12 cdc trudng hop dé
tuong ty véi cac trudng hgp da xét?).
2. Qua 13i gidi trén, ta thly c6 thé coi bai di ra
12 mdt sy ghép nbi co hoc cia hai BS dé, 1 va
2. B§ dé 2 1a mot két qua dep va c6 ¥ nghia. C6
mot cdch nhin tuong tu nhu BS dé 2 cho tam nodi
tiép. Cu thé, néu goi J, L la tdm dwong tron ndi
tiép cila cdc tam gidc ACD va BCD thi dutong
fron ngoai tiép tam gidc DJL di qua tiép diém
ctia duong tron néi tiép tam gidc ABC vdi canh
AB. Do dé, néu D la tiép diém cita duong tron
noi tiép tam gidc ABC vdi canh AB thi DI chia
doi doan thing JL.

S& thi vi hon, néu ban nhén ra riing két qua vita
néu trén cd lién quan chat ché véi bai P103 cta
Tap chi Pi (xem Tap chi Pi, tap 1, s6 10, thing
10.2017, trang 22). S& dung y tudng clia bai
P103, c6 thé m& rong B3 dé 2 cho tit gidc ngoai
tiép nhut sau:

M§ rong B8 dé 2. Cho tit gidc ABCD ngoai tiép
duomg tron (I). M la mét diém ndm trong canh
CD. Puong thing AM cdt BC tai N. Goi K, L
va J ldn ligt Ia tdm duong tron néi tiép cdc tam

152 6 2Thdng 2. 2018
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THACH THUC TOAN HOC

gidc ADM, ABN va CMN. Khi d6é duong tron
ngogi tiép tam gidc CMN di qua J.

3. Mot b¢ qua dep ctia M rong BE dé 2 néu trén
1a bai G8 trong IMO Short List 2009. Bi todn
dé6 nhu sau:

G8 IMO Short List 2009. Cho it gidc ABCD
ngoai 1iép dwong tron (I). M la mgt diém ndm
trong canh CD. Duong rhﬁ’ng AM cdt BC tai
N. Goi K, L va J ldn lugt la tdm dwong tron
ngi tiép ciia cdc tam gidic ADM, ABN va CMN.
Chitng minh rang truc tam tam gidc JKL ndam
trén duong thing AM.

4. St dung M@ rong BS dé 2 (hay ciing c6 thé
coi la két qua ctia bai G8 IMO Short List 2009),
6 thé gidi dugc mot s bai toan khé trong DE
thi cfia céc ky thi Chon hoc sinh gidi qubc gia
chp THPT mon Toin (VMO) va Chon hoc sinh
vao Poi tuyén hoc sinh Viét Nam tham dy IMO
(VNTST). Cu thé 14 hai bai toan sau:

Bai 6 VMO 2011. Cho tam gidc ABC khong
cén tai A va c6 céc géc LZABC, ZACB la céc géc
nhon. Xét mot diém D di dong trén canh BC
sao cho D khéng trung véi B, C va hinh chiéu
vubng géc cia A trén BC. Dudng thang d vudng
goc v6i BC tai D cét cdc dudng thing AB va AC
tuong tng tai E va F. Goi M, N va P 14n lugt 1a
tam dudng tron noi txep cdc tam gidc AEF, BDE
va CDF Chiing minh ring bbén diém A, M, N, P
chng nim trén mot dudng tron khi va chi khi
dudng thing d di qua tim dudng tron ndi tiép
tam giac ABC.

Bai 5 VNTST 2015. Cho tam gidc ABC nhon,
khong can va diém P nim bén trong tam gidc sao
cho ZAPB = ZAPC = a véi o > 180° — ZBAC,
Céc dudng tron ngom tiép cac tam gidc APB
va APC lan lugt cdt AC va AB tai E va F,
LAy diém Q bén trong tam gidc AEF sao cho
/AQE = ZAQF = a. Goi D 1a diém dbi xing
véi Q qua dudng thdng EF. Butng phin gidc
trong cua goc ZEDF cit PAtai T.

a) Ching minh
/DET = /ABC, ZDFT = LACB.
b) Puong théng PA cit DE, DF lan lugt tai

M,N. Goi I,J lan lugt 1a tdm cdc duSng
tron noi tiép cic tam gidc PEM, PFN va

26 Tap chi Pl

(K) 1a duun;, tron ngoai tu.p tam g lec bl
véi tam 12 diém K. Dudng thing DT ¢y
tai diém H. Chung minh HK di qua tin
dudng tron ndi ucp tam gidc DMN,

Tran Quang Hing

Loi ban.

Ldi gidi trén ddy thé hién mot cach tiép can kf
luin cta bm di ra; tir d6 cho thay mot cédch nhiy
dbi véi chu tric Todn hoc cla chu hinh dudc df
cap trong bai todn. Piém (ng qui ctia cdch nhjy
ndy 1a né glup ta tim ra méi lién hé giita bai ¢
ra va mot sb bai todn thd vi khdc.

Dudi day 1a mot 10i gidi khéc cho bai P111, go|
1a Loi gidi 2. Loi giai nay thé hién mot cich tlep
can khdc, “ngly thd” va mdc mac, dbi vdi k
luén cta bai da ra. Ciéc két qua dugc dé cdp tdj
trong Loi giai 2 1a nhitng két qua cd ban, que
thudc dbi véi hoc sinh THCS. Vi thé, voi L0|
gidi 2, c6 thé co1 bai da ra 12 mét sy “ghép ndi
nhe nhang, mém mai cla cic két qua Ii thuyé|
cd ban, dudc dé cap trong ndi dung gidng day
moén Toan cip THCS hién nay.
Loi giai 2.

Vi DE, DF 1a phan gi4c trong cla hai goc ke bl
nén DE L DF. Do d6, tam gidc EDF VUO“E tl
D. Vi thé, J 1a tim duong tron ngoai tiép tan
gidc EDF. Suy ra:

JD 1 AB < dudng tron(EDF)
tiép xiic véi dudng thing AB
& ZADE = /DFE @

Goi T 1a giao diém cta EF va CD.
Vi ZADE = /CDE nén

(2.1) & ZEDT = /EFD

& AETD ~ AEDF « /ETD = 90"
Nhu vy, /D | AB « EF 1 CD. e’

. 10
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Tir dinh nghia cla cdc diém E va F, hién nhién
suy ra E 12 tam dudng tron wp bang tiép géc ZB
clia tam gidc BDC va F 1a tam dudng tron oy
bang tiép géc ZA clia tam gidc ADC. Gia si, wp
va O, tuong udng, tiép xiic canh CD tai Tp va
Ty Dé thiy, ta cé

EF LCD&STp=T) =T

< DI = DTy. (2.3)
Gia st wp tiép xiic véi cac dudng théng AB va
BC twong Ung tai K va L. Ta ¢6 BK = BL. Ma
BK = BD+DK = BD+ DTy

va
BL=BC+CL=BC+CTg =BC+CD— DTj,
nén ta dudc

BD+ DTy = BC+CD — DT;.
Vi viy DTp = %(BC+CD—BD) X
v6i P 1a tiép di€m ctia dudng tron ndi tiép tam
gidc BCD véi canh CD.
Xét twong tu dbi véi wy, ta s& duge
DT =CQ,

v6i 0 12 tiép diém ciia dudng tron noi tiép tam
gidc ACD v6i canh CD.
Tir 6, ta cé:

DT = DT < CP = CQ.
Tir 2.2), (2.3) va (2.4), suy ra

JD L AB & CP=CQ.

Macp = CQ (titc, P = Q) khi va chi khi dudng
tron ngj tlep tam giac ADC tiép xiic véi dudng
tron noi tiép tam gidc BDC, nén ta co diéu phai
chiing minh theo yéu cau dé bai.

(2.4)

NKM

P112. Tim At ca céc cip s6 nguyén (a b) dé
da th“C P(x) = x* —ax+b c6 tinh chét: tdn tai
ba s nguyén d6i mot khac nhau m, n, p thudc
doan [1; 9] sao cho

|P(m)| = |P(n)| = |P(P)| =7
Léi giai (dua theo 10i gidi ciia tdc gid bai todn).
Gid st (q, b) la cap s6 nguyén thoa man yéu ciu

@& bai, Kni d6, ton tai ba sb nguyén d6i mot
dc nhau m, n, p € [1;9] sao cho

|P(m)| = |P(n)| = |P(P)| =T,

hay P(m), P(n), P(p) € {-7;7}. (1)
Hién nhién, khong thé c6 P(m) = P(n) = P(p),

vi khi d6, da thdc bac hai
Q(x) = P(x) — P(m)
s& c6 ba nghiém, 1a diéu vo 1i.
Vi thé, tit (1) suy ra trong ba s6 P(m), P(n) va
P(p), c6 diing hai s6 bing nhau va sb con lai
khdc c hai sb d6. Khong mét tSng quat, gid sit
P(m) = P(n) # P(p). Chi c6 th€ xay ra:
e Truong hop 1: P(m) = P(n) = 7 va
P(p) =—
Khong mit tdng quat, gia sit m > n. )
Vi P(m) = P(n) =7 vam # nnén m va n 1a hai
nghiém clia phucng trinh bac hai (&n x):
x*—ax+b—7=0.
Do dé, theo dinh 1i Viete, ta c6:
a=m-+n. 3
Vi thé
14 = P(m) — P(p) = m? — p* —a(m— p)

=m?—p*— (m+n)(m—p)

=(m—p)(p—n). @
Do 14 > 0 nén m — p va p —n cing diu. Két
hgp véi (2), suy ra
&)
vi néu ngudc lai thi m < p < n, mau thuin
véi (2).
Do m,n, p € [1;9] nén

m‘_PaP—n>0,

m—p,p—n<l4. 6)

Tix (4), (5) va (6), suy ra

m—p=2 e m—p="17

p—n=1 p—n=2;
hay:

m=p-+ B m=p+7

p=n+7 p=n+2.
Suy ra m=n-+9 > 10,

mau thufn véi gia thiét m € [1;9]. Didu nay cho
thiy trudng hop 1 khong thé xdy ra.
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R

Tap chi Pi 27

[QOH NYOL DAHL HOVHL



THACH THUC TOAN HOC

® Truong hgp 2: P(m) = P(n) = —7 va
P(p)=1.

Khoéng mit téng quat, gia sit
[m—p| <|p—n|. (@)
Vi P(m) = P(n) = —7 vam # nnénm van la
hai nghiém ctia phuong trinh bac hai (dn x):
X —ax4+b+7=0.

Do dé, theo dinh 1i Viete, ta c6: a = m+n va
b=mn-17. (8)

Vi thé, tuong ty nhu & trudng hop 1, ta cé:
—14=P(m) —P(p) = (m—p)(p—n).
Suy ra: m—p|-|p—n| = 14. 9
Do —14 <0 nénm— p va p —n trdi dau. (10)

Do m,n, p € [1;9] nén

|m—pl|, |p—n| < 14. (11)
Tu (7), (9) va (11), suy ra:
[m—p|=2valp—n|=17.
Két hgp véi (10), ta dugc:
m—p=2 ek m—p=-—2
p—n=-7 p—n=T,
hay:
= =p=-2
®I"=PF? poge ap{" =7
n=p+7 n=p-T1.

+)Xét(I). Vin<9nénpe {1;2}.
-Véip=1, ta dugc m = 3 va n = 8. Do do¢,
theo (8),a=11vab= 17.

- Véi p=2, ta dugc m =4 van =9. Do d6,
theo (8), a= 13 vab =29.

) Xét (D). Vinz1lvap< 9nénp e {8;9}.
— Véi p =8, ta dugc m =6 van=1. Do do,
theo (8),a=7vab=—1.
—Véip=9,taduqcm:7v21n=2. Do dé,
theo (8),a=9vab=17.

Ngudc lai, biing cich kiém tra trc tiép, dé théy,
tht ca cic cap sb (11,7), (13,29), (7,—1), (9,7)
déu thda man yéu cau dé bai va vi thé, chiing 1a
{t ca cdc cdp s6 cin tim.

Binh luan va Nhan xét.

1. Toa soan nhan dugc 10i gii cia nhiéu ban hoc

sinh gt t6i. Trong s6 d6, chi c6 hai ban (ciing

28 Tap chiPi

hoc chp THCS) ¢ cdch tiép can bai toin the,
huéng di thé hién trong 1i gidi néu trén; do 13,
tim cach xdc dinh céc cip s0 (a, b) thong quy
viée xdc dinh cdc gid tri m, n trdng ing. Cic byy
con lai da tim cdch xdc dinh cdc cdp (a, b) dy
trén didu kién cin dé mot phuong trinh bic haj
c6 nghiém nguyén. Nhiéu ban vin méc nhuge
diém khong thi lai cdc cdp (a, b) im dude, mic
du qud trinh suy ludin ctia cdc ban d€ tim ra cic
ciip s6 d6 la qud trinh “suy ra”.
2. Véi viéc cham chude nhuge di€m vita néu
trén, ciing nhu chip nhan (ddi véi mot s 1oi
giai) viéc trinh bay vin ta”it., cdc ban co tén sau
déy c6 13i gidi ding: Nguyén Ngdan Chi (16p 7C,
trusng THCS Ly Thdi T6, Quén Ciu Gity, Ha
No6i), Catherine Doan (16p 7A, Ashbury Col-
lege, Ottawa, ON, Canada), Tran Nguyén Nam
Hing (16p 9A11, trudng THCS Ngod Tit T6,
Quén Phd Nhuén, Tp. H6 Chi Minh), H6 Long
Nhdt (16p 10 Toén, trudng THPT chuyén Lé Qui
Pon, Khanh Hoa) va mot ban khong ghi ho, tén,
noi hoc trong 181 gidi.
3. C6 thé phét biéu bai di ra duéi dang sau: “Tim
tdt cd cdc da thitc bdc hai P(x) c6 tinh chdt: ton
tai 3 s6 nguyén doi mot phdn biét m, n, p thuje
doan [1; 9] sao cho

|P(m)| = |P(n)| = |P(p)| =177
4. Ta biét ring, mot da thite cé bac khong vugt
qud n(n € Z,n > 1) dugc xdc dinh hoan toan,
k?i biét gid tri ciia n tai n+ 1 gid tri ciia bién
sO (cdn néi: tai n+ 1 diém). Cu thé, ta cb k&t
qua sau:
“Cho sé nguyén n > 1. Cho 2(n+ 1) s6 thic
X0y X100y Xp (xi %Xj Vi # }) Va ag,ay,...,an. Khi
do, da thitc P(x), dwge xdc dinh béi cong thitc

P()\j:iai. )

)
=0 0<j<n i TXj
J#I

la da thitc duy nhdt c6 tinh chét: P(x;) = aiy vdi
moii=0,1,...,n"

Cong thic trén ¢6 tén goi 1a Céng thitc ngi suy
Lagrange.

Chang han, nhu & 15i gidi néu trén, sau kbi
im duge m =3, n =8 va p = | & trudng hdP
P(m) = P(n) = —7va P(p) =7, ta sé c6 da thi®
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1-31-8
hay P(x) =2 — 11x+17.
Nhu thé, véi céch phat bi€u nhu di néu & muc
3 trén day, c6 thé coi bai da ra nhu mot “cd
hich” nhe, nhiim khich 1¢ viéc tim tdi cdc tinh
hubng “tim da thie”, dudi géc nhin “ndi suy
Lagrange”. B i
Nguyén Khace Minh
P113. Tim tit ca cdc bd ba sb nguyén duong
(x.y z) théa man diéu kién:
5.3 =3242z—-1.
Lui giai (phdng theo 10i gidi ciia cdc ban
Catherine Doan, Idp 7A, Ashbury College, Ot-
tawa, ON, Canada; Lé Gia Bdo, I1dp 10T, truong
THPT chuyén Lé Quy Dén, Khdnh Hoa).
Gid st (x,y,z) 12 bd ba s6 nguyén duong théa
min diéu kién néu trong dé bai.
Ta cé:
5.3 =(3z—1)(z+1). 1)
Do d6
(Bz—1)(z+1):3.
Ma (3z—1,3Y) =1 (vi 3z—1/3 ) nén suy ra
z+1:3, 2
Tu (1), ta con c6: (3z—1)(z+1):5% (3)
Do
(Bz—1)+2(z+1)=5z+1/5
nén 3z — 1 va z+ 1 khong thé cing chia hét cho
5. Vi thé, tir (3) suy ra, trong hai s vita néu, c6
Mot s6 chia hét cho 5° va sb con lai khong chia
hét cho 5.
Nhy vay, néu 3z — 1 /5 thiz+1:5% Két hap véi
() suy ra
z+1:5%.3.
Matit (1) tac6 5%-3%iz+ 1 nénz+1= 5_"'3'2':
Kéo theo, 37— 1 = 1, hay z = 0, mau thudn véi
8id thiée z 1a sb nguyén ducng. Vi the, ta ¢6
32-115% Két hop véi (2) va (1), suy ra

3z—1=5vaz+1=9. )

Do d6

55— = (37— 1)=3(z+ 1) = -4,
hay 5% = 3>+ —4, (5)
Vi 5 = 1(mod4) nén 5* = 1 (mod4); két hgp
véi (5) suy ra 3+ = 1 (mod4). 6)
Vi 32 = 1 (mod4) nén véi moi sb nguyén
duong &,

3% =1 (mod4) va 3%*! =3 (mod 4).
Vi thé, tit (6) suy ra y+ 1 = 2k, k € N*.
Thay y+ 1 = 2k vao (5), ta dudgc:

55=3%_4=(3-2)(3*+2). (0
Ma '
(3F+2)—(3k=2)=4%5

nén 3% — 2 va 3% + 2 khong thé cung chia hét
cho 5.
Do dé, tir (7) suy ra mot trong 2 s6 vira néu trén
biing 1 va sb con lai bing 5*.

Tit d6, do 3* +2 > 1 nén
F_2=1vaz*+2=5"
Suyra,k=1vax=1.Dodd,y=2k—1=1;

kéotheo, z=3"—-1=2.
Ngudc lai, biing céch tinh todn tryc tiép, dé thiy
bo sd (x,y,z) = (1,1,2) théa man diéu kién da
néu trong d& bai.
Vay, c6 duy nhit bo ba s6 nguyén duong thoa
mén yéu ciu dé bai, 13 bd ba sb vira néu trén.
Binh luin va Nhan xét.
1. Toa soan dé nhan dugc nhiéu 15i giai cho bai
todn, tit cdc ban hoc sinh cAp THCS, cip THPT
va cé tif cdc ban sinh vién dai hoc. Péng tiée 1a
khong phai tit cd cdc ban déu c6 1 gidi ding;
¢6 nhiing ban cho 18i gidi sai chi vi nhiing sy
ngd nhan rit don gian, ching han nhu: Vi moi
n nguyén ducng, 5" +4 khong chia hét cho 3.
2. Mot sb ban, do chon cich tiép can bai todn
chua hgp i nén di lam phitc tap tinh hubng, dén
dén 18 gidi dai dong, cdng kénh; ching han, ¢6
ban da phiic tap héa tinh huéng biing viéc qui
bai di ra v& bai todn tim gia tri cda cdc tham sé
nguyén dudng x,y sao cho phudng trinh bac 2
(dn z)

322 +2z—(1+5-3) =0
c6 nghiém nguyén duong.
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3. Mdt s6 ban viin méc nhuge diém quén kiém
tra lai bg s6 (x,y,z) tim dugc, mic di qud trinh
suy ludn cla cic ban dé tim ra b s6 d6 la qué
trinh “suy ra”.
4. V&i viéc cham chude nhuge diém vita néu
trén, cling nhu chéip nhan (déi véi mot sb 18i
gidi) mdt vai 16i nhd trong cic 1ap ludn logic,
ngoai cic ban ¢4 tén di néu trong phin Li gidi,
cdc ban ¢6 tén sau day ciing c6 10i gidi ding
(ai gidi b6 sot cdc truong hgp cdn xét khong
dugc coi la loi gidi diing): Nguyén Ngan Chi
(16p 7C, trudng THCS Ly Thdi T6, Quan Ciu
Gidy, Ha Noi), Nguyén Quang Minh (16p 9/3
trudng THCS Nguyén Binh Khiém, Bién Hoa,
Ddng Nai), HS Long Nhit (16p 10 Todn, trudng
THPT chuyén Lé Qui P6n, Khanh Hoa), Hoang
Lé Nhdt Ting (sinh vién K61 Su pham Todn,
DPHQG Ha Noi) va mét ban khéng ghi ho, tén,
ndi hoc trong 16i gidi.
5. Bai dé ra 1a mét tinh hudng don gian, c6 dang
0 bén, gbp phin gitip hoc sinh ciing ¢ hiéu biét
vé phan tich chuin clia mét sé nguyén duong.
Cu thé, véi luu ¥ 3 va 5 1a cdc sb nguyeén 6, c6
thé thiy ding thic di cho trong d2 bai cho biét
phan tich chuén cia s& nguyén duong
A=37+2—1.
Tir d6, véi viéc c6 thé phan tich A thanh tich
A=(3z— (z+1),
nhd viée hiéu diing, hiéu ki vé phan tich chuén,
dé dang tim ra dang ciia phan tich chuin ciia cic
s63z—1vaz+1:
3z—1=5%vaz+1=%.5°

(cr, B € N,a+ B = x); lam co sG cho viéc tim
ra z va cdc s6 mil x,y trong phan tich chudn
cua A.
Lai gidi trén day cho thiy mot cich xi 1y dep
trong viéc xét cdc s6 mii &, B.

Luu Thanh Hj
P114. Cho bang 6 vudng kich thuéc 111 x 2017
(bang gdm 111 hang va 2017 c6v). Dién vao mbi
6 vudng con ctia bing mét s0 0 hoiic 1 sao cho
trong mbi cot o it nhit 85 s6 1. Ching minh
ring ta cé thé bd di 106 hang sao cho & bang
méi nhan dugc (gdm 5 hang va 2017 cot), chi
6 thé c6 t6i da 1 cdt chifa toan 50 0.

30 Tap chi P

Lui gidi (ciia tdc gid bai todn).
Pénh s6 tht tu cdc hang, tif dudi len ¢
2,.., 111 vadanh s thit ty céc cot,
phai, bdi 1,2, ..., 2017.
v6i mbi i € {152;...; 111}, ki higu r,;
niim & hang thit 7.
Véi mbi k € {152;...52017}, ki higu T
1 niim & cot thu k. 5056
Hién nhién, ta c6:
i‘l’ 2017
ri= Ck:
i=1 kg; (+)

Do ¢; > 85 vdi moi k € {1;2;._';20]7} nén

2017

Y i >85x2017 = 171.445,

k=1
Do dé, tit (%), tacé
1
ri > 171.445.
1

rén, bis
wr tréj qu(;

156 g6

T

Suy ra, theo nguyén li Dirichlet, ton tai mot hang
ma s6 s6 1 & hiaing d6 khong it hon
171.445
111

T6 mau xanh cho hang nay. Vi tinh chit cia
bang s di cho khong thay d&i khi hodn doi vi
tri ciia cédc cot nén khong mit tdng quit, gid s
tht ci 1.545 & dAu tién (k& tif trdi qua phii) ciz
hang dugc t6 xanh déu chia sb 1.

Xét bang con A clia bang di cho, gom 111 hi.mg
va 472 (= 2017 — 1545) cot cubi cung clia bané
da cho (xem Hinh duséi day).

2017 cot

-, = 1.545 (s6).

472 cot

- 4 diné

Hién nhién, bang A ciing c6 tinh C~h J;:‘m?’l

nhit bing da cho; nghia 1a, § mdi €0t ¢
18
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«ing c6 it nht 85 s6 1. Vi thé, biing céic 1ap luan

- uong o trcn, suy ra trong bang A, tdn tai mot

hang misbsd1d hang d6 khong it hon

[85 x 472

T ] = 362 (s0).

(Hang ndy c6 thé 1a mdt phan ciia hang da dugc
t6 xanh). T6 hang vita néu trén ciia bang A bdi
mau do; trudng hop hang dé 1a mdt phin cia
hang da dugc t6 xanh, ta to lai 472 6, tif 6 thit
1546 dén 6 thit 2017 cla hImg xanh, b&i mau
do. Tuong tu trén, l\hong mét tong quat, gia st
tht ca 362 6 dAu tién cha hang dugc to do, xét
trong bing A, déu chita sb 1.

Xét bing con B ctia bang di cho, gdm 111 hang
va 110 (= 472 — 362) ¢t cubi cling ciia bing
di cho. Ciing nhu véi bang A, suy ra trong bing
B, ton tai mot hang ma s6s6 1 § hang d6 khong

it hon
"85 x 110

11 ] = 85 (s0).

~ (Hang nay c6 thé 1a mdt phan clia hang ¢ chita

nhiing 6 da dugc td mau).

To hang vira néu trén cia bang B bdi mau hdng;
trudng hgp hang dé 12 mot phéin ciia hang chita
nhiing 6 dd dugc t& mau, ta to lai 110 6, tit 6 tha
1908 dén 6 thit 2017, bdi mau hdng. Tu'cing tu
trén, khong mit tSng quat, gia st tat ca 85 6 dau
tién ctia hang dudgc t6 hong, xét trong bang B,
déu chita s6 1.

; Xét bang con C ciia bang da cho, gdm 111 hang
- Va25 (= 110 — 85) cot cudi cung ciia bang da

o5 o
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cho. Ciing nhu véi bang A, suy ra trong bing C,

ton tai mot hang ma sb sé 1 & hang d6 khong
it h(}n

85x 25
111

(Hang nay ¢6 thé 1 mdt phén ctia hang c6 chifa
nhiig & d3 dugc t6 mau).

To hing vita néu trén cta béang C bdi mau tim;
"fGng hgp hang dé 1a mét phn cla hang da
duge 15 mau, ta to lai 25 6, tit 6 thit 1934 dén
0 thit 2017, bdi mau tim. Tuong ty trén, l\hong
mit tong qudt, gia sit tht ca 20 6 ddu tién cla
hang dugce t6 tim, xét trong bang C, déu chita

-\ =20 (s0).

Xét bang con D ctia bang da cho, gdbm 111 hang
va 5 (=25 —20) cdt cubi cling ciia bang di cho.
Ciing nhu v6i bang A, suy ra trong bang D, tdn
tai mot hang ma s6 s 1 & hang d6 khong it hon

85x%x5 "
"—TT-I =4 (SO).

(Hang nay c6 th€ 1a mét phin ciia hang c6 chira
nhitng 6 di dudc t6 mau).

To hang vita néu trén cia bang D bdi mau vang;
trudng hgp hang d6 la mot phan ciia hang c6
chita nhitng 6 da dudc t6 mau, ta to lai 5 6, tit 6
thit 2013 dén 6 thit 2017, bdi mau vang.

Nhut vily, ta c6 t6i da 5 hang, ma mbi hang déu
chita nhitng 6 da dugc té mau, va do dé, c6 tbi
thi€u 106 hang, ma m&i hang déu khong chita &
nao da dudc té6 mau. Bo di 106 hang vita néu, ta
& c6 mdt bang gdm 5 hang va 2017 cot, ma sb
cdt c6 chita s6 1 khong it hon t8ng s6 s6 1 niim
& cdc 6 da duge t6 mau. Theo trén, sb sé 1 nim
d céc 6 dugce to mau xanh, dd, hdng, tim, vang
tuong ng khong it hon 1.545, 362, 85, 20, 4.
Vi thé, t8ng s6 s6 1 ndm & cac 6 da dudc td mau
khong it hon:

1.545 +362+ 85+ 20+ 4 = 2016 (sb).

Tir d6 suy ra, bang gdm S hang va 2017 cot vita
neu trén chi c6 thé c6 téi da 1 cot khong chita
s6 1, hay néi cich khéc, chita toan sé 0.

Bai todn dugc gidi quyét hoan toan.

Luu y: Véi x 1a s6 thuc, [x] ki hiéu s6 nguyén
nhé nhit khoéng nhd hon x.

Binh luén va Nhan xét.

1. Khi tim 16i gii cho bAt cit bai todn nao, trudc
hét, cin tim hiéu, phan tich cdc dit liéu da néu
trong dé bai, dé biét d& bai cho cdi gi, “bit” lam
cdi gi. VGi bai di ra, khd d€ dang d€ thiy “dd
bai cho mot danh gid vé t6ng sé sb1c¢o trong
béng (thong qua gid thiét vé& s cot va sb sé 1
t6i thi€u & mbi cot) va yeu céu chiing minh su
tdn tai ciia 5 hang ma sb sb 1, doi mot khac cot,
trong 5 hang dé khoéng it hon 2016 (néi cich
khéc, chitng minh sy ton tai ctia mdt bing gdm
5 hang va 2017 cdt ma & bang d6 chi ¢6 the cé
t6i da 1 cot khong ¢6 s6 1 nio (tite, chita toan sb
0)). Hi vong, véi viéc hiéu nhu thé, ban s& thiy
su tu nhién clia 181 gidi néu trén.
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2. Nhiim giiip cdc ban hoc sinh nhd tudi (dang
hoc cic 16p 5, 6, 7 chiing han) khong gip kho
khin trong viéc theo doi, 16i giai cha bai ra da
dudc trinh bay ti mi, chi tiét hon nhidu so vdi
miic can thiét. Vi thé, néu chi nhin Iuét qua, doc
gid s& ¢6 cam gidc bai di ra 1a mot bai todn rit

khé, vi I3i giai ctia né rit dai!

3. T6i thai diém ban thio cia Tap chi vio nha
in, Toa soan vin chua nhan duge mot 13i giai

nao, tir doc gia.

Nguyén Khiic Minh

P115. Trén mot duong tron cho trudc, 1an lugt,
theo chiéu kim déng hd, ldy cdc diém doi mot
pl}ﬁn biét A,B,D,E, F,C sao cho AB = AC. AD
cat BE, BF tuong tng tai P,S; AF cit CD,CE
tuong ung tai 7, R. Goi Q 1a giao diém clia BF
va CD. Trén doan thing ST, 1iy diém X sao cho

£SKQ = ZACE. Chiing minh riing
Ks _or

KT ~ OR’

Loi gidi 1 (phdng theo loi gidi ciia tdc gid

bai todn).

Tir gia thiét suy ra A 1a diém chinh giita cung

BAC ciia dudng tron (ABC); do do:

/TDS = LCDA = ZAFB = /TFS.
Vi thé, SDFT la tit gidc noi tiép; suy ra

/LKSQ = LTSF = LTDF = ZCDF

= LCAF = ZCAR.
Tir d6, dé ¥ riing
LQKS = LECA = ZRCA,
. KS cA

suy ra AQSK ~ ARAC. Do doé, E — ﬁ
Tuong Y, ta cing c6 AQKT ~ APBA; do do,
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KQ _BP
KT ~— BA
Vi thé, ta co:

KS L 5, XC L CA BP gp
KT ~KQ KT~ CR'BA= gy «

(do AB = AC, theo gia thiét).

Ap dung dinh ly Pascalv cho lyc gige pg; i
ADCEBF, suy ra cic di¢ém P,Q, R thiing 'hangJ
Goi J 1a giao diém th hai, khic p, ciig C,‘
va dudng tron (BPD). Khi d6, d& thiy, .,
ABJC ~ ABPA.

Sty BJ BC
BP ~ BA
va
ZCBA = £PBA — ZPBC = IBC - /ppc
= LIBP.

Vi thé, ABJP ~ ABCA; suy ra, PB = PJ.

Do t gidc BDJP ndi tiép, nén

ZPJQ = /PBD = Z/EBD = /ECD = /RCD
Suy ra PJ || CR. Do dé |

B _ Bl OF )
CR_CR _OR
Tir (1) va (2), suy ra 1’:—; = % Ta c6 diéu phi

chiing minh.

Lii gidi 2 (phong theo 1oi gidi ciia ban Nguwyé
Doan Hdi, 16p 10 chuyén Todn, triimg THPI
chuyén Nguyén Trai, Hai Ditong).

. A
Ap dung dinh 1y Pascal cho luc gide not u:.l‘
ADCEBF, suy ra cdc diém P,Q, R thing hﬂ':;
AI.) dung dinh Iy Menelaus cho tam gi4¢ 2
vOi cét tuyén ASP, ta dugc:
2,201

!
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PQ AR SF

po AB = AC nén A 1a diém chinh gilta cung
BAC cita dudng tron (ABC). Vi thé, FA 1a phan
gide ciia goc ZCFB: suy ra

LCFA = ZAFB = /AFS )
W /TDS = ZADC = ZABC = LACB
=ZAFB = /LTFS.
Do dé, SDFT 1a tit gidc ndi tiép. Suy ra
/CAF = ZCDF = LTDF = /TSF. (3)
Tit (2) va (3), suy ra ACAF ~ ATSF. Do dé
SF TS
AF " CA @
Hon nia, do
LCAR = LCAF = LTSF = LKSQ
v /ACR= ZACE = /SKQ,
nén AACR ~ ASKQ. Do d6
e ®
SO SK

T (4) va (5), suy ra
AR SF‘SF AR_TS AC_TS
AF 'SQ  AF SQ CA SK SK’
Két hgp vai (1), ta dugc

PO TS
PR SK
KS PQ
SU / _——= = 3
y ra ST = PR Do do
KS KS PQ QP

KT = ST-KS PR—PQ QR

Bai todn dudc chitng minh.
Binh lugn va Nhan xét.
L. Dya vao cdc 16i giai trén day, c6 thé ching
minh duge QK || AE va ST || BC; tit d6, ta
¢ dudc cdch dyng didm K thod man yéu ciu
de baj,
% Tm"g Lai gidi 1 néu trén, két qua quen thude
dugi day da dugc sit dung trong viéc xét hai
dy,(’”g tron cit nhau, dudng tron ngoai tiép luc
8idc ABDEFC va dutng tron (BPD), dé rit ra
Ktluin ABJC ~ ABPA:

Cho hai dueimg tron (01) va (0y) cdt nhau tai
Udiém phan bi¢r A, B. Xét cdc diém M € (O1)

va N € (03). Khi d6, cdc khing dinh sau la
tieong duong:
1/ M,B,N ciing thugc mét dueong thing;
2/ (BA;BM) = (BA;BN) (mod ),
3/ (ﬁ;m) = (57{;5;?/) (mod27);
4/ Cdc tam gidc AMN va AO 0, dong dang (va
cung hieong).”
K&t qu néu trén 1a mot két qua cd ban, dudc sit
dung d€ gidi quyét rit nhiéu bai todn.
3. Mot s6 ban cho 16i gidi sai do da méc nhitng
16i rt ¢ ban, nhu “sé do clia géc noi tiép bing
6 do ctia cung bi chdn”, “s do clia géc ¢6 dinh
niim trong dudng tron béng tong sé do ciia hai
cung bj chin”, ....
4. V6i viéc cham chudc (d6i voi mot s6 16i giai)
dbi 161 “chinh ti” trong cic bién d&i géc hay ti
s6, sau khi vira chdm chi got khoai (theo phan
cong ciia thi trudng gia dinh), vita kiém tra chu
ddo, ti mi tit c4 cac 13i gidi ma Toa soan di nhin
dudc cho téi thai di€ém ban thao dude dua di ché
ban, ching t6i khing dinh, cling véi 15i giai ciia
ban Nguyén Doin Hai da néu & trén, 15i gidi clia
céc ban ¢6 tén sau ddy 1a 18i giai ding: Nguyén
Dic Toan (16p 10A1, trusng THPT chuyén Lé
Quy Dén, Da Ning); V6 PS Hoang Tin (10CT,
THPT Nguyén Thugng Hién, Tp. H Chi Minh);
Nguyén Huyén Ngoc Mai, Nguyén Thiiy Kim
Ngan, Tran Hong Nguyén, Biti Khanh Vinh (16p
10CT1, THPT chuyén Lé Hong Phong, Tp. Hd
Chi Minh); Nguyén Trung Son, Nguyén Twong
Vy (16p 10 Todan, THPT chuyén Huynh Min
Dat, Kién Giang); Nguyén Quang Minh (16p 11,
trudng PTNK, BPHQG Tp. Hb Chi Minh) va V5
Minh Qudn (18p 11 Toan, THPT chuyén Thing
Long, Da Lat).

Ha Vit Anh

P116. Cho cic s6 thuc a, b, véi @ < b. Cho ham
s f(x) xdc dinh, lién tuc trén doan [a; ] va thda
min diéu kién: f(a)- f(b) < 0. Chiing minh
ring v6i moi s6 nguyén n > 3, ton tai cip s
cOng tAng X1, X2, ..., Xy, ¢6 tit cd cdc s6 hang ddu
thudc doan [a;b] va thoa mén diéu kién:

i{f(xi) =0.

Lui gidi (dua theo l0i gidi ciia tdc gid bai todn).

& 5 or
%P 256 2Thang 2. 2018

, T

Tap chi Pi 33




THACH THUC TOAN HOC
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Khéng mit tinh tdng qudt, gia st f(a) <0 va
J(b) > 0. Khi d6, do f lién tyc trén [a;b] nén
ton tai sé € > 0, sao cho

f(x) <0 Vx€[aa+e]
va f(x)>0vVxeb—egb].
Trong doan [a; a + €], ldy cip sé cong tz'u:g
ay, az,...,a, va trong doan [b — €; b], lay cap

A ~ -
SO cong tang by, by,...,b,.
V6i mbi i € {1:2;...;1}, xét ham s6
hi(t) = (1 —t)a;+1tb;

xdc dinh trén [0; 1].
Do véi méi i € {1;2;...;n}, h;(r) 1a ham tuyén
tinh trén [0; 1] va h;(0) = a;, 1;(1) = bj, nén
hi(r) 1ién tuc trén [0; 1] va ¢6 tap gia tri la doan
[ai; bi] C [a; b]. Tt ddy, do ham f lién tyc trén
[a;b] nén v8i méi i € {1;2;...;n}, ham f(h;(t))
xdc dinh va lién tuc trén [0; 1].
Vi thé, ham sb g, dudc cho bdi cong thic

a0=§ﬂmm,

12 ham xdc dinh va lién tuc trén [0; 1].
Hon nita, vi f(a;) < 0 Vi € {152;...;n} (do
a; € [a;a+¢€] Vi€ {1;2;..;n}) nén
n
g(0) =) fla;) <0
i=1

va vi f(bi) > 0 Vi € {1;2;..;n} (do b €
b—gb] Vie {1;2;...;n} ) nén

e(1) =Y. £(b) > 0.
i=1

Tir d6, theo dinh 1i vé gid tri trung gian, ton tai
A € (0;1) sao cho g(A) =0, hay

i Fhi(A)) =0.
i=1

Véi méi i € {1;2;...;n}, chon x; = h;(A). Khi
d6, theo ching minh trén, x; € [a; b] véi moi
i€ {1;2;...n} va

if(xi) =0.
i=t

Hon nifa, biing cdch xét hidu x4 —x;, 1 <i <

n — 1, dé dang chiing minh dggc X1y X2 e T2

mot cp sb cong ting; vi ahe, ta ¢6 diéu phai
: a 2 ..

ching minh theo yéu cau de bai.

34 Tap chi Pi

Binh luéin va Nhin xét.
1. Bai dd ra 1a mOt md rdng truc tiép cia mg, "
todn thi Olympic Todn hoc sinh vién C‘q‘a.Lié
x6 (cii). Nguyén vin bai todn do6 nhu say: L
“Cho f(x) lamgt ham 56 lién tuc trén R yg g,
cdc gid tri khdc ddu. Chitng minh rt?rzg t6n r’(“,
cdp s6 cong a,b,c (a < b < ¢) sao cho )
fla)+f(b)+ f(c)=0."

Hién nhién, st md rong tif 3 thanh n > 3, rop,
trudng hop nay, khong ¢ mot ¥ nghia Todn h(;
nao; néi cach khdc, v& mit Todn hoc, bai di,
va bai vifa néu trén 1a mot.
2. Cho téi thoi di€ém bén théo vao nha in, Ty,
soan chua nhin duge mot 18i gidi nao cho b
todn, tir doc gia.

Lé Hu
P117. Cho diy vd han sb thuc xj, x,... théa
min diéu kién:

max (%, +x,+oo X))

iy igeretig =n
v8i moi n > 2017.
Chitng minh ring diy di cho 1a ddy bi chin.
Loi giai (ciia Pdp dn).
Trude hét, dé thiy, néu day d cho bj chin trén
ching han bdi C, thi v6i moi n nguyén duong,

Xn = —

Xp > min{x1 3 X2y eaey X2017, —1 IC}.

Vi thé, dé chiing minh day di cho 12 ddy bi chi®
ta chi can chiing minh né 1a déy bi chin trén.
Ta s& ching minh diéu vira néu trén bang
phuong phép phén chiing.
Gid sit ngudc lai, diy di cho khong bi chin 1
bit  m = min{x;,x,,...,x2017}
va M =max{x(,x,...,x2017}-
Ta s& goi chi s6 n 1a “tét”, néu hé diéu ki¢
dugc théa min:

n>2017

Xp > x;v8imoii <n

Xp > —11m.

n s
(!

I . . L e Al

Ta s chitng minh riing tap gdm cdc chi S0 t
khdc réng. z
o i . hi 8¢
Thit vay, do gia sit phan ching, ton “ﬂi 5
N sao cho xy > max{M,—11m}. Ch(')nl(thi 4o

7 nho nhit mj Xp = max{xl J X2y ey X, N}'
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gidu kién thit hzii ctia hé (1) hién nhién duge
hoa man; hon nua:

4 diéu kién th nhéit ciia hé (1) ciing dugc
(hoa man Vi Xp 2> Xy > M ma M > x; v8i moi
1<i< 2017,

+ diéu kién thit ba ctia hé (1) ciing dudc thoa
min Vi Xg = xn > —11m.

Vi thé, n 12 mot chi s “t6t” va do d, ta ¢6 didu
muén chitng minh.

Xét chi s6 “t6t” n iy y.

Tit dinh nghia day (x»), ta cé:

Xp+Xgy Xk + o +xg, <0, 2)
véi moi k1, k2, ...,k11 ma
kitkp+--+kip =n. 3)

Tiép theo, ta s€ chon bd chi s6 &y, ko, ..., ky; thoa
min (3) ma dua vao bd chi s nay va (2), ¢d thé
{im ra diéu vé 1i.
Vinla chi s6 “t6t” nén n > 2017 (theo (1)).
Hon nita, nhin thiy, néu
kiop<n—(11—(i—1))— (kg +---+ki—2)
thi
1<n—(11—i) = (ky+--- +ki—2 +ki—1).
Tt 6, ta c6 thé chon bo chi sb ky, k2, ..., k11 thda
mén (3), bing qui nap, nhu sau:
+Budc 1: Chon k.
-Liytitcacdcsbkmal <k <n—10;
~ T céc s6 k 14y dugc & trén, chon k; 1a s6 sao
cho x;. 12 s& 16n nhét trong céc s x.
+Bube i(2 < i < 10): Chon k;.
~Lay tht ¢4 cdc s6 k ma
I<k<n—(U1—8)=(ky+--- +kic1)s
;hTU cic sf)‘k liy dugc & trén, chon &; 1a sb sao
%, 12 56 16n nhit trong cdc 6 xy.

*Bube 11: Chon kyy = n— (ky +ka + -+ +kio).

Vitip cic s6 & Iy duge & bude i(2 < i< 11) la

- #con ciig tip céc s6 k 14y duge 8 budc i — 1

"Nl cdch chon xy,, j = 1, 2,.., 11, suy ra
4)

Xk zxkz >"'2Xk|0 Zxkll'

4 ra ce trudng hop sau:

. N
- Treong hop 1: ky; < 2017. Khi do, theo (4),

' Tp o en
" 'pst?Théng2.2018

tacd

Xy 2 Xpy 2000 2 X 2 Xhy 2 M-
Két hgp véi (2), suy ra x, + 11m < 0, hay
Xn < —11m, trdi v6i viéc n 1a chi sb “tot”.
e Truong hop 2: kyy > 2017. Khi dé, theo dinh
nghia ddy (x,), tdn tai 11 chi s6 sy, 52,...,511 €6
tdng bing k| sao cho

Xgyy X5y + X5, + 0o+ x5y, = 0.

Két hdp véi (2), ta dudgc:
XXy FXpy - HXp o S Xy X,y (5)
Miit khdc, vi 7 1a chi s6 “t6t” va k; < n nén theo
diéu thit hai cta hé (1), ta cé:

Xn > Xpgy 2 Xpy =00 2 Xyg- ©6)
Tir (5) va (6), suy ra
max{xs,, Xs,,-..s X5y, } > Xtyo- @

Tuy nhién, do 1 < sy, 52,...,511 < k11 (Vi tdng
ctia chiing bing kj;) nén tit ca cic chi sb
si,i=1,,2,..., 11, nim trong sb cic sb k lay
duge & bude 10 cha qud trinh chon bd chi s6
ki, ky, ...,k11 néu trén. Vi Ihé, ta co
max{xg,, Xy, .- X5y, } < Xy
mau thuin véi (7).
Cédc mau thuin nhan dugc trong viéc xét hai
trudng hop trén cho thiy gia sit phan ching &
phén du 15i gidi 1a sai va vi thé, bai todn dugc
chitng minh.
Binh luin.
1. Qua Idi gidi trén, hién nhién thiy cdc con sé
11 va 2017 khong déng vai trd gi trong tinh
hudng Todn hoc duge dit ra, ngodi viéc chi
thdng va ndm phit hanh ciia s6 Tap chi Pi ding
téi tinh hudng dé. Néi cich khéc, 13i gidi néu
trén cling chinh 12 16i giai cho bai todn sau:
Bai toan “khai quat”. Cho cdc sé nguyén
dicong k va M sao cho phicong trinh
Yi+y2+-tye=n
c6 nghiém nguyén diong, véi moi n > M.
Cho ddy v6 han sé thic (x,)n>1 théa mén
diéu kién:
max
iy +iat+etig=n
vdimoin>M.

Xn = —

(X"l +Xi, +--- +Xik)

Chitng minh rdng (x,)s>1 la day bi chéin.

y. -
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2. Bai da ra la mot bai todn kho, tuy y tudng
chitng minh bai todn biing phén ching khd
dé thiy. Hon nita, bai ciing thugc dang khong
thudng xuyén dugc dé cap trong qud trinh day
va hoc Todn hién nay, & bac phd thong. Phai
chiing, vi thé ma cho tdi thdi diém ban thio vao
nha in, Toa soan van chua nhin dugc mot 13i
giai nao 1 ban doc?
3. Cé4ch gidi néu trén khong phai la cich duy
nhét dé ching minh bai da ra. Con c6 thé guu
bai todn b.mcy cdch ching minh day da cho, bit
dau tir mot sb hang niao dé, bi kep béi hai diy bi
chin. Viéc tim ra 15i giai theo cdch vita néu xin
nhudng lai cho cdc ban doc ¢ quan tam.
4. C6 y kién cho ring, néu tit ca cdc s6 hang ciia
day (xn)n>1 (trong Bai todn “khdi quit”) déu 1a
s6 nguycn thi day d6 la diy tudn hoan, bit diu
tir mot sb hang nao dé. Ban nghi sao?

Lé Huy
P118. Cho sb nguyén duong k. Cho da thic
P(x) v6i hé s nguyén, khic hiing va khong cé
nghiém nguyén. Ching minh ring ton tai da
thitc Q(x) véi hé sb nguyén, khic da thic 0 va
théa man diéu kién:

Q ([;\—lD =0 (mod P(n)),

v6i moi s6 nguyén n.
Lui gidi (cia tdc gid bai todn).
Ta sé chitng minh da thitc Q(x) sau théa man
céc didu kién ciia dé bai:

Q(x) = P(kx) - P(kx+1)---P(kx+k—1).
That vay, trudc hét, do P(x) la da thic khac
hiing, vdi hé s& nguyén nén Q(x) la da thiic khéc
da thic 0 va c6 hé s6 nguyén.

Tiép theo, v8i mbi sé nguyén n, tacé

[k] =% k < [k]+]
Do d6, k- [}] <n<k-[#]+k, hay
ne {k- [ﬂ];k- [%] +1;.. 5k [%]+k—|}_

Vi thé, v8i moi n nguyén, trong ciic s6 nguyén
(do P(x) 1a da thiic v6i hé s nguyén)

P(k. [;\_’D ,P(k- H g 1)

1udn c6 mot sb 1a P(n).

ey
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Hon nita, do da thitc P(x) khong ¢g nghig
nguyén nén P(n) # 0 v8i moi n nguyep, (‘
T (1) va (2), hién nhién suy ra vg; moi
nguyén, Q ([§]) iP(n).
Bii toan dugc ching minh.
Nhin xét.
Toa soan khong nhan dudge mot 16i gid; nio,
ban doc.

Ha Thay
P119. Tim tat ca cdc sb nguyén n > 2 ¢4 tin
chit: Véi n sb nguyén ay, as, ..., a, tiy §
téng cua chiing khong chia hcl cho n, luon ¢},
tai chi s6 i, véi 1 <i < n, sao cho tht i cdc s

@iy Qi+ Qi1 oo @i T Qip L+ Gy

déu khong chia hét cho n. (Qui uéc, a; =g, ,
A

néu k > n).

Loi giai (ciia Pdp dn).

Xét cdc trudng hgp sau:

o Tritong hop 1: n = a-b, véi a,b la cic s J

nguyén 16n hon 1.

Xét n sb nguyén ay, az, ...,a, mi ap = a, vim
1<k<n—1,vaa,=0.Taco:
+Haj+ax+---+ay :a'(n_l) §é0(modn)
+) Véi i 1a chi sb tuy y (1 < i< n), chy
j=bnéul<i<n-—b, vachonj—lﬁl-lﬂeL
n—b <i<n,thi

ai+aip1+--+apyjoy =a-b=n=0(modn
Tu do suy ra n khdng c6 tinh chét nhu dé bé
yéu ciu.

° Tm(mg hdp 2: n1a mot sé nguyén tb.

Biing phin chiing, ta s& chiing minh 7 ¢6 1"
chit nhut dé bai yéu cau.

That vay, gia st, nguge lai, n khong c8 tinh )

nhu dé bai yéu ciu. Khi do, tn tai n s0 nguy®’

a1, az,..., a, 6 tdng khéng chia hét cho n¥
VOi mdi i, 1 <i<p, tdntai j,1<jS<NT ‘I

sao cho
AGitai1 4 a1 =0 (modn)-
(ld 6 j#n, Vi véi moi | <i<n a; + Gl
vt aig, Il=ai+ay+---+ay —F‘O(mOd"
Vi thé, ta ¢6 the xay dung ddy sb nguyen

O=iy<iy<iy< - <im

—a.0¢
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1;l‘,dimc)iOS s<n—=Ligg—is<n—1va
n d

aip1 Hait2 7+t ai, =0 (modn).
Theo nguyén 1i Dirichlet, trong diy n+ 1 chi s
i gy tn tai hai chi s6 phan bigt dong
g)lr +&i nhau theo modulo 7. Do dé, ta c6 hai chi
& sma0<r<s <n, i, =i (modn) va

@i, 41+ g2+ +ajg

s—1
= Z(aij+] +"ij+2 TG +aij+|)
=
=0 (modn). (%)
Mit khdc, Vi is = ir (mod n) nén
is—i,=k-n,
v k 12 mdt s6 nguyén duong nao d6.
Laiviijp —ij Sn—1,v8imoi0< j<n—1,
én
R is—ir < (n—1)-n.
Suyrak<n—1.Vi thé,
G 1 +ai,2++ai, =k-(ay+ar+-- +ap)
khong the 1a mét bdi clia 1, do 7 1a s6 nguyén
t6; mu thufn véi (x). Diéu nay ching o gia sit
phén chiing & trén 1a sai.
Vay, tom lai, s nguyén n > 2 ¢6 tinh chét nhu
de bai yéu ciu khi va chi khi n 12 sé nguyén td.
Nhén xét.
T6i thoi diém chuyén giao ban thio cho nha in,
Toa soan vén trong trang thdi ngdm ngi mong
dgi 1o giai, it doc gia.
Ha Thanh
P}20. Trong mét phing, cho mét da gidc 18i ¢6
d dai méi canh 1a | 7| hodic [7]. Ching minh
"¢ neu s6 dinh va chu vi cia da gide d6 la cic
$0chan thi lugn tdn tai hai dinh chia doi chu vi
% da gidc 4y,
Y0156 thye, |x] ki hieu sb nguyén 16n nhéit
18 VUGt qua x va [x] ki hiéu sé nguyén nhd
4 khong nhé hon Xx).
N 8idi (ciia ban Pham Viin Long Phitde, 16p

T .L..h“yén Todn, trong THPT chuyén Nguyén
" Hai Duromg),

inh

! v‘? ZO an}E S fﬁﬂ da gidc 1a s6 chfu} nén s = 27:,
g 0 86 nguyén 16n hon 1 nio do. Vi thé,
Uat i, © dal. !én céc dinh ctia da gidc da cho, lan
" €0 chiéu kim ddng hé, bdi Aj, A2, ..., A2n:

Véimbii=1,2,..., 2n, ki hiéu x; 1a do dai canh
AiAiy1 (qui ude Agyyy 12 ALL).

Vi |7] =3 va [n] = 4 nén theo gid thiét,
X €{3;4} véimoii=1,2...,2n. 1
Vi chu vi ciia da gidc di cho a mot s chin nén
Xi+x2+-+x2, =2p,

véi p 1a mét sb nguyén duong.
Voiméii=1,2,..,n+1, dit

Si = Xi+Xig1 + -+ Xt
Khi d6, diéu phai ching minh theo yéu ciu
cla de bai tuong dudng vdi viéc ton tai chi sb
1 <i<n+1saochoS;=p. 2)
Hién nhién, vdi mét da gidc cho trudc théa min
diéu kién d& bai, chi c6 thé xay ra mot trong hai
trudng hgp sau:
o Truong hgp 1: S| = p . Khi d6, hién nhién ta
¢6 diéu phai chiing minh.
o Truong hop 2: S1 # p. Khong mit tdng quit,
gid st S| < p (trudng hgp §; > p duge xét
tuong tu).
Khi d6, vi §1 +S,41 =2pnén S,11 > p. Vi thé,
S1,82,...,Su41 12 dy sb nguyén duong c6 sb6
hang dau nhé hon p, s6 hang cudi 16n hon p va
véimoil <i<n,

[Si41=8i] = |xitn —xi| € {01} (do (1)).
Ma p 1a s6 nguyén duong nén trong diy trén
chdc chin phai c6 it nhat mot s6 hang bing p;
néi cich khéc, tdn tai i, 1 <i < n+ 1, sao cho
Si=p
Tt d6, theo (2), két luan cla bai di ra dugc
chitng minh.

Binh luén va Nhan xét.

1. Sy kién “trong day Si, S2, ..., Su+1, chic chin
phai ¢6 it nhit mdt sé hang bing p” & trudng
hop 2 trong LJi gidi néu trén ¢6 thé dugc ly gidi
mot cdch don gian nhu sau:

“Vi tap cdc chi sb i ma S; < p khic rdng (do S| <
p) nén ton tai chi s6 iy 16n nhit sao cho S;, < p.
Hién nhién, 1 <ip <n+1 (do S,y > p );
do d6 ip+ 1 < n+ 1. Vi tinh 16n nhit cia i,
nén Sjy+1 = p.

Néu Sjy+1 > p thi

/
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Sig+1=Si, = (p+1)—(p—1)=2,

trdi véi tinh chit cdia hai s6 hang lién tiép thudc
ddly 81, 82,...,8,+1. Vi thé, phéi ¢6 Sig+1 = P-”
Su kién néu trén ciing ¢6 thé dugc ly gidi mot
céch “dan da” nhu sau: Khi di cAu thang tif bac
thit m t6i bac thit i, v6i m < n, ma mébi 1in budc
chi leo 1&n t&i da mot bac thi chic chin ta phdi
budc chan 1én tit ca cdc bac, tif bac thit m dén
bac thit 1, cAm c6 bd qua dugc bac nao! Khong
tin, ban ¢t ra ciu thang va thi leo ma xem!
Mot cdch khii quit, d€ dang chiing minh dugc
khang dinh sau:
“Cho m,n la hai s6 nguyén phdn biét, va k la 56
nguyén duwong. Gid sit ddy sé nguyén

m-k=x1,x2,...xp=n-k (peN*, p>1)
théa man diéu kién: |xi.1 —x;| € {0;k} vdi moi
i=1,2,...,p— 1. Khi do, trong ddy sé cé mdt tdt
cd cdc 6 i-k, véi min{m,n} <i <max{m,n}.”

Tir ngay 29/12/2017 dén 18/01/2018, Toa soan di nhian dugc
* Bai todn dé xuit, bai viét clia cdc ban ¢6 tén sau: |
Truong Quang An (GV Trusng THCS Nghia Théng, Quang Ngai), 76 Minh Hoang (Ha Noi), Nguyé|
Thi Hong (T6 Vinh Dién, Binh Thuan), Nguyén Viét Hing (THPT chuyén Khoa hoc TN, PHQGH
5n Tién Lam (GV trusng THPT chuyén KHTN, PHQG Ha Noi), Lé Quang Qudn (L§

Noi), Nguyén

12A1 THPT chuyén Phan Boi Chéau, Nghé An), Nguyén Véin Quy (Ha Noi), Pham Hitu Trung (THF|
Nguyén Céng Trd, TP HCM), Nguyén Anh Vi (THPT Nguyén Binh Khiém, Binh Dinh). |

* Lgi giai ciia cac ban c6 tén sau:

Vii Thiiy An (L6p 10 Todn 1, THPT chuyén L& Héng Phong, Nam Dinh), Nguyén Diic Anh (L ‘

10 Todn 1, THPT chuyén Lé Hong Phong, Nam Dinh), Lé Viét An (SV khoa Toan DHSP Hué

Nguyén Hitu Danh (L6p 10CT1, THPT chuyén L& Hong Phong, TP HCM), V5 Tién Diing Lapl
THPT Nguyén Thugng Hién, TP HCM), Triong Hoang Céng Hudn (Lop 10 Toén, TH]

Toan,

chuyén Lé Quy Doén, Binh Dinh), Thiéu Binh Minh Hing (Lép 9C, THCS Nhir B4 S¥, Thar \
Héa), Trdn Nguyén Nam Hung (LSp 9A11, THCS Ngé Tét T6, TP HCM), Nguyén Qudc Hinf
(Lép 10CT1 THPT chuyén L& Hdng Phong, TP HCM), Phan Quéc Ky (Lép 10T, THPT Le Q)
Pé6n, Binh Dinh), Tran Tién Manh ~(Léip 12A1, THPT chuyén Pai hoc Vinh, Nghé An), Ngw?|:
Quang Minh (L3p 9/3, THCS Nguyén Binh Khiém, Pdng Nai), Trieong Hé Hoai Nam (Lép 10CT
THPT chuyén Lé Hong Phong, TP HCM), Nguyén Thiiy Kim Ngdn (Lép 10CT1, THPT chuyén Y|
Hdng Phong, TP HCM), Ho Long Nhdr (L6p 10 Todn, THPT chuyén Lé Quy Pon, Nha
Pham Thi Quynh Nhit - nguyén Bd Dinh - Phan Chi The (Lép 10CT1, THPT chuyén
Phong, TP HCM), Nguyén Nhdt Phi (Lp 11 Toan, THPT chuyén Thing Long, Da Lat), Vo Quit
(L6p 10 Todn, THPT chuyén Tran Hung Dgo, Binh Thudn), Nguyén Trung Son (Lop 10
THPT chuyén Huynh Man Dat, Kién Giang), Hoang Lé Nhdt Ting (SV K61 SP Toén, PHQ
Noi), Nguyén Quang Tityén (l;ép 10T, THPT L& Quy Pén, Binh Dinh), Nguyén Phuong Tha
10CT1, THPT chuyén L& Hong Phong, TP HCM), Biti Khdnh Vinh ELGP 10CT1, THPT chuye] .

Lé& Héng Phong, TP HCM).

Tap chi Pi xin chén thanh cam on va mong tiép tuc nhan dugce sy tng ho ctia céc ban.

2. C6 thé thiy, “chia khéa” d€ gidi dug, e
ra 1a nhén xét (2) trong 13i gidi trén, T}iiét :n¢
«chia khéa” nay khong khé thiy, ngay (s h
céc ban hoc sinh cip THCS. Tuy nhién, (g; “x;
diém chuyén giao bin thdo cho nha in, Tp, sof
chi nhan dudc 4 18i gidi do ba ban hgc Sin}ll ]:
10 va mot ban hoc sinh 16p 9 giti t6i. Pha; Chinjj
cdi kho (trong viéc giai bai ra) lai niim g ok
doan “leo gﬁu thang”, viéc ma chiing ta thuijnf
phai lam hang ngay? ;
3, Ngoai ban Pham Vin Long Phudc, ban T
Neuyén Nam Hung (16p 9A1L, trung TH,
Ngé Tit T, Q. Phi Nhuan, Tp. H3 Chi My
ciing c6 16i gidi ding. Hai ban con lai (tro,
4 ban néi & muc 2 trén day) c6 18i gidi chy
diing, do lap ludn “sau mot sO vO han lan thy
hién phép bién ddi, tif trang thdi ban ddu tag
c6 trang thdi mong mubn” 12 mdt 13p luan
hd, khong dugc chip nhén,

Nguyén Khéc Min

Trang
Lé Hot

Tod!

io (L0
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- Co Vua ¢6 ‘duyén ng” vdi Todn ngay tix khi mdi ra di: chéc cdc ban con nhd cdu chuyén
0 Vua dong ¥ thuong cho ngudi nght ra ban c& theo cdch: bé vao 6 thit nhét 1 hat thoc, é thit

pai 2 Il

(hé Khng P ) i
én vé co Vua, chang han tap chi Kvant.
xil)

Theo do,
Lién doan Co Vi

6 thitba 4 hat.... -Co Vua tré thanh “tran dia” cho nhitng nguoi ham thit thach tri tué. Vi
hdi la ngau nhién khi nhiéu tap chi vé Todn danh cho dai chiing cé chuyén muc thuong

fueong do, Pi hy vong €0 thé md mét chuyén muc thuong xuyén vé co Vua, vdi st trg gitip ciia
¢t Nam. Xin trdn trong gidi thiéu vdi ban doc bai ddu tién ciia chuyén muc.

CHIEN LUOC TAN CONG VUA

- Luwong Trong Minh' -

Tin cong Vua la k§ nidng quan trong khong thé
(hiéu cita ngudi choi cd. Khi méi hoc chai, doi
ghi ban ¢6 thé gianh chién thang ma ching cin
phii tén cong Vua. Ly do 1 vi ban &n hét sach
luc lugng clia doi phuong, va rdi ho xin thua
mi tham chi ching dgi dén khi bi chiéu “mat”.
Mt cich nao d6, vai trd clia Vua - chi chua néi
dén thn cong Vua - 8 giai doan nay la khong qua
quan trong.
Cing truéng thanh, sic ¢ manh din 1én, ban
bt dau ¥ thifc dudc tAm quan trong ciia ky niing
thn cong Vua ddi phirong dé chién thdng. Vi nhu
trin d4u giia hai doi béng dd viy: ban sé chi c6
thua (v ti da 1a hoa ma thoi) néu ca tran diu
ban chi d4 & nita sin nha minh.
Thé chit “chién lugc” & day 1a gi? Tai sao lai la
“chién lugc thn cong Vua™? Sudt gan 200 ndm
qua, tir ngay Hoc thuyét Wilhelm Steinitz ra
4%, ¢i thé giGi tranh luan khong ngimg nghi d&
im ra dinh nghia chinh xac cho tir “chién lugc”
?lfy Nhlfflg néu don gian ban héi 100 Dai Kién
Jng, 16i doan chic 99% tr4 13i sé nhac den tif
h‘f‘;c{'pgclf‘. Mot cich hiéu don gidn nhét, “chién
by oY Phii dutge hidu 1a ke hoach, phudng
s Ci’,dl.f d\!nh‘ e Chlé:l lugc thn c()ng,Vua, v
Hhé’l) dl‘”nh'*la ké h9ach tan cong Vua‘(dun.g da’q
N “;glijnh ?hl\él‘l lhér}g. Ban s& thay moi !ghiu
ié[ dém ner: 10 rang 1<h1 trong thyc t&, ngudi ta
I ’1:3 ke hoach tén cong Vua co bin:
'ldlr;: ¢ong Vua - trong phan 1n trudng hop
theg g SU dung nhu “moi de dga” dé 4m tham
QU0 muc dich khac;

Ue n3 ¢ A PR
thé l:‘ﬂy, Trang choi nuéc cd tao dung uu the vé
an

g, )
" & luyén vig Cd Vua quéc té.
0 2ea
#%2Thang 2. 2018

e

1.d4 LA

Den tr 18i sao day? Néu 1...cd4 s& rit khong
hay vi 2.H:d4. Pen sé con “t¢” hon nita néu choi
1...Tb72? vi mét Tét sau khi 2.dc5, don gian 1a
vi khong thé 2... M:c5? 3.Hd4, mit Ma.

Luegt Triing di

2. TAn cong Vua chi la cii cé d€ gianh uu
thé thé tran, thim chi ci wu thé vat chit.
Nf; luce ddy lui cude thn cong Vua ctia ban,
d6i phwreng phai tra gia bang nhitng khiém
khuyét thé tran nay sinh hoic chiu mét mat
vat chiit;

Tréing tAn cong “h7™:

1. Mg5 von

Den c6 3 cdch chéng dd: 1...g6; 1...Mf6
va 1...Mf8. Néu 1...g6, Tring sé 2.Me4, 10i
“temp” de doa Md6. Chua ké tiép theo, Trang
s& tiép tuc ké hoach tin cong Vua clia minh doc
theo tip hop cdc 6 den yéu xung quanh mit Vua
Pen, ndy sinh tit 1...g6.

Néu 1...Mf6, hién nhién Tring sé tiép tuc ké
hoach téin cong Vua bing 2.Tf4 v6i de doa khé
da 3.TeS.

Cuéi cing, néu 1...Mf8, khi ¥ thitc dugc ring
ké hoach tiép tuc tén cong Vua khé thanh cong,
Tring sé “chuyén hudng” 2.Me4. Den khong
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Lucgt Trdng di

thé trung hoa méi de doa chét ngudi 3.Mc5 véi
uu thé thé tran 16n nhd Tudng Pen “siéu” xiu
3 “b7”.
3. Tin céng Vua truc dién, khong khoan
nhuong theo ding nghia cia né, véi muc
dich chiéu “mat” Vua déi phuong hoic chi it,
gianh wu thé vat chét 16n.
Khoi nghi ngd, day 1a ké hoach tin céng Vua &
muc dd cao nhit. Nhung trén thyc t&, né xay ra

. it nhét.
Bay gi dén phan thuc hién. Ban cin y thic 16
rang ring qud trinh tin céng Vua mang ning
tinh chién thuat. Ping thoi, nhu trong rit nhiéu
linh vuc khéc clia cude doi, khi chién luge 1a ké
hoach tic chién, thi chién thuit sé 12 ky thuat
d€ hoan thanh k& hoach dé ra.
Diéu dang néi la ban sé khong tim thiy bat ky
cubn sich, hay gido trinh c8 Vua nao trén thé
gi6i tdng hgp hodc ddy di cic budc cla ky thut
tac chién quan trong nay. Toi xin manh dan dé
xuit 4 buéc - vin dé da dudc trinh bay trong
cudn sich tap 4 “CHIEN LUGC - K& hoach tac
chién” sip xuét ban.
Buée 1: Diu hiéu cho mdt ké hoach tin
cong Vua.
Vua dbi phuong c6 nguy cd cham nhap thanh
nén ket lai trong trung tdm, lyc lugng tan cong
ciia ban tap trung & mit Vua déi phuong déng
hon so véi luc lugng phong thi cta dbi phuong
& day, v.v.. ., chinh Ia nhiing diu higu quan trong
huéng ngudi chdi cO vé ké} hoach tﬁr} cdng Vua
ngay 1ap tic. Can phii nhan manh riing & trinh
d6 cao, cic tay c8 chi dong - mot cich 4m thim,
kin ddo - tao ra cac “diu higu” nay.
Bude 2: Thn cong nhanh va cuong quyét.
Nghe nhu khdu hiéu iy nhi’{ Diing thé, va 1a
Kkhéu hiéu cin dudc tudn Fhu nghiém tdc. Vi
sao phai nhanh? Vi ring khi ban t4p trung dong

Tap chi Pi

quan hon & mét Vua doi phuong, ¢ nghia |
dbi phuong dong quén hon ban bén cgyp o
dién, ban tin cong cham sé tao didu kig, o
dbi phuong kip chuyén thém quan vé Phb}lgt 4
hoic tham chi t8 chifc phdn cong truge ¢ ik
bén kia. Hodc vi nh}u ban tan cdng chim chap g
tao thoi gian cho doi Phu’dng kip nhap ‘hﬁni],vi
thé 12 hét chuyén. Thé Vi sa0 phai cuong quyéq
Xin nghién ctu ti€p budc 3 sé 5. 4
Budc 3: Gan 100% trutng hop tin cong vy,
6 can dén don phoi hgp.
Ban sé phéi thi quan, phan 16n huéng i 1y
lugng bio vé (quin va TdY) ciia déi phugng
nhiim tiéu diét hodc danh lac huéng ching g
lam “moéng” hon hang thd, md dudng cho Iy
lugng hau thudn 4p sét theo sau xng vio b
Vua. D& hiéu tai sao phdm chit quan trong nhj
trong thdi khic nay 1a su cuong quyét, quyd
doan, .. ., tAt nhién, dya trén chét lugng cliak
ning tinh todn phudng dn. Day con la gdi ¥ cho
nhitng ai lam coéng tac hu4n luyén: khi nhin
quan don phbi hgp yéu, hoc trd clia ban sé yéu
khi tdn cong Vua d6i phuong.
Buéc 4: Kiém tra k§ ludng nhitng tinh todn
ctia minh truge khi thyc hién nudc di.
Don phédi hgp 1a con dao hai 1udi, né c6 thé
cdt ‘ngugc”. Doi khi ban ¢6 ¥ tudng tuyét voi
nhung trinh tu thuc hién céc nudc di bong phi
ndt tan tanh tit c. Thoi khic kiém tra 1a 1i¢
ban tinh tri lai d€ nhin va danh gid nhitng gi b#t
chuén bi chai bing con mit ctia d6i phuong,
quen goi 1a khéch quan. T6i tiing nghi, bude#
ndy niam cubdi ciing nhung xét vé mtc dd quat
trong, né xing déng phai dugc dit tran trqlgg
1én hang dAu, vi né quan trong & moi mang k¥
thic cia cuge ¢, khong chi tin cong Vua-
D& minh hoa cho tit ca nhiing gi vé “chién I
thn cong Vua” da trinh bay @ trén, toi xin 41 ,3
mét vi du minh hoa biing van déu ciia D2l Klgn
tuéng L& Quang Liém trude dbi thii manh ho’
nhiéu (thdi d6) tai Moscow, trong khuon kho
Aeroflot Open, bang A, nim 2011. ’
R > e
Trong vén diu t6i chi tap trung phan tich Ch_”y A
mon. Chinh ban s& nhin thiy mot céch 10 2
ring ké hoach tin cong Vua dbi phuoné 4
Liém trong vin bam sat 4 budc da dude
bay nhu thé nao. ('

F 0!
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Lé Quang Liém, 2664 - G.Kamsky, 2730
Moscow Aeroflot Open - A, 2011
Phong tha Xla-vo

1. d4 ds
2. o4 <6
3, Mf3 Mf6
4, Hb3 s

Nutdc cd chic chdn nhung it gip. Théng ké cho
thiy 4.3 Tf5; 4.e3 Tg4 va 4.e3 a6 chdi nhidu
hon ca.

4, s e6

Pen c6 lua chon khéc, tuong duong: 4...dc4
5.H:c4 Tf5 6.g3 €6 7.Tg2 Mbd7 8.0-0 Te7
9.Mc3 0-0 10.e3 v6i thé tran hai bén x4p xi
can bing.

5. Mc3 Mbd7
6. Tf4 as

7. cd5 edS

8. e3 Mb6?

Y db tich cyc héa sém bén canh Hau dic biét
ding ngd. Pen chim phat trién, chii quan thiéu
kiém sodt 6 trung tAm “e5” quan trong. Lé ra ho
nén chai 8...Te7 9.h3 0-0 10.Td3 Xe8 11.0-0
M8 v6i uu thé “di truéc” cho Tring.

9. Td3 Tg4
10. Mes Th5
1. 0-0 a4

12. He2 Tg6

Nudc ¢ sai 1am trong cia mot k& hoach dang
ngd. {t ra chinh lic nay Pen phai nghi dén an
toan Vua béng 12...Te7 (hoic 12...Td6) trudc
khi qua mugn.

Lugt Tring di

13, ey

?6n tAn cong trung tam ti€u chuin trong nhiing
Unh huéng tuong ty, khi déi phudng cham phit
rién v3 Vya bi ket lai trong trung tam.

13, ded

Qué mudn cho Pen chdi 13...Td6? vi 14.M:g6

hg6 15.e5 cing nhu 13.. .Te7 lfl.M:g() hg6

15.e5 Md7 16.€6!, Tring uu thé thang.

14. M:e4 M:ed

15. T:ed Te7?

Sai 1Am cubi ciing méc phai khi y thiic mudn

ming vé nhitng sai 1m pht trién trudc do. L&

ra Pen phai tiép tuc cAm cu bing 15...T:ed

16.H:e4 Hd5! 17.He3 Te7 18.Xfel 0-0, cho dii

Tring duy tri uu thé ding ké.

X Wé K|
F 3 LY Y 3F 3
4ai i

, )
i FAYcNicH
AAYW  AAA
=4 ES

Luot Trdng di

16. T:c6+!! .o

Don chién thuat cong phd, cau két tuyét vai clia
c& mot ké hoach chién lugc ding din. Khi thé
¢0 ciia Ban manh hon vé mdt chién luoc, don
chién thudt sé tw nhién ndy sinh.

16.;, .. bc6

17. H:c6+ Md7

Hodc 17... V{8 18.H:b6 H:b6 19.Md7, Tring
hon hai Tét.

18. M:g6 hg6

18...Xc8?! giip Liém két thic hoan hio tic
phdm cla minh: 19.M:e7! X:c6 20.M:c6 Hf6
21.Xfel+ V{8 22.Td2! véi cudc tn cong khong
thé chéng d3.

19. Xfel 0-0

Lya chon duy nhét trudc cic mbi de doa
20.X:e7+ hodc 20.Td6. Chéng han, 19...Vf8
(hodc 19...Xc8) s& 20.X:e7!!.

20. Tc7 MbS8
Hoac 20...He8 21.Td6.

21. T:d8 M:c6
22. T:e7 M:e7
23. X:e7 Xfd8
24. Xd1 a3
25. b3 Xac8
26. Vi1 Xds
27. Xd2

Pen xin thua.

Tp2ss 2Thdng 2. 2018

‘,

Tap chi Pi



56 hoan h‘aoo
DU DOAN, SAI LAM VA KY LUC

- Ha Huy Khodi -

Ngay 4 thdng 1 nim 2018, cong ddng todn hoc
thé gi6i nhén tin vui: tim ra sb hoan hao thit 50.
b6 1a sb

277232916 (57723917 _ 1

Day 1a sb 16n k¥ lyc trong 50 s6 hoan héo dugc
biét tai thoi diém bai viét nay dugc hinh thanh
(8 gits sdng ngay chu nhat 7/1/2018), n6 gdm
Kkhoang 46,5 triéu chif s5! Ban c6 thé hinh dung
dudc dd 16n d6 khong? Néu viét 1an lugt cdc chit
6 ciia sb d6 véi ¢ chit 10 pt, ban s& cin mot
bing gidy dai khodng. .. 120 km, tic la dai hon
khoang cdch tit H Hoan Kiém dén Ninh Binh!
Vay thi, s6 hoan hdo a gi? Va tai sao ngudi ta
quan tim dén n6?

Cau hdi nay dua chiing ta vé véi Todn hoc cla
Hy Lap c8 dai.

1. Pythagoras va du doan thién tai: thé
gidi 6.

Ngay nay, ra dudng la nghe néi 4.0, 1a cdich mang
s6. Piing vdy, thé gidi bay gid 1a thé gisi “sb
hod”, khong c6 gi khong thé xif 1y dugc thong
qua nhitng con b, voi may tinh va “dit liéu 16n”.
Didu nay phai ching la “ddc sin” cia thé ky 21?
Khéng! Céch day hon 2500 nam, c6 mot ngudi
da nghi nhu vay: Pythagoras. V@i Pythagoras va
nhitng nha Toan hoc Hy Lap, moi sy vat, hién
tugng trong thé gidi nay déu biéu dién dugc qua
nhiing con 6. Va nhu vy, quy ludt trong “thé
gidi s6” 1a bidu hién ciia nhitng quy ludt nao dé

42
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trong thé gidi thuc cua chlir}g ta. Ngudi Hy Lgp
thai d6 say mé nhitng con so c6 tinh chit dep va
ky la.
Cic sb 6, 28, 496, 8128 1a ngudn cam hiing cho
nhitng nha todn hoc tir thdi Hy Lap 0 dai dén
tan ngay hom nay.
Chiing c6 gi l1a?
6=1+2+3;
28=1+4+24+4+74+14;

496 = 14+2+4+8+ 16431 +62+ 124+

8128 = 1 +2+4+8+ 16+32+ 64+ 127+D
+ 508+ 1016 + 2032 +4064.

Nhan thiy ring:

— 1,2, 3 1a cdc udc ctia 6 va nhd hon 6

- 1,2,4,7, 14 1a cdc udc cta 28 va nho hdn
28,

—1,2,4,8, 16, 31, 62, 124, 248 la cdc udc ciit.
496 va nhd hon 496 |

- 1,2, 4,8, 16, 32, 64, 127, 254, 508, 1016:
2032, 4064 1a cic uéc cia 8128 va nh°
hon 8128.

Ta goi mdt udc cia sé » nao dé 1a “udc thuc st
clia n néu tSc dé nhé hon n. Nhu vy, mol 5%
trén ddy déu bing téng cdc udc thyc s¥ cia )
Theo Pythagoras, sut hoan hao ciia cd¢ con ¥’
phy thude vao cdc udc thuc su cia né. Khi g
cdc udc thyc sy cia mc}t' s 16n hon chinh ™%

16
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ta goi n6 12 86 “thira”, vi du 12 hoic 16. Trdi

1ai, khi t8ng cdc ude thyc sy cia mot sé nhod

hon chinh n6 thi né duge goi 1a sb “thidu”, vi

~ du 10 12 mot s6 thiéu. 86 co y nghia nhit, va
J’ ciing hiém hoi nhét, 1 s6 ma tong cic u’0c thyc
gy cua noé bang chinh no. Ta thay céc sb 6, 28,
496, 8128 thoa man tinh chit vira néu.

Pinh nglua. Sé nguyén du’ong n dugc goi la
\ hoan hdo néu n bing téng cic udc thuc sy
clia no.
Tat nhién 1a ngudi ta ludn cb ging di tim su
hoan hdo, va cling hi€n nhién, 1a khong dé& gi
tim dugc!
Phit hién vé s6 hoan hao dudc ghi lai 14n diu
tién trong sdch Co sd clia Euclid, viét khoang
300 ndm trudc Cong nguyén (xem 13i gidi thiéu
vé cubn sach kinh dién nay trong Tap chi Pi, Tap
' 1,56 1,2017). Ménh dé 36, quyén thi 9 ctia Co
56 phat bidu nhu sau:

i

& Bdt ddu tix don vi, gdp déi lién tuc roi ldy tong
& cho dén khi két qud la mét sé nguyén 16, dem
nhdn véi sé hang cudi cing trong téng, ta nhdn
ditge mot sé hoan hdo.
Nhu vay, Euclid da chitng minh dugc r?mg, néu
p=1+2+42%24...42" 12 mot sd nguyén
t6, thi 2”p 12 mot sd hoan hio. Euclid ciing
- chi ra ring 2"p c6 tht ca cdc udc thuc su 1a
s 12,...,2"p,2p,. .. ,2"1p, va tdng cla ching
diing bing 2" p.
Theo ngdn ngit hién dai, ménh dé ciia Euclid
duge phat biéu 1a:
Ménh dé. Néu nla 56 nguyén 16n hon 1 sao cho
of 2" =1 la mot s6 nguyén 6 thi 2"=1(2" = 1) la
mjt s6 hoan hdo.

k¢ Nhiing sb dang trén day dudc goi 12 s6 Euclid.
Céu héi duge dit ra la: ligu ¢6 nhitng s6 hoan

o hio nao khic véi s6 Euclid hay khong? ay la

¢ MOt trong nhitng cau héi quan trong nhét trong
lich st nghién ctu s6 hoan hao.

‘3

¢ 2.Du don va sai 1im.

s Trén con dudng tim kiém céu trd 18i cho vin dé&
f‘“ dt ra trén day di c6 biét bao nhiéu phong dodn,
c‘J bao nhiau sai 1dm! Ta thi diém lai mot s6 trong
4” nhu’ng> sai 14m, phéng dodn do, dé€ hiéu thém sy
p\" gian nan trén con dudng tim dén céc chan 1y

toan hoc, ma ngay nay khi doc chiing trong sdch
gido khoa, ban nghi 1a rit don gian!

Nim 100, Nicomachus viét cudn “Introduction
Arithmetica” (Nhip mén sb hoc), trong d6 phat
bidu mét s6 két qua lién quan dén sb hoan hio,
nhung khong c6 chitng minh. Theo ngén ngit
ngly nay, cé thé phét biéu 5 “khéng dinh” cla
Nicomachus nhu sau:

1. Sé hoan héo thi n ¢6 n chit sb.

2. Moi sb hoan hio déu chin.

3. Chit sb tin ciing clia céc s& hoan hio 1 6
va 8 luan phién nhau.

4. Moi s6 hoan hio déu c6 dang 21 (2" — 1),
trong d6 n > 1 va (2" — 1) la mot sb
nguyén to.

5. C6 v han s6 hoan héo.

Diéu thd vi 12 “khing dinh” 4 hoan toan diing
(va dugc chitng minh tron ven sau hon 16 thé ky
bdi Euler), “khéng dinh” 2 va 5 dén nay van la
nhitng gia thuyét I6n ctia Todn hoc.

Cho dén giai doan dau ctia Thdi ky Phuc Hung
(khoang nim 1500), nhitng khing dinh cia
Nicomachus vin dugc xem 1a diing. Hiéu biét
clia cdc nha toan hoc vé s& hoan hio dén thdi ky
nay van chua c6 gi méi.

Nim 1509, nha thin hoc va triét hoc Phéap Car-
lorus Bovillus (1470-1553) xuét ban mot cuén
sach Ve s6 hoan hao, trong d6 6ng cling cho ring
m01 s6 hoan hao 14 s6 chin. Bollivus khéng dinh
rang 2" —1 1a mot s6 nguyén té khi 7 12 sb 18.

Khéng dinh nay ding cho n = 3,5,7, nhung 1o
rang sai v6i n = 9,11. Ong ciing dwa ra mot
danh sdch cdc s6 hoan hio dang 2"~1(2" — 1)

véi n la nhﬁ’ng sb 18 khong vugt qua 39. Tuy

nhién, c6 8 s6 thudc danh sach nay khong phai

1a s6 hoan hao. Cung ¢6 thé xem Bollivus dugc

an ui phin nao, vi rit nhidu nha todn hoc khac

ciing sai 1dm nhu 6ng: De la Roche, Giradus
Ruffus,...

Nim 1536, Hudalrichus Regius lam nén budc
dot phd khi xuét ban cubn “Utriusque Arith-
metices”, trong d6 6ng dua ra phan tich 21! — |
=2047 = 23 89. Nhu viy, 6ng 1a ngudi diu
tién tim ra s nguyen t6 p sao cho 2P~ ‘(2” 1)
khong phai 12 s6 hoan hio. Regius cling ching

!
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minh dugc riing 2'3 — | 1a mot sb nguyén 9,
Vi\‘7 do do6, ong tim ra sb hoan hao tht 5 la
2'2(2'% — 1) = 33550336. Dén lic nay, khing
dinh dau tién cta Nicomachus di dudc chiing
minh Ia sai, vi s6 hoan héo thif 5 ¢6 8 chit s6.
Tuy vay, khiing dinh chit s6 cubi cia cdc s6 hoan
hdo 1a 6 va 8 thay phién nhau vin chua bi bic
bo! Didu déng ngac nhién la tuy c¢6 nhiing khim
phd 16n nhu vy, tén tudi Regius van hiu nhu
khong dugc nhic dén!

Cau hoi “phai chiing moi sb hoan hio chin déu
¢6 dang Euclid” van tiép tuc thu hit sy quan
tdm cua cdc nha todn hoc.

René Descartes (1596-1650), trong bic thu gii
Mersenne ngay 15 thang 11 nim 1638 c6 viét:
“Toi nghi ring t6i c6 thé ching minh khong tbn
tai s6 hoan hao chin nao khic ngoai cic s Eu-
clid”. Tuy nhién ngudi ta chua bao gid tim thiy
chiing minh cia Descartes.

Pierre de Fermat (1601-1665), trong thu gt
Mersenne ngay 26 thang 12 nam 1638 tin tudng
rang 6ng da tim ra phuong phdp “toan ning” dé
gidi quyét cdc cau héi lién quan dén udc thyc
su. Fermat viét hai ddy sé:

—1234567891011 1213

— 137 15 31 63 127 255 511 1023 2047
4095 8191,

trong d6 ddy trén 1a cdc s6 ty nhién lién tiép,

day duéi la cac sb (2" — 1) ing véi s6 n ditng

ngay trén do.

Fermat phat hién dudc cdc tinh cht sau:

1. Néu mot sb & dong trén 1a hop sb thi sb
tuong ting & dong dudi ciing 12 hgp sb.

2. Néu sb dong trén 12 nguyén t0 thi s tuong
tng & dong dudi trir di 1 phai chia hét cho
hai 1an s6 & dong trén.

3. Néu sb & dong trén 1a nguyén td thi sb
tudng ting & dong dudi khong chia hét cho
s6 nguyén td nao khdc ngoai trir cdc s6 16n
hon mot don vi so v8i mot bdi nao d6 ciia
hai 14n s6 hang trén.

(Nghia la: moi 1dc nguyén r(? q ciia s620 — 1,
trong dd p la 56 nguyén t0 1é déu co dang

Fermat néi thém riing “toi da tim ra va chiing
minh khong khé khin nhitng tinh chét dep g
nay. Ti nay, i s& xem chiing 1a nén ting chal
viéc phat minh ra cdc s0 hoan hdo”.
Tuy nhién, bai todn tim cong thic 56 hoan pg,
chiin chi dugc gidi quyet tron ven va chinh x4,
bai Leonard Euler (1707-1783), hon 2000 i
sau ménh dé cta Euclid.
Pinh Iy. S6 chdn n la s6 hoan hdo khi va chi kp
nco dang:

n=2P"12r - 1),
trong dé p la s6 nguyén 16 sao cho 2P —1 ciing
la s6 nguyén 10.
Chiing minh nhén xét 3 ctia Fermat va Dinh Iy
Euler c6 thé xem trong sach S3 hoc clia Ha Huy
Khodi (NXB Gido duc, 2003).
3. Di tim s6 hoan hao.
Véi dinh ly phét biéu trén ddy, dudng nhu chiing
ta da biét ciin ké vé& cdc sb hoan hdo chin, bdi
vi n6 cho ta biét dang ciia TAT CA cic s6 hoan
héo chén. Tuy vdy, hinh dung ra thé nao I3 hoin
héo véi viéc dat dén sy hoan hio qué 1a rit
xa nhau!
Pé c6 mot sb hoan hio, ta cAn c6 mdt s6 nguyén
t6 dang 27 — 1, trong d6 p 1a mdt sb nguyén to.
S6 M, =27 — 1 dugc goi 1a sé Mersenne, vi nel:
n6 1a s6 nguyén t6 thi dugc goi la s6 nguyén 10
Mersenne. Nhitng sb nguyén t6 Mersenne dau
tién1a 3, 7, 31, 127. Tuy nhién ham mii 22 —1
ting hét sic nhanh, nén vin dé phan tich S
Mersenne tr§ nén rit khé khin. C6 thé ndi rang
nhin xét 3 trén day ctia Fermat chinh 1a mdt
cdng cu rat hitu hiéu d€ phan tich s6 Mersenné
Thit vay, xét s6 Mersenne M3 = 2" — Ig
8189. Thong thudng, dé phan tich 8189, 12 can |
chia 8189 cho cic s6 nguyén t6 khong gt
qud /185 = 90,50..., titc 1a can lam 24 piéP
chia. Tuy nhién, theo nhan xét 3 ctia Fermat, Y%
nguyén t8 ciia s6 8189 phai c6 dang 2-k- 1344
tifc 12 dang 26k + 1. Chi c6 2 s6 nguyén t0 11
hon 90 c6 dang dé: 53 va 79. S6 8189 khort
chia hét cho 53 va 79, ta c6 ngay két lujn 81891
$0 nguyén t6 Mersenne, ma chi cAn 1am 2P :c
chia, tha}’“V\I 24 phép chia. Lam tuong "'-"g Pt
ban c6 thé phit hign ngay riing Ma3 = 838 W
khong phii 1a s§ nguyén t6.
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Nhu vy, nhan xét 3 ctia Fermat gitp ich rit
phiéu cho viée tim cdc s6 nguyén té 16n, dic
biét 1a cdc s6 nguyén t6 Mersenne, vi cung véi
16, tim cic 6 hoan hao chin.

Con dudng tim kiém s6 hoan hdo that nhoc
phitn, nhung ciing d€ lai nhiéu cau chuyén ly
thi. Tai hoi nghi thudng nién ctia Hoi Todn hoc
My ndm 1903, nha todn hoc Frank Cole budc
1én bang, sau vai gid tinh todn, viét phén tich sb

2767 — 1 = 14757395258967641292725
= 193707721 x 761838257287,

va nhut vdy, ching minh Mag; khong 1a sb
nguyén t6! Ca hoi trudng v tay vang doi. Mai
vé sau, ngudi ta méi biét ring, dé phan tich dugc
My67, Frank Cole da tan dung thdi gian ranh r6i
clia tit ca cdc ngly chii nhat trong 3 nim troi!
Tt nhién thdi d6 1am gi c6 mdy tinh.

Khi s6 nguyén t6 Mersenne thit 23, M) 213 dudc
tim thay tai Khoa Todn dai hoc Illinois (Hoa Ky),
ngudi ta da tu hao ghi nhd sy kién d6 bing cich
phat hanh con tem mang dong chit «211213 _ 1
la 56 nguyén t3”.

S6 nguyén t&6 Mersenne thi 25 va 26 dugc tim
thdy nho hai hoc sinh phd thong 1a L. Nickel
va C. Noll. Mic dii chua hiéu nhiéu vé s6 hoan
hdo, Nickel va Noll da dung ki€m tra Lucas dé
chay trén mdy tinh 16n cda trudng. Sau khi tim

T

ra s6 thit nhit, hai ngudi tich ra chay cdc chuang
trinh riéng ré v Noll may man tim dugc so thit
hai. V& sau, khi di di 1am, Noll tham gm trong
nhém lam viée tim ra cdc s6 nguyén to 16n.
Cho dén nay, 288(28° — 1) 1a s6 hoan hdo 16n
nhit duge tim thiy bing tinh todn thi cong.
Ngay nay, ngudi ta viét chuong trinh d€ cic méy
tinh hoa mang trén toan thé gidi c6 thé tham
gia tim kiém s6 nguyén t6 16n trong thdi gian
ranh rdi ctia mdy. Mot trong nhitng chuong trinh
dé6 1a GIMPS (Great Internet Mersenne Prime
Search), chuong trinh thu hiit hang chuc ngan
ngudi tham gia.

Sé hoan hio thd 50 da néi dén & dau bai viét
niy duge GIMPS cong b ngay 4/1/2018.

Hai “khing dinh” ciia Nicomachus cho dén nay
vén 12 hai gia thuyét 16n cla todn hoc:

Gia thuyét 1. Khong ton tai s6 hoan hdo 1é.
Gia thuyét 2. Ton tai vé han sé hoan hdo.

Gia thuyét 2 c6 v& kha ky la: dd hon hai ngan
ndm trim nim, véi biét bao cong stic cha thé
gidi todn hoc, trong dé c¢d nhitng ngudi nhu
Pythagoras, Euclid, Descartes, Fermat, Euler,. . .
ma ngudi ta chi méi biét cé vdén ven 50 sb hoan
héo, vdy ma lai gid thuyét la chiing nhiéu vo
han! Nhung c6 1& gia thuyét ding, vi...c6 Iy do
g1 dé trén di lai chi ¢6 hitu han sy hoan hdo!




TRAM THIEN VAN

CHU KY SAROS

- Pham Vii Ljc -

Ngay 31/01/2018 vita qua, nguyét thuc toan
phan di dién ra va Viét Nam nim trong ving cé
thé quan sét dudc tron ven ca qua trinh. Véi sy
gidp d6 ciia cdc mdy tinh md phong tinh todn
chinh xdc, ngudi ta cé thé biét rd nhat thyc hay
nguyét thyc dién ra vao gid phit gidy nao, c6
thé quan sat dugc & dau, kéo dai bao lau, v.v...
Nhung véi ngudi xua, hai hién tugng thién nhién
k¥ thu nay lai 1a mot bi 4n rat khé 1y gidi cia ty
nhién.

Trong vin minh Trung Hoa, vua la Thién t,
nhan Ménh trdi nén lic nao c6 thién thic tat
phai biét ma béo trudc cho dan trong lich. Céc
nghi 1€ ciia triéu dinh dinh tién hanh ma gip
nhét thyc thi phdi doi qua ngay khéc. Hon nita,
nhat thyc con bi coi la diém bdo d€ vua slta
minh theo dao. Tuy nhién, viéc dy dodn thién

thyc thudng khoéng chinh xdc vi ¢6 qud nhidy
théng sb anh hufdng, du sai mot chuit ciing di
]ech trong thuc té rit nhiéu. Nhu da biét qua cic
s6 trude, mot nim co tir 2 dén 5 nhat thye va
tir 0 dén 3 1an nguyét thyc. Vi khong hé don
glan dé tim ra quy luat, vua danh dg cho trdi dit
quy thin khé dodn. Tuy vdy, ngudi ta vAn khong
ngiing tim cdch du doén dudc thién thyc va coi
d6 1a mot trong nhiing bai toan khé nhét chiing
minh trinh d6 quan tric thién vin ctia minh.

Nhu da trinh bay & cic s6 trude, d€ thién thyc
xay ra, Mat Troi va Mat Trang cin cling 6 Oan
1iét diém, 12 hai giao diém quy dao ciia hai ving
— tic la glao diém cua Bach dao va Hoang dao.
Néu méi vang & gin m01 tiét dnem dbi nhau thi
td}CO nguyét thuc, néu hai vang cing & gin mdt
tiet di€m thi ta c6 nhat thuc.

1991 Jul 11

1937 Jun 08

s =
J@ﬁ-n@a S g -
}véﬁw %‘3{‘4\‘%5@(\/’/_{; / e % *W"C{ grgr/‘»;-—"‘x,-—f‘—»——v-;
{M ——— - . —‘rv‘f<
A /"(/\\\_ o Y r&g “'&E_r 4 ,_(_\ f/‘
P L3

el
.. 2027 Aug 02 \;élfs (‘Y - g

,,,.uuneeﬂi“"”

Five Millennium Canon of Solar Eclipses. Es

Hinh 1. Cdc duwong bong nhdt thiee toan phan ciia chudi saros 136 cho thdy xu thé léch Tdy 173 vong 4"

anlt

Trdi Ddt va xu thé dich dan lén phia Bdc.



Ngudi An D goi tiét diém Ién (diém Mit Tring
di qua Hoang dao 1én phia Bic) 1a Rahu, tugng
hinh con qudi Vit c6 diu khéng cd than, chuyén
nu6t Mét TrSi nhung nhanh chéng bi tréi ra qua
hong, dé gidi thich nhat thuc; va tiét dxem xubng
duge goi 1a Ketu, 1a qudi vat minh rin khong
diu, chuyén tin cong Mit Tring, dé gml thich
nguyét thyc. Hai tén goi ndy dugc truyén dén
vin minh Trung Hoa va trd thanh hai sao La
Héu va K& D6 trong chiém tinh hoc.

Ngoai ra, vi tri Mt Tring trén Bach dao cang
gin diém cén dia thi s& c6 kich thudc biéu kién
16n hon (nén dé che dugc hét Mt Trdi va tao ra
nhgt thuc toan phan hon) va di nhanh hon (nén
thoi gian thién thyc ngén hon) so véi céc vi tri
khéc, va ngugc lai.

Ngudi Chaldea (Tan Babylon) 1a dén toc da tim
dugc chu ky thién thuc kha som, tit nhiéu thé ky
trudc cong nguyén va vé sau dugc goi la chu ky
saros, dai 6585,32 ngay, tic 1a khoang 18 nim
10 ngay (hodc 11 ngay — tuy vao sb nim nhuén)
va 8 gid. Chu ky nay 1a boi chung nhd nhét cia
cic chu ky sau:

e Tuin tring (thang giao hoi): Chu k¥ vi tri
twong ddi ciia Mit Tring véi Mit Troi, dai
29,5306 ngay.

o Thang c4n diém: Chu ky vi tri tuong ddi ctia
Mit Tring v6i diém cén dia, dai 27,5546 ngay.
¢ Théng tiét diém: Chu ky vi trf tuong ddi cia
Miit Trang v6i mot tiét diém, dai 27,2122 ngay.

Tiét diém dich vé phia Béng 0,48 d6 sau
méi saros, khién Mat Tr&i va Mat Trang

NG ciing 12 bdi cia nidm tiét di€m, la chu ky vi
tri tuong dbi cda Mt Trdi vdi cling tiét diém do,
va boi cda thang sao 1a chu ky vi tri tuong dbi
ctia Mit Tring véi nén sao trén biu trdi.

223 tuln tring ~ 239 thing can diém
A 242 thang tiét diém ~ 19 nim tiét diém
= 241 thang sao

1 saros =~

Nhu vdy ci sau mét chu ky saros, mdt thién
thyc lai lip lai gin gibng (cting 1a nhat thuc
hot#ic nguyét thyc, toan phin hoic mdt phin,
dang dudng di va kich thuéc béng, v.v...) Nhung
vi s6 ngay trong mdt saros c6 phin 18 1a 0,32,
bang khoang 1/3, nén thién thuc lién sau 1 saros
s& dién ra mudn khoang 8 tiéng va vi tri quan sat
léch khoang 120 kinh d6 vé phia Tay (xem Hinh
1). Do d6, ngudi ta ciing dua ra chu k¥ béng 3
14n saros, goi la exeligmos, dai 19.756 ngay (54
niim 34 ngay) d€ dy bdo céc thién thyc dién ra
gin mat kinh d6 trén Trai DAt véi sai sb khong
qué 16n.

Tuy nhién, vi chu ky saros vin c6 sai s6 di nhd
nén c sau méi saros, vi tri clia thién thyc lai
1éch di mot chit. Ngudi ta dédt ra cac chudi saros
gdm céc thién thuc cach déu nhau 1 saros. Céc
chuéi saros nhat thuc bit diu bing céc nhat thuc
mot phan, tlep tuc t6i cdc nhat thyc toan phan
va két thuc biing céc nhit thuc mot phan. Vi 1
saros ngin hon 242 thang tiét diém (va 19 nim
tiét diém) mét chiit, nén cit sau mot saros, vi
tri Mat Trdi trén Hoang dao so vdi tiét diém lai
1&ch vé& Tay mot chiit (xem Hinh 2).

Két thuc chuédi
saros nhatthwe "

dich vé Tay so véi tiét diém Bic
N, Pong4-Tay
Nam
B
Tiét
diem Chuédi saros nha
xu6ng at thye danh so chén

BAt dau chubi )
saros nhat thwe(sé chan)

sé gém cac nhat thye quanh tiét didm
xuong, béng Mét Trang d|ch dan lén
phia Bac Ngwqc lai, chubi saros
quanh tiét diém 1én danh s6 l1é va bong
Mat Trang djch dan xudng phia Nam.

Hinh 2, Qud trinh ciia mor chudi saros nhdt thitc, gém cdc nhét thie cdch déu nhau 1 saros, dién ra xung
quanh mét tiét diém.

T8p 258 2 Thang 2. 2018
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Trong cdc 14n nhat thyc ciing chudi saros dién so cdc chudi khéc trude do, cho t3i chui man,
ra quanh tiét diém xunng lan nhat thuc diu  sb -13. Mot chudi saros nhit thuc dai iy |22
tién dién ra khi Mait Trai & phia Dong cic tiét  dén 1551 nim, tic la co khoang tr 69 dén 87
diém Khodng 17° (xem lai Pi thang 11/2017) va  nhit thyc (phan 16n 1a 70 dén 73, nhidy nhdtl
Mat Tring che khuét mot phin Mt Trdi tif phia  72). Trong dé, tir 39 dén 59 (nhiéu nhit |3 43
Nam, tic 1a chi khu vire gin Cuc Nam trén Trdi 12 nhat thyc xuyén tam (goi chung cdc nhjt thye
Dt ¢6 thé quan sit duge. G cdc 1an nhat thyc  toan phﬂn hinh khuyén va hén hgp). Tai mg;
sau thudc cung chubi, Mit Trdi lbi din vé Tay, thdi dle c6 khodang 40 chudi saros nhal thye
Mt Triing che khuit Mit Troi nhiéu hon khi di dang> tiép dién, hién nay 1a tit chudi s6 117 dén
qua tiét diém nay. Rdi bt diu ¢6 cic nhat thue  s6 156. Céc chudi saros nguyét thyc dai tir 1236
toan phén, khu vitc nhin thiy nhat thyc md rong dén 1587 nam va co tit 69 dén 89 nguyét thye
va 1ai dan vé phia Béc trén Tréi DAt. Cubi cing  (phén 16n vao khodng 71 t6i 73), véi 11 dén 29
khi Mit Trdi 10 qud vé phia Tay, Mit Tring lai  nguyét thuc toan phan. C6 40 chudi saros nguyé
chi che dugc mét phin ma thdi, khu vuc nhin  thyc dang tiép dién (tir 110 dén 149).

thy nhat thyc cling lni vé& phia Cyc Bic, cho
t6i khi Mt Trdi khong con nim gan tiét diém
dé Mt Tring che khuit dugc nira, chudi saros
két thdc. Vi thang tiét di€ém dai thém 0,4s mdi
thién nién ky, nén Mt Troi lai dan lbi vé Tay
nhiéu hon sau méi saros, khién chudi saros sé
tif tif ngén lai trong tudng lai.

Ngudi ta ciing dua ra chu ky nita saros, goi la
sar. N6 bang 121 théng tiét di€ém nhung lai biing
111,5 tuan tring. Do d6, sau 1 sar, mét nhit
thyc sé trd thanh mdt nguyét thuc gin gidng,
va ngudc lai. Ngoai ra, mot chu ky khdc ciing
dudc st dung 1a chu ky inex, dai 358 tudn tring
= R . . ~ 388,5 thz’mg tiét diém (khoang gan 29 nim,
Ngudi ta dénh S0 I¢ cho chudi Saros nhat tt‘uc véi sai sb gilta ching chi 1a 6 phiit, so vdi sai
dién ra quanh tict diém 1én (béng Mit Tring (& 59 phiit ctia chu ky saros). Nhut vdy sau mii
dich dan tr Bic xubng Nam), va ngugc lai. V6i inex, thién thuc tuong u lai dién ra nhung 5 tibt
chudi saros nguyét thyc, quy uée dinh sb lai gy, g dién. D3i lai, sb thang can diém lai rit
ngudc lai véi chudi nhit thuc. Nguyét thuc ngay s (383,67 thang) nén tinh chit ciia thién thic Jai
31/1 virta qua thudc chudi saros nguyét thyc 124. (. 4. nhidu (vi dy i toan phan d8i thanh binh
S6 dugc danh khong phai theo thif tu lan thién khuyen) C6 thé xé‘p ciic thién thyc vio ma trin
thuc diu tién cla chudi ma theo thif tu ctia thién hai chidu, méi cot Ia chu Kk saros vi hang Ja chu
thyc dai nhit trong chudi. Ngudi ta bt diu dénh ky inex (Hinh 3). Néi cich khéc, thdl gian gitd
sb cac chudi nhu vay tf ndm 1999 TCN, Wy po ihiay hye b ky 12t hgp dai s ciia mdt $0
nhién chubi saros 0 chifa thién thyc déu tién vao nguyén 14n chu ky saros va mét sb nguyén 1an
ngay 26/12 nam 2000 TCN lai bét dau tir trude chu ky inex.

dé, va viéc truy ngudc tiép vé thién thuc dau

tién ctia chudi nay lai ndy sinh viéc phéi danh  Tham khdo: eclipse.gsfc.nasa.gov

Saros - 2
: Biéu d6 Saros-lnex

Inex
Nhat thwre mot pl héan

[~ Nhat thwe toan phéan

i
Hinks 3. Biéi dé Saros - Inex cho nhdt thutc 5 thién nién ky (num -1999 dén ncim 3000), méi cét ld e
saros va hang la mot chudi inex, méi 6 la m¢t nhdt thiee.

- 018
Tap chi Pi Top 2 56 2 Thang 2:?

48




QUAN TOAN

BAI TOAN «LAT GACH»
DA CO LOI GIAI SAU 99 NAM

Y71/ 2R
S

Chi c6 15 dang ngii gidc c6 thé phi khit duge mit phiing [1]

C6 thé ding nhitng dang hinh co ban nao (tam
8idc, i gidc, ... ) dé phi kin mit phing ma cdc
hif‘h khong chm 1&n nhau (mot cach phi nhu
thé duge goi 1a “phit khir”)?

_ Bai todn xép hinh véi c4c hinh gidng hét nhau,
dugc dit ra tir cich day 99 nam, cudi clng di
tim dudc 18i gidi nhd sy gidp dd cha may tinh.

258 2Thdng 2. 2018 Tap chiPi 49
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QUAN TOAN

Ngudi ta da biét riing c6 thé ding cic tam gidc
hay tf gidc (khong phu thuée vio sé do goc hay
db dai canh), d€ phd khit mot mit phing. Trong
cdng trinh nghién citu nim 1918, nha todn hoc
ngudi Diic Karl Reinhardt di chi ra ring c6 ding
3 dang luc gidc ¢6 thé 1am dudc diéu nay va sé
khong thé phi khit duge véi cac hinh c6 tir 7
canh tr3 1én.

Vay véi cdc hinh ngii gidc, két lun sé 1a nhu
thé nao?

Tt d6 dén dau nam 2015, céc nha ton hoc tim
ra 14 dang ngii gidc c6 tinh chét nay... Va dén
cuoi ndm 2015, Von Derau mét sinh vién cia
trudng Washington Bothell, M da bt ngd tim
ra dang thi 15 [2].

Nhung van khong ai biét 1a c6 tdn tai mot dang
ngill gidc nao khac nita hay khong?

Michael Rao lam viéc tai phong nghién citu
Tin hoc, Pai hoc Claude Bernard, Céng hoa
Phdp, da dua ra cau tra 16i: chi cé ding 15 dang
ngii gidc, trong mot bao cdo cong bd vao thang
8/2017 [3].

Bing 1y thuyét va tinh todn, phuong phip va
chuong trinh ciia 6ng da phat hién ra ring moi

ngii gidc ddu c6 thé dude xép vao | trong 37,
dang ngii gidc c6 ty 1& déc biét giita c4c o6d
nhung khong rang budc ve dd dai cic canh, Sﬂl;
d6 6ng di cho mdy tinh th nghiém toan bo v
két luan ring chi c6 15 dang ngi gidc nhy g3
biét méi c6 thé phi khit mit phing. Menh g3
nay ciing da dudc lgiém ching bang céc phutong
phép khéc bdi nhiéu nha todn hoc va vi vay ¢z
trd thanh mot dinh 1y.

Nhu vy cudc tranh luén gin 100 nim d3 ¢4
161 két.

M4 rong: Hay thit tim 3 hinh luc gidc 6 tinh
chiét nay? |
Tham khao

[1] Danh sich miéu t& chi tiét 15 dang ngi
gidc va md phong cach 14t (Thérese Eveil-
leau, tiéng Phdp): http://bit.ly/2BGNvRB

[2

—

UW Bothell team makes discovery that
rocks the math world http://www.uwb.edw/
news/press/2015/081415

[3] Exhaustive search of convex pentagons
which tile the plane https://arxiv.org/abs/
1708.00274

D6 céc ban biét duong cong sau dég tén goi la g1
Phuong trinh ciia no thé nao?
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Thua gié'g Ve VOI

- Dam Thanh Son -

C6 mot bai viét hay ctia Freeman Dyson, “A
meeting with Enrico Fermi. How one intu-
itive physicist rescued a team from fruitless re-
search®, k€ lai mot su kién rit quan trong trong
cugc doi cia ong. Dyson ké lai ring sau khi giai
quyét xong van dé tuong tac dién tlr, ong bit diu
nghién cdfu tuong tic manh (e hat nhén). Niim
1953, dng cing mét s6 hoc trd rét say swa véi
mét Iy thuy€t tuong tic manh, mé ta tuong tac
giita proton, neutron va hat pion goi 1a “pseu-
doscalar meson theory”. Nhiing tinh todn cia
nhém ong cho ra két qua gin véi két qua thi
nghiém ctia Fermi. Ong ta rit ty hio véi két qua
ctia minh va hen gép Fermi d€ trinh bay két qua.
Ong 1én xe bus di tit Ithaca, NY dén Chicago.
Cau chuyén tiép theo nhu sau (ban dich cda
Nguyén Dinh Ding):

Khi t6i vin phong ciia Fermi, t6i trao cic db thi
cho Fermi, nhung 6ng hau nhu khong thém nhin
ching. Ong mai t6i ngdi, than thién héi thim
sitc khde vg t6i va con trai méi sinh ciia chiing
i, nay da 50 tudi. Rdi, véi giong nhe nhang va
deu, 6ng ra phan quyét, “C6 hai

z 2 .1 == XK
cich tinh todn trong vat Iy Iy V'm\“\\\\%“\é\é
thuyét” ong néi. “Mdt cich, la /f(é/’,(v\yw\n\§ ~ 2N
¢ach t6i thich hon, dé 1a ¢ 3 \ )45/4,}1-;.:\\\‘ T
3 '\\_‘/l///v\\\ N

mdt bifc tranh vét 1y ro rang
Ve qui trinh anh
“:nh todn. C4ch kia
¢6 mat hinh thite
Udn todn hoc chinh xac
Y4 nhat quan. Anh ching
€0batky céch nao ca.” Toi
% chodng, nhung danh bao
lf?llhong vi sao 6ng khéng coi
Uyet meson gia vo hudng
gseuflosca]ar meson theory)
[0t hinh thic Tuan toan hoc
“ quan. Ong tra 15i, “Pién

dong luc hoc lugng tit 1a mot ly thuyét tbt vi céc
lyc yéu, va khi hinh thdc luén cdn mo hd, ching
ta c6 mot bic tranh vat 1y rd rang din dit chiing
ta. V§i ly thuyét meson gia vo hudng thi khong
¢6 bic tranh vt Iy nao cé, con céc lyc thi qua
manh dén ni ching c6 gi héi tu duge. BE dat
dugc két qua tinh todn, anh da phai dua vio mot
quy trinh cit bét tity tién chéng dua trén co s&
vat 1y hay toan hoc chic chin nao ca.”

Tuyét vong, t6i hdi liéu Fermi c6 4n tugng véi
viéc cdc con s tinh todn clia ching t6i phit hgp
vdi céc con sb ma dng di do dugc hay khong.
Ong tr3 181, “Anh da diing bao nhiéu tham sb ty
do trong céc tinh toan cta anh?” T6i nghi mét
thodng v& quy trinh cit bét cha chiing toi rdi
néi, “Bén.” Ong néi, “Toi nhé 6ng ban Johnny
von Neumann ciia t6i titng néi, v6i bén tham sé
t6i ¢6 thé mé t4 dudc con voi, con véi nim tham
s6 t0i ¢6 thé lam n6 ngo ngudy cii voi.”

Fermi cubi cling da diing. Phai 20 niim sau d6
ngudi ta méi tim duge 1y thuyét diing dén cda
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wong tdc manh, “sic dong hoc lugng ti”, mod
ta tuong tdc gitta cdc quark. Cdc hat nhu pro-
ton, neutron, pion déu lam tir quark. Trong 1y
thuyél meson gid vo hudng, cic hat nay duge
coi la cdc hat co ban, nén khong thé 12 1y thuyét
ding. Tinh todn ctia Dyson vi hoc trd hiu nhu
khong con duge ai nhé dén nita. Khong biét gi
vé quark, chi ding truc gidc vat ly, Fermi biét
ngay 13 khong thé tin duge Iy thuyét meson gid
vd huéng. Dyson viét ring néu khéng c6 Fermi,
ong ta va hoc trd chiic chin sé mét nhidu nim
vao mot hudng nghién citu vo ich.

Doc ciu chuyén nay tdi ciing nhan ra chinh
minh: bén than t6i di lam nhiéu tinh todn khong
c6 buc tranh vat 1y 16 rang, khong c6 hinh thitc
ludn chat ché, va thdm chi ciing khong c6 ca
thyc nghiém dé so sanh!

Trd lai v6i vin d& con voi. Toi loay hoay mii
khéng v€ dugc con voi ma chi dung 4 tham
s6, nhu von Neumann néi. Tim doc trén Inter-

net toi thiy dd c6 ngudi viét 12 0 VG duge ‘
diing 4 tham s6, nhung tim hiéu ky hay g, ho/

ra ho dn gian: 4 tham s6 cla ho I3 g hf’d
thyc chéit 1a 8 tham s6 thyc. Chi tiét ¢6 lhé’df'.
& http:/publications.mpi-cbg.de/Mayer_ (;C
4314.pdf. Tuy nhién chi cin diing 2 tham g4 thid
¢6 thé vé dudc biic tranh “con triin nuét cop voj
trong truyén Hoang tif bé cia Saim-ExUpcry

Buc tranh nhu sau: /

14 exp(-x""2)+.8%exp((x-1.75)"2) ——

o
N
L e R A

va déy 1a dd thi ham sb
y = exp(—x?) +aexp(—(x—b)?)
v6ia=0.8vab=1.75.

GIAI DAP BAI “CHIA BANH"

(Xem Tap chi Pi, Tap 1, S6 12.2017)

Bai nay nghe qua thi dé,\nhu’ng gidi chinh xac
thi khong dé ty nao! Dieu nay ciing hop Iy, vi
chia “quyén lgi”” thé nao d& ai ciing cam thay
céng bing khong bao gio 1a dé ca!

C6 mot s6 ban gii 181 gidi dén, nhung tiéc ring
chua c6 15i giai ding. C6 mot nguyén tic dé ai
ciing thiy vui vé 1a ngudi chia banh thanh tiing
phin khong bao gi¢ dugc chon dau tién. Loi giai
ciia mot s6 ban vi pham quy tac nay: ngudi chia
banh chon trudc tién, nhu the thi chi anh ta thay
vui v&, nhitng ngudi khdc s& thiy é{n tic, vi ¢6
thé cho ring anh ta da chia khong deu, va danh
cho minh phin nhiéu! Cing c6 ban d€ ngusi
chia khong nhan trudc, nhung nhitng ng}IBi con
lai nhan "déng thdi": cich nay khong 6n vi ¢6
hé ho tranh chip nhau phén ma c6 it nhét 2
ngudi cho 12 to hon cdc phan con lai.

Nhu thudng 1€, ta bt ddu xét bai todn trong
trudng hop dé nhit: c6 hai ngudi. Khi d6 ngudi
thit nhit chia banh thanh 2 phan, ma theo anh ta

52
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12 biing nhau. Nguosi thit hai chon trudc, 18 & 2

minh phin ma theo anh ta 1a khong it ho? Et

: ey o, gLies
banh. Tt nhién 1a anh ta vui vé, va n" (:1 ot §
nhat ciing vui vé v6i phin con lai, lecm;:au /
ta la ngudi chia, va da cb ging chia déu ™
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anh ta chia banh. nhung ngusi kia chon truée
e anh ta khong ddm chia hai phin khéng déu)!
Néu co 3 ngudi thi sao? Tam gdc ngudi thit 3
<ang mt bén. hai ngudi diu tién chia banh véi
nhau nhy trdng hop truée. Méi ngudi déu vui
+& véi phan ctia minh, vi déu cho ring phin cia
minh khong it hon 1 chiéc banh.

Biv gid. nguoi thu' 3 sé chia v6i ngudi thi nhit
va ngudi thi hai phin banh ma méi neudi da
phén theo cach sau. Mdi moét trong hal nguoi
chia phan banh cua minh thanh 3 miéng. ma
theo ho 12 déu nhau. Nhu vay méi phén bing
1

2 chiéc banh. Neudi thit 3 s& chon mot miéng
wong phan cia ngudi th nhit. mot miéng trong
phf".n cta ngudi thi 2. Vi anh ta oy chon nén theo
chiéc banh, va

rat vui vé! Tat nhién hai ngudi an cuno vui vé,
1 1
3

anhm_cékh(‘)nOithml;é_

vi chinh ho chia. va @€ lai cho minh 6 +E —
chic banh.
Véi 12p ludn nhy trén thi bing phuong phap quy
nzp bai todn giai dudc cho n ngudi, véi moi n
nguyvén duong. That vay. gia st 42 6 cich chia
bénh cho 7 ngudi. d€ ai ciing cho ring phin
R 1 . 2i 8 e
minh khong it hon — chiéc banh (diéu niy ding
n
cho n = 1). Xét rwdng hop c6 (n+ 1) ngudi.
Tam thoi G€ nguoi thi =+ 1 ditng riéng, n ngudi
con lai chia banh sao cho méi ngudi cho ring
3 1 S
minh duge khong it hon — c4i banh. Sau 6 mbi
n X
om0t trong 7 ngudi dau tién chia phin cia
minh ra (n + 1) miéng bing nhau, méi
1 B e
Phin s& 13 ( 0 chiéc banh. Nguoi
n(n+
i (n+ 1) sz chon tir phan ciia méi
Wt trong ngudi dau tién mot miéng.

P —
BINH criNg
Tep chi pi 64 1. 2018, trang 41, cdt 2, dong 2:

Nhu vay anh ta duge
1 1

Il'm T

(n+1)
chiéc banh. M&i mdt trong n ngudi dau tién
con lai 1

1 1
n nn+1) (n+1)
chiéc banh. va moi ngudi déu vui vé!
Nguyén tic “ngudi chia khong duge chon trudc™
ciing dan ta dén cich giai thi hai sau day:
Cach thit 2. Neudi dau tién liy ra mot phan
ma anh ta cho ring bang diing — cdi banh. Tuy
n
nhién. anh ta khong dudc nhan phan dé cho
minh ma chuyén cho ngudi thit 2. Néu ngudi
~ -1 1 -4 -
nay cho rang phan d6 khong it hon — chiéc banh
n

thi anh ta vui vé nhan. Neu khong. anh ta sé
chuyén cho ngudi thit 3. Tiép tuc nhu thé, néu
¢6 ai d6 vui vé nhian thi lai bat dau bai todn véi
(n— 1) ngudi con lai. Néu ngugc lai. ngudi thi
2. thi 3.... thif n Géu khong nhan. thi phan banh
d6 dugc chuyén lai cho nguoi dau tién. va tht
nhién anh ta vui vé nhan vi chinh anh ta da chia.
va da cb chia déu (anh ta khong ddm chia to
hon. vi s ¢6 nguti nhin trude. cing khong dam
chia nh6 hon. vi chinh anh ta ¢6 thé phai nhan)!
Bai toin tiép tuc theo céch trén véi (n— 1) ngudi
con lai. - 3

. Chu Quan

(duta theo 16i gidi cia tdc gid bai todn)

*Diin: D& thiy, véi k > 3, Phuong trinh Diophantine () v6 nghiém.
* Nay sira thanh: Phai ching, véi k > 3, phuong trinh Diophantine (xx) v6 nghidm?

Tap ey Pi thanh thit céo 16i cing ban doc.

T
Ia
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1. Muc dich:

Khuyén khich phong trao hoc Toan qua cic
bai toan.

2. Thoi gian t6 chitc cudc thi:

Hiing nim, bat dau tit thang 1 nim 2018.

3. Doi twgng du thi:
Hoc sinh phd thong va sinh vién dai hoc, cao
ding nam thi nhat.

4. Cac bai toan thi:

TAt ca cac bai todn dudc ding tai trong muc
Thach thifc ki nay va Quan Toan ctia Tap chi Pi,
tir'sé 1 dén s6 12 clia nam t8 chifc cude thi (sau
day goi chung la bai todn thi).

5. Bai du thi hop 1é:

TAt ca 15i giai cho céc bai toan thi, dudc gui
t6i Toa soan trudc ngay ming 1 cua thang phat
hanh sb Tap chi ding tai cdc 16i gidi do.

6. Phuong thitc chim bai:

Chi cho diém céc 10i giai ding. Mbi 10 giai
diing (khong phu thudc cach giai, cach trinh
bay) dugc cho 1 diém; 10i gidi diing va cich gidi
ngén gon dudgc thudng thém khong qué 1 it
(nghia la dugc cho dén 2 diém), 16i gidi diing,
céch giai ngdn gon va dong thai 16i gidi dugc

trinh bay mach lac, sang sta dudc thudng thém
khong qud 2 diém (nghia lai dudc cho dén
3 diém).
7. Phuong thitc tinh diém xét giai:
Piém dé€ xét giai cia mdi hoc sinh du thi, ki
hiéu 13 s, 1a diém t6ng hop cdc diém ciia méi 16i
giai cho méi bai toan thi va dudc tinh theo cong
thuc sau:
— P6i véi hoc sinh cip THCS:
T
s= b-—
a+ 2 +c,

— Déi v6i hoc sinh cip THPT va sinh vién dai
hoc, cao dang nam thi nhét:

T
S=a'z+b+c‘,

trong d6, a 1a tdng diém ciia tat ci cic 10i gidi
cho céc bai todn danh cho chp THCS, b 1a tng
di€m cia tit ca cac 15i giai cho cdc bai todn
danh cho cip THPT va c 1a tng diém ciia tit ci
cdc 16i giai cho céc bai toan trong Chuyén muC
Quén Todn,




o

4. Phuong thire xét giai:
_ Chi xét gidi d6i véi cdc hoc sinh c6 diém xét
oidi khong it hon:

+ 9 diém, d6i v6i hoc sinh céip THCS;

+ 237 diém, dbi véi hoc sinh cAp THPT va sinh
vién dai hoc, cao déng nim thi nhét.

_ Xét gidi riéng cho m6i nhém déi tugng:
+Nhém 1: Hoc sinh cép THCS;

+Nhém 2: Hoc sinh cip THPT va sinh vién dai
hoc, cao déng nim thit nhAt.

9.Co cau giai va mirc thudng:

Mbi nhém ddi tugng duge xét trao:

- Khong qua 7 giai Nhat, méi giai dugc thudng
97 tién mdt, 1 ndm Tap chi Pi va 1 4o Pi;

- Khong qua 37 gidi Nhi, mi gidi dugc thudng
67 tién mat, 1 nam Tap chi Pi va 1 4o Pi;

- Khong qué 107 gidi Ba, méi giai dugc thudng
37 tién mat, 1 nim Tap chi Pi va 1 4o Pi;

- Khong qua 157 giai Pi (), mdi gidi dudc
thuéng 1 nam Tap chi Pi va 1 4o Pi.

Ghi chi: 177 tién mat = 314.159 dong

Cin o két qua cudc thi clia titng nim, Ban giam
khao cudc thi c6 thé xem xét trao giai Pic biét
cho nhitng hoc sinh ¢6 13i gidi hay, doc dédo. Moi
gidi Dic biét duge thudng 157 tién mit, 1 nim
Tap chi Pi va 1 4o Pi.

Ngoai c4c giai chinh va phan thudng néu trén,
¢6 th€ ¢6 cac giai phu, cac phan qua do céc
don vi tai tr¢ hodic cdc nha hio tdm 4n dinh cho
cudc thi titng nAm.

Hoc sinh dat giai Nhét va giai Péc biét sé dudc
GS. Ngo Bao Chau viét thu gi6i thiéu véi cdc

trudng dai hoc & nudc ng
nhu céu

10. Thoi gian cong bd giai va trao tlm’&ng’:
— Két qué cudc thi sé dudc cong bd trén Tap
chi Pi s6 thang 3 ciia nim lién sau nim t& chic
cudc thi.

— Phan thudng sé dudc trao cho cdc hoc sinh dat
gidi vao ngay 31 thang 3 clia ndm lién sau ndm
t8 chic cudc thi, tai hai dia diém: Ha N6i va TP.
Hb Chi Minh.

11. Ban giam khao:

— Trudng ban: GS. Ha Huy Khodi, Téng bién
tap Tap chi Pi;

— Phé Trudng ban thudng truc: Nguyén Khic
Minh, Phé Téng bién tap kiém Trudng ban bién
tap Tap chi Pi;

— Ph6 Trudng ban: Tran Nam Diing, Ph6 Tong
bién tap Tap chi Pi;

— Thu ki: Nguyén Thi Lé Huong, Phé Tng bién
tap kiém Thu ki Toa soan Tap chi Pi;

— Céc 1y vién: Thanh vién ctia Nhém Thach
thiic Toan hoc Tap chi Pi.




Ném 2018 VA NHUNG CAU HOI

THU VI TU

lHOVITU Q que diem

Vao ndm 1681 mot ngudi Anh tén 13 Robert Boie
da nhiing que dém vao dung dich lvu huynh va
phét pho va thé 1a nhiing que diém diu tién da
ra doi, mdc du chiing chdy qua nhanh nén hiéu
qua st dung khéng cao.

Cho dén nim 1826, John Walker (29/5/1781 —
1/5/1859), mét nha héa hoc ngudi Anh da tinh
0 sdng ché ra diém quet vao ngay 27/11. Trong
14n thi nghiém d6 6 Ong tron clorat kali va anti-
mony sulfide va vd tinh phét hién ra hén hgp
2 chit nay s& béc chay khi c6 mot luc ma sit
dii 16n. Ngay 1ap titc, Walker nghi dén viéc lam
sao c6 thé chia nho dong hén hop than ky nay
ra d€ ding nhiéu lan. Ong v6 1y miy que tam
& ban lam viéc trong phong thi nghiém i vé
thanh nhitng vién bi nhd va cim que tim xuyén
qua chiing. Nhitng que diém quet dau tién da
ra doi nhu vy méc du chinh ban thin Walker
thira nhan 1a chiing qua x4u xi. V& sau, Walker
da nghién cifu va thay déi thanh phan héa hoc
ciia diém bing cach b8 sung luu huynh cung véi
keo dinh. Ngoai ra, 6ng ciing thay déi hinh déng

VPho higu trudng truong THPT chuyén Hing Yén

ctia diém biing céch thay nhiing que tdm biing
nhiing 14t gd nho chic chin hon khi sit dung
Dé phuc vu cong doan danh 1tta, Walker con b§
sung cho mbi hop dung diém mot mleng gidy
nham ric mét 16p bot thdy tinh 1én trén.

Niim 1833, nhiing que diém boc photpho di ra
dsi & Ao va Didc. Nhung c6 mét vén dé da ndy
sinh, vi photpho trang va vang rit doc hai déi
v6i nhitng cong nhan san xuit diém nén dén
nim 1906 da bi cAm sit dung d€ san xuét diém
trén toan thé gi6i. Cudi cling ngudi ta di tim ra
mot loai photpho dé khong doc d€ san xuft ra
nhitng que diém an toan hon. Nhitng que diém
an toan diu tién di dudc san xuit & Thuy Si vio
nim 1844. Gis day thay vi boc 1én diu que diém
tit ca nhu’ng chét hod hoc cn thiét thi ngudi fa
b6i phdtpho dd 1&n bé miit ciia hép va ta chi cin
quet que diém vao d6 d€ 14y Ita.

Nhiing que diém khéng chi gitip tao ra lifa, ma
con gitip ching ta c6 mdt cong cu dé hoc Todn
mot cich thu vi va hao hing.




Chic hiin mbi ching ta da tiing 1am nhitng bai )
(oin thi vi sau: ]

pai 1. Dung 3 que diém x&p thanh mét s6 nhd
non 4 v 16n hon 3.

pai 2. Hily bt 2 que diém trong hinh sau dé
duge hai hinh tam gidc déu. i

18 VD NYOL

Sau ddy la ddp dn cila cdc bai d6 vui trén:
Bai 1. S6 d6 1a Pi

Bai 3. Hay thém 2 que diém vao hinh sau dé
dugc phép todn ding.

P i Bai 2. Di chuyén 2 que diém (dugc 1am nhat
| | mau) nhu hinh sau:
l e ® l

L Y

i /%\

Bii 4. Hay di chuyén 3 que diém & hinh sau d§
duge ba tam gidc c6 dién tich bang nhau.

\ Bai 3. Thém 2 que diém & vi tri mau xanh.

N _
/ \ =

‘h\' = R 2
a::] 5. Hay gj chuyén 3 que diém & hinh sau dé

ahinh vudng c6 dién tich bing nhau.

55 o
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Bai 4. Doi 3 que diém (vi tef dd 1am nhat maw) — Nhdan dip biede sang nam mai 2018 moi ban dool
Ve Vi tri maw xanh. ctia tap chi Pi thit stic ctng 18 que diém yg;
nhimg cdu hoi thi vi sau:

Ciu 1. N.p 18 que diém thiamh 6 hinh vuong ¢
dién tich biing nhau.

Cau 2. V(ii 18 que diém x¢p duge mot s§ 6
3 chit s6. Hay di Ll\ll)’\.l] 1 que dmn dé duge
hinh bidu dién s6 ¢6 3 chit s6 16n nhit )
the dugc?

e @
——

Bai 5. Doi 3 que diém (vi tri di lam nhat maw)
V& vi tri mau xanh.

e

—— ——
4 _,,...J—-—-—-Q‘

Ly 5 ]

i CAu 3. Da gidc 15i 12 da gidc ludn nim vé mét
! phia dbi v6i méi duding thing di qua hai dinh ké

ctia né. Hay dung 18 que diém xép thanh 2 hinh
; da gidc 151 khéc nhau (Hai da gidc 15i khong
' chung nhau m'c}t que diém ndo) sao cho dién tich
i da gidc nay gap 3 1an dién tich da gidc kia?

i ‘ Ghi chii: Bai viét ¢6 sit dung thong tin mang t
i ! oo it o
Wikipedia va bdo Sinh vién Viét Nam.

58 Tap chi Pi

Tap 2 56 2Théng 2. 201



70AN CUA BI

HOC LAP TRINH SCRATCH

Bui Vigt Ha

BAI 8. MEO AN TAO

Muc tiéu:

Hoc xong bai ny em sé& biét:

- Cdch diéu khién nhan vat chuyén ddng bing cich nhdy chudt.

- Cam bién mau sic va cim bién va cham.

- Thiét ké 1 trd choi hoan chinh: Méo #n to.

N6i dung bai hoc

1. Cé thé dung chudt didu khién nhan vat duge khong?

Trong bai hoc 5, em da biét cich diéu khién nhan vat chuyén dong bing ban phim.

Hom nay em sé biét thém cach diéu khién nhan vat biing chudt mdy tinh. Em hay
quan sat bang sau c6 2 1énh c6 lién quan.

Khi ngudi cing nhdy chuét thi 1énh nay nay s&

Nhém 1énh cam bié nhén ngay gid tri Diing, ngudgc lai khi ngudi diing
6m 1énh cam bién.

khong nhdy chudt, 1énh ludn ¢ gid tri Sai.
i point towards mouse-pointer
b

Nhém Iénh chuyén dong.

Nhan vit s& xoay vé& hudng clia con trd chudt.

Vi du néu em mudn mbi khi nhdy chudt, nhan vat s& 1ap tic quay v& huéng con
tr chuét va tién vé phia chudt mot s6 budc, ching ta s& thiét 1ap doan chuong

trinh sau.
i R fowv - i g
f,i;ukh'e” MOoi khi nguwoi ding nhdy chuét,
ch " Vit bang nhdn vdt sé quay vé hiedng vi tri
& vita nhdy chudt va tién lén 5 budc.
) a oA o ~ ~ v A Py 3
Nhu vay néu ching ta nhdy chuét lién tuc, nhin vt s€ tién nhanh vé& phia con
tré chuot.
Ty
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Lénh cam

+ L N
bién mau
sdc.

Lénh cam
bién va cham.

60

2. Cam bién mau sic
Khi nhan vit tiép tuc véi mot mau séc nao d6 thi 1énh cdm bien mau sac
$€ 1ap tc tra lai gid tri Duing, ngudc lai sé& ludn la gid trj Sai.

Mau sdc gay cdm bién.

" . & , - . - .
Cdch xdc dinh mau sdc cdm bién: nhdy chudt tai 6 nay, sau
dé nhdy chugt lén vi tri trén man hinh (bén trong citq 55
Scratch) cé mau can tim.

touching color [ 7~

Vi du 13p trinh diéu khién néu nhan vat tiép xuc v6i mau vang thi s kéu lén “May
vang day roi”. Poan chuong trinh nhu sau.

touching color Jij 2 2

—_— .
L= \T8 Mau vang day roi, R e secs

3. Cam bién va cham

Cam bién va cham s& nhan biét thdi diém khi nhén vét va cham v6i mot dbi tugng
khdc trén man hinh. Scratch cho phép nhan biét (cAm biét) sy va cham vao 3 loai
d6i tugng sau: 1- con tro chudt; 2- canh san khiu; 3- nhan vt khéc.

Khi va cham vao céc loai dbi tugng trén, 1énh sau ddy s& ngay 1ap tic trd lai gid tri
Piing, con binh thudng lénh nay s€ tra lai gid tri Sai.

va cham vdi con tré chuot.

touching mouse-pointer = 2

mouse-pointer |

W va cham véi canh sén khéu.

Apple va cham véi nhan vt khdc.

Vi du néu mubn diéu khién nhan vat con méo néu va cham véi qua tdo thi kéu meo
meo, ching ta c6 doan chudng trinh sau,

af touching Apple

. ‘plav sound meow

4. Thiét ké tro choi Meo in To
Biy gi¢ chiing ta cing thiét k& mét trd choi don gidn nhung rit th vi, trd choi Méo
#n Tao.

Giao dién chuong trinh s& phéi c6 dang tudng tu hinh sau:

Tepetilf Tap 2 56 2Thang 2 201




‘ Quad tdo ddt ¢ ddy, goc
phdi trén san khdu.
h2
Meo an Tao.si

18 VN NYOL

Cdc déng rom ndm ngdu nhién
A A A
trén sdn khdu.

Meéo ddt ¢ dady, goc trdi dudi
sdn khdu.

Yéu cdu cdia trd chdi nhu sau:
— Nhan vét chinh ctia chuong trinh 1a M&o con va qué Tdo.

- Em cin diéu khién Meo di dén ché qua tdo va dn Tdo. Piéu khién biing chuét.
Néu dén dudc Tio, Méo sé& kéu meo meo va néi “Meo meo dn Téo ngon qua”.

~ Khi diéu khién Meo, em cin gitip Meo di khéo léo de khong tiép xdc véi cic

dong rom. Néu cham vao mot déng rom Meo sé kéu “Oi 6i” va chudng trinh sé
ding lai.

a. Thiét ké nhan vt
Em hay b8 sung nhén vat qua Tio vao chuong trinh d€ két hdp véi nhan vat Méo
con da c6 san nhu hinh sau.

- ®

b. Thiét ké nén sdn khédu

Cong viéc tiép theo la V& cac dong rom trén nén san khiu. Céc budc thuc hién nhu

hinh sau: 2. Nhdy vao nut Backdrops dé’vao chitc ndng

chinh sita sén khdu.

@ scrmen2 e Edtor

CEZDRIZ 1 D ree v ko v Tipa 1) At
=, moi
* ‘ ;"}“"‘ = — 5o o (o Yo sy 2

K0y e

Newspie &/ & B

3
LECEOIE SE N T I

a=aq

w/ém o0n,

1. Nhdy vao 6 nay € bdt 3. Cita 56 ' diéu chmh as
ddu cong viéc. hoa nén sdn khdu.
5 ox
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TOAN CUA BI

Chuing ta s& tap trung chi ¥ vao cifa s§ bén phai, tai d6 em s& phii vé cic dong rom
trén man hinh.

Man hinh sau la cita s8 vé, chinh sita db hoa dang diém (bitmap). Em hiy chy y '
dén cdc diéu sau:

Céng cu vé bén trdi la do '1
hoa dang diém (bitmap).

1. Chon reTe— — H @ sas tmpon A )
cong cu bit ——FZ
Vé tir do.
=
. 2
T Nén sin
Cdc cong / T khdu cé
cy vé tranh thé diéu
S il il S o i L
dang diém : chinh, vé
(bitmap). =L thém tai
P da )
dy.
3 )
a=a
100%
) Bitmap Mode
) Convertto vector
3. Chon nét buit vé ty 2. Chon mau tai ddy, mau vé phia
do tai dady. trén va mau nén phia dudi. Nhdy
lén 2 hinh vuéng mau dé chuyén
doi vi tri.
Em hay st dung cong cu biit vé tu do d€ v& mot sb ddng rom véi cac mau khdc
nhau trén san khiu, vi du nhu hinh sau:
[-1 F . Vfuu; Backarops
e ;;*": [eTee 5o T o Ninesk 4N
e
@ B @D
" Newsprte & / & @ +
Mo bz L
a/an ‘; ¥
i W
— Commtm e
&2 Tap chi Pi
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c¢. Thu dm tric tiép am thanh cho Méo.

Budc tiép theo em hay thu 4m tryc tiép am thanh “6i 6i” cho Méo. Cédch lam nhu
sau:

— Nhdy chon nhan vat Méo tai khung diéu khién nhan vat, sau d6 nhdy vao nit
Sounds, man hinh nhép, chinh sita &m thanh nhu sau s€ xuat hién.

Sounds.

> m @ M et

L T T T— SR—

wA

- Budc tiép theo 1a thu am tryc tiép 4m thanh “6i 6i” cho Mo con.

1. Nhdy vao niit nay dé bt
ddu thu am.

Scripts Cystumes Sounds

New soung/

’ s [recodingt n @
[ K =]
| 1

7’

1<

o

00:00.84

' ] Edity Effects¥
MIC’O/U\HE volume: == ‘wo”"m
3. Nhdy vao niit nay 2. Nhdy vao niit nay va doc dm
dé’két thiic thu am. thanh vao micro mdy tinh.

— Viéc cubi ciing 1a dit tén cho am thanh nay.

“wAhva
L

Nhdp tén dm thanh
tai vi tri nay.

Seripts | Costumes | Sounds /
Hew sound: —,

cea e

;
TE
N
pird
A

» m Edity  Effects v

O

volume:

T s Pt
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TOAN CUA Bi

d. Ldp trinh diéu khién Méo bdng chudt
Poan chuong trinh diéu khién nay di dugc trinh bay trong muc 1.

e. Khi Méo va cham vao cdc déng rom
Mo cin tranh xa cic déng rom, néu ching may tiép xuc phéi thi 1ap tic kéu 4i 4;
va chuong trinh ding lai.
Diy Ia 1 doan chudng trinh diéu khién khi Méo tiép tic v6i déng rom mau tim,
Hoan toan tuong tu véi cic déng rom con lai. Chiing ta sit dung lénh stop all dé
ding chuong trinh.

vrtouching culor =

play sound Gi until done

f- Khi Méo gap Tdo

Khi Méo gap Tao, Meo s€ kéu meo meo, néi “Meo meo Tdo ngon qua” va chuong
trinh sé€ dung lai.

play sound meow
»

PP Meo meo Téo ngon qui. RLTA 2 e
—

{'stop

Em hay hoan thién trd choi rét th vi niy nhé. Hen gip lai trong bai hoc tiép theo
v6i nhitng chuong trinh, trd choi méi. )
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BAN BIEN TAP

. 1y Khoai (Téng Bién tip)
Eif l;?a,o Chau (Phé Tfn;g Biéf: ‘@B)
Trin Nam Diing (Ph6 Tong Bién tdp) o
Nguyén Thi Lé Huong (Phox Tong BICP tg\l')‘ kiém ’I:hu' ky Toz}ksog:])
N;uyén Khic Minh (Phé Tong bién tip kiém Truéng ban Bién tip)
pham Huy Dién, Nguyép Thanh Nam, .
Trén Vin Nhung, Nguyén Duy Théj Sqn, Chu Cam Tho,
Ngo Viét Trung, Vii Ha Van, Nguyén Ai Viét, L& Anh Vinh.

CONG TAC VIEN
THUONG XUYEN

Ha Vi Anh, V& Quéc B4 Cn, Pham Ngoc Piép, Nguyén Minh Ha,

Luu Thi Thanh Ha, Dao Thj Thu Ha, Trin Minh Hién, Phan Thanh Héng,
Trin Quang Hing, Ha Duy Hung, Dau Hoang Humg, Vii Thé Khai,
Nguyén Cim L&, Nguyén Duy Lién, Pham Vii Loc, Trin Quéc Luat,

Kiéu Dinh Minh, Nguyén Thj Nhung, Ding Vin Son, D5 Hoang Son,
Liu B4 Thing, Pao Manh Thing, Nguyén Tét Thu.

TOA SOAN

Tﬁ'{g 7 Thu vién Ta Quang Biru, Trudng Dai hoc Bach khoa Ha Noi
D”‘"}g bai C4 Viét, Phurong Bach khoa, Quén Hai Ba Trung, Ha Ngi
g;’ja'l g bai: bbi@pi.edu.vn. Email giao dich: info@pi.edu.vn

| WE; fhoz'u: (024) 3215.1407 Fax: (024) 3623.1543

| Site: wwwpi.edu.vn

a8
<L
i
B
=)
&
s

£
Ei‘e ban: L& Quéc Tuin
A” hoa: Nguyén Trin, Poan Xuan Trudng
th bia 1, iummer Love... by Gurly
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Sua Tuai Tiét Tring
SUa Hoc Buéing - Huang Dau

=
SUA TUO
HOC BUONG

53 Tuai Tiét Tring
- C6 utng

Tap doan TH tién phong déng hanh cling chuong trinh
Sifa Hoc Dudng Quéc Gia

That sy thién nhién e
Hoan toan tu sua tusi sach nguyén chéat cua trang trai T
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