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Tap chiPirét yui ming va biét on'nhiéu t6 chic, ¢4 nhin da'gdi
tap chi dén'cdcem hocsinhva thy.co gido d yung sau,viing xa,
gui vé truong hoc cti'cia minh:

» Ong Pham NgocHting mua20/cu6n/ky ting mot s6itruong
THCSVATHPT,

» Nhom'hocisinh'citimua’15/s6/ky tang Trudng THES Phuclam,
MyDuc; HaiNoi:

» OngLéTuin/Hoa mua 10/cudn/kyiting Trudng THPT chuyén
Dai hociVinh:

> OngNguyénNgocKhoi muaj5 cuén/ky tang Trudng THCS
TrungVuong, HANoi!

> Ba Tran/Luu\VanHién'mua3/cudn/ky;ting triudng THPT:
Nguyén Tri{Phuong, PhuiVang; Thifa‘Thién Hué va 3lcubn/ky:
tang Trudng THPT chuyéniNguyén T4tThanh, Yén Béi.

» OngTrinB4Minh'mua2icudn/ky tang Trudng THPT:
Anhxtanh, Dong Da, HiNoi =

» Ong Cao Kim'Anh mua/l cuén/ky;ting Trudng THES Cao
Xa. Lim Thao, Phu Thova'licudn/kyitang Trusng THPT Long
Chau/Sa, I'AmThao, Pht Tho.

> OngNgo/Huy C4n mua 'l cu6n/ky tang Trddng THCS L& Loi,
TP Tam Diép, NinhBinh:

> Ba Dinh ThiThu Cic'muail cuén/ky.
tang Truong THES Dién Thai, Dién Chau, Nghé An.

> QuyLée Van Thiém mua 140 cuén/ky lam phén thuéng chohoc
sinh gioi toan.

> Du'dn BM2E mua 2000 cudn1am qua ting chojhoc sinh
Va cc truong

> Chuong trinhtrong diém qudc gia phat trién toan hoc mua
1395/cudnilam ting phdmcho gidovien'hoc sinh cic trudng he
2017 vaNgay hoi Toan hoc ma:2017- P

> Lién minh STEMimua:1360/cu6n lam phanithuéng trong cic
hoat dong STEM va ting mot sé/trudng.

> HoiTodn hoc Vi¢t Nam mua'1212 cudn’lam phan thudng trong
ky thi MYTS 2017 va1332 cudnilam phan|thuéng trong ky thi
Olympic sinhivién'2017.

> TrudngDaihoc EPT mua 860 cudnilamiphinithudng trong
cdc hoat'dong.

> Trungtim Gido ducTitan mua400/cuénlam|quaiting mot s
trudng ¢'Viing Tau.

> Chuongtrinh Sich héaNong/thénmual300cuniting cho mot
56/t sach nong thon,

Chiing t6i biétirdng con cénhiéu ban|doc ciingllam nhuiviy,
nhung Toa soankhong c6/dugcithdng tin, Mong cdcban ti€p tuc
cung cépthong tin dé giip Toajsoan hiéuird hon vé/mic d6 phé
capctia Tap chi.

Nghia cif/ctia cic ban da/givp Pi/dén gin hon véi/'cic ban hoc
sinhiva thdy, cd gido:

Tapichi Pi hyvong phong traio BAO \VE TRUONG CU ngay
cang dugchuéng ting rong rai!
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Trén trang du ban thao timg bai toan dé xuat, bai viet can gh
18 ho tén tac gia, noi hoc tap/cong tac, email va s6 dién thoaj
deé tién lién hé. ,
Céc bai toan dé xuat can kém theo 15 gidi va goi y truée veé khy
16p. Ban dich hay suu tam can ghi 16 nguon. 1
Ban thao gui theo email vi dinh dang latex hodc word, cing
véi file dinh dang pdf. Chu dé (subject) cta email: Ldi gidi cua
bai na0; Bai toan dé xuét; Bai viét cho chuyén muc gi/hodc
khéng theo chuyén muc nao.

Ban thao co thé viét tay gui qua buu dién dén Toa soan.

Tap chi chi nhan nhitng bai chua dang trén bao trong va
ngoai nudc.
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Ban doc quan tam c6 thé dit bao theo mot trong cac hinh
thurc sau:

« Dt tai buu dién gan nhat: Ma ctia Tap chi Pi la C057.
(co thé dat céc so da ra).
Ban doc gap vudng méac trong dat va nhan bao qua buu dien
xin goi dudng day néng 1900 545481 dé dugc ho tro.

« Dit tai website www.pi.edu.vn: chon nit Dat tap chiva lam
theo hudng dan.

« Pat vai Toa soan:

- Bien vao biéu mAu tai duong dan http:/gg.gg/DatTapChiPL

- Hodic gui email déh dia ch info@pi.edu.yn néu nhu c3u &%

béo, ohi tiét nguti nhan béo (ho va tén, dia ch, dién thod:
Chuy&n tign dat béo vao Tai khoan Tap chi Piso:
0851000012293, Ngan hang Vietcombank chi nhal
Thanh (trong ndi dung chuyén tign ghi ré ho tén-dien
ngudi chuyén tién).

+ D3t mua ban dién tirtai Alezaa.com.
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MIEN GIAQ THOA CUA TOAN Hoc
NGHE THUAT VA QUY LUAT TU NHIEN
- Pham Huy Dién -

Phan I. Khai niém Fractal

1. Fractal 1a gi? Thyc sy hinh nay khong biéu dién cho nhiing gi
Theo 16i day cla cdc cu - “trim nghe khong ma ta cdm gidc 1a “c6 vé nhu”. Day khong phéi
bing mot thdy”, truéc khi bdt diu tim hidy 14 bic anh vé canh quan trén trai dét, trén mat
fractal 1a gi, ta hdy xem nd trong nhu thé nao. trdng, hay bt ky hanh tinh nao khéc. N6 ciing
Do vay, xin ban doc bat du bai bdo nay véi viec khong phéi la biic tranh clia mot hoa si khoa hoc
xem xét cdn than hinh minh hoa dudi day. vien tuéng nhdm moé ta nhiing canh quan néi

Hinh 1: Mgt cdnh quan khéng hé co.

Tap 256 1 Thdng 1. 2018 Tap chi Pi 3
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trén, va cang khong phai 13 mot téc phdm nghé
thudt. N6 thyc ra la “dd gia hinh hoc” 100%.
N6 1a biéu dién dudc tao ra bing mdy tinh va
dugc vé biing mdy tinh, véi hinh hai khac hén
nhitng gi ma ta thiy trong thé giéi hinh hoc c8
dién (hay nhu ta thudng goi la hinh hoc Eu-
clid), va la thanh vién trong “gia dinh” cc hinh
dang hinh hoc “qudi dan” ma dudc ngudi ddi goi
1a fractal.

Céc hinh dang fractal tuy trong “khdc thudng”
nhung thuc ra rit don gian, theo nghia ring méi
mdt chi tiét cla chiing da dugc sinh ra tit mot vai
dong 1énh don gian cho mdy tinh. Nhitng hinh
dang nay tuy rit lién quan nhung lai hoan toan
khéng gibng bit cif th gi ¢6 trong moén hinh
hoc ¢6 dién dugc biét dén trong chuong trinh
phd thong. Tuy nhién, fractal khong phai 1a “hu
cAu hinh hoc” ma 1a mdt phin ctia mot chudng
todn hoc vén ciing 12 ¢8 dién nhung bi che khut
cho dén tan gin day, vi thiéu cdc ng dung dugc
quan tdm rong rai.

PéE x4c dinh “fractal 12 gi?” ngudi ta da duara
mot sb dinh nghia kha ngén gon va sc tich vé
fractal nhung, tiéc thay, ching khong nhit quan
va ta chi ¢6 thé hiéu dudc nhiing dinh nghia nay
sau khi trai nghiém véi di nhiéu loai hinh hai
fractal cu thé.

2. Tap Mandelbrot
Hinh dang fractal ndi tiéng nhét c6 18 1a tap
Mandelbrot, mang tén nha toan hoc di khai sinh
va dit tén cho bd mon hinh hoc nay (cho du
nhitng hinh dang kiéu nhu vay da dudc biét dén
trudc Ong tir rit 1au). Tap Mandelbrot dudc tao
ra bdi mot k¥ thuit tdng quat, theo d6 mot ham
n

e Zuy1 = f(2n),
dugc st dung d€ tao ra mét diy cac sb phic.
Trong trudng hop tdp Mandelbrot thi ham dugc
dung chinh la

f(zu) - z3+c.

Tuy theo hanh vi cia ddy tao ra tit diém ban dau
20 = 0 ma diém ¢ dugc td mau den hay tring
(tiic 1a dugc phan hoach trén mit phing phic
thanh 2 mién déi 14p v& mau sic). Nhiing diém
ma Jam cho diy sb phic tao ra bj chin thi dugc
t6 mau den, con ngugc lai thi duge t5 mau tring.

Tép cic diém mau den chinh 1a tdp Mandelbroy,
va dudc vé khong khé khin véi su trg gitip cia
mdy tinh, nhu trong Hinh 2 bén dudi.

Chi tiét hon, ngudi ta phan biét cdc diém trap
viing mau tring (nhitng di€m ¢ 1am cho day sé

Imjc]
T

-l
Hinh 2. Tap Mandelbrot trén mdt phdng phitc.

phiic sinh ra tién t6i vo cling, goi tit la nhitng
“diém phén ky”) bing cich t6 mau cho mdi
diém c tiry thude vao tbe do tién ra vo clng ciia
ddy tao ra la nhanh hay cham. Cong viéc gén
mau va ddnh gia “tc d6 phan ky” tuy 1a thi vi,
nhung ciing khd dai dong, nén khéng dugc dé
cap trong bai viét nay d& tranh lam né tré nén
qud dai. Véi mot cach gan mau phit hgp, ngudi
ta c6 dudc hinh vé sinh dong nhu dudi day.

Hinh 3. Tap Mandelbrot vdi cdc “diém phdn ky’
ditoc 16 mau.

MGt céch td mau khéc, cling dya trén hanh V1
cia chudi tao ra thude vao loai nao trong 0 ¢4°
tinh hu6ng sau:

(a) gidm dan v& 0;

4 Tap chi Pi
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(b) tién t&i vo ciing;
(c) dao dong gilta mot sb trang théi;
(d) khéng theo cdc khudn miu néu trén.

Khi 4y, tinh hudng (a) xdy ra & phan bén trong
clia tap Mandelbrot, (b) xy ra & bén ngoai, con
(¢) va (d) xay ra & ving bién ciia tap.

Tinh chét viing bién cfia tap Mandelbrot
Bién clia tdp Mandelbrot thé hién tinh chi tiét va
su bién thién vo han. N6 khong bao gis 12 “min
mang” véi bit ké ty 18 thu phéng ndo. Khac hin
véi nhitng gi ta thiy trong hinh hoc Euclid ¢8
dién, khi phong dai mét khic dudng cong nhd
(nhu mot manh cla cung tron) ta sé& thiy né
gan nhu 1 thing, nhung véi dudng bién ctia tap
Mandelbrot thi diéu nay khong xay ra. Du cé
phéng dai dén cip nao di chédng nita thi dudng
bién clia tip nay trong van xu xi gai géc nhu
khi chua phéng dai. Chéing han, khi phéng dai
“phén dau” ciia tap ta thiy né ciing “xi1 xi gai
g6c” nhut khi chuwa phéng dai (xem Hinh 4), va
thdm chi con thiy né “moc” thém ra mot “cai
dau” nhd xiu nhu hat gao nita.

Hinh 4. Phdng dai phdn ddu ciia tdp
Mandelbrot.

Viéc phéng dai tdp Mandelbrot vé6i cic cip do
khac nhau, mit khdc, lai cho thiy n6 c6 v& nhu
mang tinh “ty ddng dang”, nghia 12 m&i m4u con
cia n 1a dong dang véi mét phan 16n hon. Tuy
nhién, diéu nay chi 1a chinh xac trong 1an cén
clia mot sd diém dic biét. N6i chung, tap Man-
delbrot chi c6 tinh “gan nhu 1a ty dong dang”,
tic 12 c6 thé tim dugc mot ban sao nhd hai khic
v6i chinh né & bét ky mic d nhé bé ndo. Céc
ban sao bé nhd clia tdp Mandelbrot ma ta thiy
trong Hinh 4 (bdm xung quanh phin thén 16n
hon) chi khic nhau ti chit, chd yéu 1a & nhitng

“cdi s¢i” méng manh két ndi ching véi phﬁn
than cta tdp. Ngudi ta ching minh dugc rér}g
tap Mandelbrot cé tinh lién thong, mot dié}u
tudng nhu 12 hién nhién khi quan sat bing mat
thudng, nhung khi phdng dai viing bién cla tap
1én nhiéu nhiéu 1an thi ta s& thiy day 1a diéu
hoan toan khong don gian.

Phéng dai viing bién ctia tap Mandelbrot
Thoat nhin (xem Hinh 2 va Hinh 4) ta c6 thé
tudng ring viing bién clia tap Mandelbrot chi
don gidn 12 nhitng hat nho véi nhiing sgi to phét
phd, nhung khi phéng dai phién ban dugc 6
mau (Hinh 3) 1én rét nhiéu lin (viéc nay hoan
toan la kha thi nh mdy tinh) ta sé thiy ring
khong gian xung quanh viing bién cda tip Man-
delbrot 1a v6 cing phic tap va ky la. Ching han,
ta s& thy nhiing sgi nhd mang ddng dép clia
nhitng sgi “dy thitng” véi cic ciu trdc rit da
dang, vi du nhut trong hinh sau day.

Hinh 5. Cdu triic ciia nhitng “soi day” duge
phong dai

Tap 256 1 Thang 1. 2018

Tap chi Pi 5
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Néu phéng to hon nita, ta lai thiy nhing “ddy thing
thanh tit cdc “ddm bui” ¢6 cAu tric con da dang va ph
“ddm bui” li i 1én that nhidu l4n ta sé thy mot “the gidic

dang), nhu mét s6 vi du trong Hinh 6 dudi day.

An??

» khong phai dudc “bén” tif sdi ma dyg, i
e tap hon nifa. Thit vy, khi phong gy

il el o i mj;
4u triic” cue ky dc ddo (va ciing w

rit ¢y

Hinh 6. Cdu triic da dang ciia nhitng “ddm byi”

R6 rang, mbi “ddm bui” cho ta mdt bic tranh ky
3o. Chi tiéc 1a ta khong c6 dd thoi gian dé tim
cho hét nhitng déng vé da dang cla ching. Piéu
thd vi 13, néu nhu ta phéng dai nhitng ving sing
le 16i trong nhiing “ddm bui” 1én rét nhiéu 1an thi
rét d& bt gip hinh hai clia chinh tap Mandelrot
ban diu (nhu trong Hinh 7 bén dudi). Diéu nay
cho ta thém mot minh ching vé tinh “tu dong
dang” cia tap Mandelbrot.

Hinh 7. Mot tdp Mandelbrot “con” an trong
“ddm bui’”.

R& rang, m&i mot viing nhd bé trén bién ciia tdp
Mandelbrot 1a mét thé gidi vi mo vd cung phic
tap va da dang. Chinh didu nay 1am nén stic hip
dén ctia c4c hinh dang fractal.

3. Tap Julia

Tir dinh nghia tap Mandelbrot, ta théy ngay mdt
vin dé cin nghién citu. Thay vi thay dGi tham
s6 ¢ thi ta cho n6 ¢b dinh ma cho thay ddi diém
khi du ciia ddy sb phiic tao ra trong qud trinh
Iip, tifc 12 khong nhit thiét 1y 2y = £(0) ma cho
21 = f(z0), v6i zo 12 mot s phiic nao do. Khi &y,
dyta trén tiéu chi bi chin hay khong bi chin cu2
ddy sb phiic dugc tao (tiry theo diém khdi dau
Z0) M ta c6 thé phan hoach mit phing pt_qu
thanh 2 midn déi véi tham sb zo. Tip nhUrE
diém zo ma ddy s6 phfc khi dau tir n6 12 met
ddy bi chin dugc goi la tap Julia. Tap ndY phy
thudc vio tham sb ¢ va dugc ky hiéu 1;1‘{(0'-
Sau day 12 mot s6 vi du vé tap nay (dng v0i €%
tham sb ¢ khic nhau.)

Cic tdp Julia duéi ddy cho thiy sy thay doi 'mlmh
mé theo tham sb ¢ (chiing han hai tip troné l

Tap chi Pi
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6 va Hinh 7 ¢6 tham s6 khd gan nhau, nhung lai
khdc nhau rat rd rét). Céc tap nay déu khong c6
tinh lién théng, tuy nhién ngudi ta chiing minh
dudgc riing véi nhitng tham sb ¢ nim trong tip
Mandelbrot thi tip Julia tuong tng véi né la lién
thong. Con nhitng tham sb nim bén ngoai tap
Mandelbrot thi cho ra tap Julia c6 cu tric nhu
nhitng “dam bui” (va thudng dudc goi la “dam
bui Fatou”).

Hinh 8. Tép Julia vdi ¢ xdp xi bing —0.74 —0.11 xi

m@

Hinh 10. Tip Julia vdi ¢ bang —0.1+0.651 xi

Dé thily rd hon cdc hinh thdi da dang cia tap
Julia khi tham sb ¢ thay d8i bén trong va bén
ngoai tip Mandelbrot, ta hdy quan st Hinh 11
bén dudi. Trong hinh 1a cdc tip Julia rit khdc
nhau dng véi cdc di€ém dugc td6 mau dé trong
mit phiing phtic. R6 rang véi cdc diém mau dé &
trén tdp Mandelbrot (nim & trung tam ciia hinh)
thi cdc tap Julia #ng véi ching la lién théng, con
khi di€m & bén ngoai tip Mandelbrot (nhu diém
c¢* chéng han) thi tap Julia iing v6i n6 trong nhu
mdt “dam bui” (khd md, phéi nhin k§ méi thiy).

Hinh 11. Cdc hinh thdi da dang ciia tép Julia

V6i mot tham sb dic biét khi ¢ = 1 — ¢, trong

1
doé ¢ la ty 1€ vang (tic ¢ =
thi tap Julia chiing nhitng lién thong ma con la
mot tap “dic”, nhu thiy dudi day

Hinh 12. Tap Julia khi c = 1 — ¢, trong d6 ¢ la
ty I¢ ving

Tap 286 1 Théng 1. 2018

Tap chi Pi
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Ngoﬁl Vviéc to mau va phéng dai nhu di 1lam dbi
V(il’ lf}.}) Mandelbrot, ngudi ta cé thém mét thd
Vlvll ntta véi tap Julia, d6 1a quan sét sy tht;y dai
cla n6 theo sy bién thién ctia tham sb ¢, nhét 1a
t viing bén trong rdi ra xung quanh tap Man-
delbrot. Ngudi ta sé thiy né tit mot “tap dic”
(nhu trong Hinh 12 & trén) dugc bién déi thanh
cdc hinh dang k¥ la, nhu “con thoi du réng”
trong Hinh 13 bén dudi, trudc khi bién hoa thanh
nhitng “ddm bui” (nhu thiy trong céc Hinh 8-10,
hay 13 tip dng vé6i diém c* trong Hinh 11).

Hinh 13. “Con thoi ddu rong” Julia.
(khi ¢ = —0.840.156 %1)

Tap Mandelbrot va tap Julia 12 hai vi du quen
thudc nhét trong ho hang nha fractal. Ching rit
da dang va phc tap, nhung lai dugc sinh ra tuf
nhiing thuat toan hét siic don gién. Moi ngudi
déu thita nhan chiing c6 vé dep “ky 407, rat kho
gidi thich nhung lai d& cam nhén. Ta c6 thém
mot minh ching cho diéu da duge ndi dén nhiéu
SV dep clia Tosn hoc 12 6 su don gian”.

Trén ddy ta da thiy nhiing tap fractal thd vi dugc
sinh ra tir phép 1ap v6i nhitng cong thiic dai so
cuc ky don gidn. Didu gi s& xdy ra khi mot quy
trinh lap dugc dp dung cho mdt hinh dang hir}h
hoc don gian? Ta sé clng nhau khdm phé dieu

nay trong phan tiép theo clia bai bio.

(Con tiép)




TOAN HOC TU' CO DIEN DEN HIEN DAI
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MAY TiNH LUONG TU

KHOA HOC VIEN TUONG GITA DOI THUC
- D6 Ngoc Di¢p -

hé gi6i c6 thé tré nén khong khoang cdch

I - ¢6 thé ¢6 moi thi tit moi ndl thoi gian

c6 thé trd nén khong thanh vén d2 - titc

thi ¢4, tic thi bién mét. C6 that nhitng chuyén

vién tudng nhu vy u? - C6 - Nhd ¢6 mady tinh

Iugng tif trong tudng lai, moi viéc ¢6 thé nhu

vdy. Trong bai nay chiing ta s& tim hiéu so b vé

mot thi mdy tinh thd vi nay: né 1a gi, né hoat
ddng ra sao va tuong lai clia né thé nao.

1. Vién canh gi véi may tinh lugng ti?
Ban thif tuéng twgng mot ngay kia, ban thiic day,
vuon vai va uSc ¢ dudc ly ca phé My tit New
York. C6 ngay, mot ly ca phé néng héi trén ban
clia ban. Ban lai muén c6 dia banh pizza Italia,
c6 ngay. Ban c6 thé tang hinh sang New York,
Tokyo, Paris. .. rdi lai tang hinh v& ngay. Céc phi
thuyén bay trong. khoéng gian véi van tée siéu
- thyc. Tin tifc truyén di dugc bao mat 100%. Moi
. thit c6 thé c6 tir moi noi va titc thi. Sao thé nhi?
- Cau trd 16i - nhd c6 vién tai do may tinh lugng
- tif thue hién. VAy sao ky tai dén the" La vi mdy
\ tinh lu’dng td c6 tbe dd nhanh gAp ca trim tri€u
* 1an téc d cta céc thé he mdy tinh khiing théng
thudng hién nay. La vi ¢6 thé vién tai, 12 vi ¢
chia sé bi mat theo kiéu lugng ti,. ..
- 2. My tinh lugng tir 1a gi?
Trudc khi trd 161 cau hdi nay, ta hay tra 13i cau
hoéi dé hon: mdy tinh 12 gi? Mdy tinh c6 so nhdt
la ban tinh. Méy tinh hién dai nhit hién nay la
;iig'swu Ty Ginh, hay sieu1piop, xem Hinh 1, Hinh 3: DPa dang mdy tinh cdc logi.

Hinh 1: Abacus

Tap 2 56 1 Thang 1. 2018 Tap chi Pi
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Chiing gibng nhau & chd déu lam viéc trén cdc
déy bit 6 hai trang thdi: ddy qua bén trii hay
diy lai qua bén phai trén ban tinh, hoic tit hay
bét cic dén dién it trong cdc vi mach mdy tinh.
Thao tic co ban trén ban tinh 12 sitc ngudi ddy
qua ddly lai cdc con tinh trén ban tinh nghe nhu
nhitng ban nhac khi ban vao céc hiéu thubc bic
khi ho tinh tién c4c don thubc, hay cdc cdng xit
ly trén mang dén dién t& trong cic vi mach, ma
chiing dugc tich hgp lai trong cdc bd vi xit Iy goi
1a CHIP. Néu ta nhin mét bang vi mach dang
hoat dong, cdc béng dién tit li ti s& tit, bét lién
tuc nhu cdc vi sao 14p lanh trén bau trdi. Tée
d tinh todn trén ban tinh phu thudc vao tbc do
ngubi dung gy cdc con tinh trén ban tinh hay
t6c do xi 1 vi mach trén c4c con chip. Nhu vay
c6 thé néi tde do tinh toan hién nay phu thudc
vao tbc dd cd hoc giy con tinh hay téc do vi xit
Iy trong cdc vi mach bing nguyén tic dién ti.
Téc dé nay nhé thua nhiéu tram triéu ldn téc
dé xit Iy ding nguyén ti ndng, c4i ma mdy tinh
lugng tit dung. Cho nén mdy tinh lugng t&, mot
khi ra d0i ¢4 tinh nang vugt troi.

Mot méy tinh bét ké loai no, di 1a ban tfnh hay
mady tinh x4ch tay hay siéu mdy tinh, déu hoat
dong theo cac cung doan: nhép dit liéu (cic day
con tinh & giita cla ban tinh hay cic day bit
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hoic cdc mang bit trén mdy tinh, xem Hinh 4,
dugc nhéap vao qua cic ban phim béing tdc o co
hoc do con nguoi),

Hinh 4: Day bits, mdng bits
Cic xt 1y tinh todn, ngudi gdy ban tinh suy nghi
xem ddy di dau - sang trdi, sang phal hay nho
]én hang trén; vi mach tinh todn bing cdc cong
tich hop sén trong bd vi xit Iy CHIP va két xult
déu ra (ngudi dung ban tinh doc két qué trén

ban tinh, mdy tinh cho két qué ra & man hinh),
My tinh lugng tlt c6 cdc mdng ( army) cdc qubi
(quamum bit) dé ghi cic dit ligu dau vao, c6 cge
cong htgng nit (quantum gates) d€ thuc hién cic
thao téc tinh todn va ching dudc tich hgp lrong |
CHIP litgng tit, xem Hinh 5 va c6 két xudt dhy
ra goi 1a phép do lugng tl (quantum measure-
ment). Cho nén mdy tinh lugng t{ gidng nhy
mot hé ca hoc lugng tif hoat dong trén nguyén
1y clia cdc hé lugng tif st dung nguyen tif néng.
D6 1a nguyén nhan vi sao né cé tbc do tinh toan
siéu pham.

Hinh 5: Thi nghiém Quantum Chip

3. Bits va qubits

Ta héy di sdu hon mét chiit xem nguyén 1y hoat
dong ciia mdy tinh lugng td: thé nao 1a céc qubit,
thé nao 1a cdc cdng lugng tit, cdc yéu td clu
thanh mdy tinh lugng ti.

Mot bit c6 di€n chi nhan diing hai trang thdi 0
hoic 1: gidng nhu vi tri bén trai hay bén phal
dbi véi céc con tinh trén ban tinh, né ciing gibng
nhu trang thai tdt hay bat ciia cdc den dién ti
trong cdc vi mach mdy tinh, xem Hinh 1 va 2.

l1>

Hinh 6: M6 hinh nguyén ti cho qubit
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Cic bit lugng tir khong chi nhéan hai trang thdi
thuan tdy 6 dién |0) va |1) n6i trén ma cé thé
nhén cic gia tri siéu vi (superposition) nhap
nhiing x|0) + y|1) v6i hé sb phiic gita |0) va |1),
x va y 12 hai sb phiic c6 téng binh phuong cic
mddun 1a 1, x>+ |y|*> = 1, xem Hinh 6. Sao
lai ric ri vay? - Ly do 1a vi cdc qubit 1a cdc hé
lugng t c6 do tu do phic 1a 2 ing véi hai trang
thdi 0 hodc 1 cd hoc hay dién tit. Thé nén, tap
cdc trang thdi ciia mot qubit 14p thanh mit cau
3-chiéu trong khéng gian 4-chiéu thuc, goi la
mdt cdu Bloch, xem Hinh 7.

10)
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Hinh 7: Mdt cdu Bloch

Cédc méng qubit gdm cdc qubit chay song song.
He céc qubit chay song song dugc thé hién nhu
cdc day (tich tenso) |x) = |x;) ... |x),
”m_1 m_| "
x=Y xld), W= Y P=1,
i=0 i=0
Vvéi [i) :=10)... [1) ...|0) 1a cdc vectd cd 8
~~

1

ctia hé quy chiéu chudn trong (C2)@",

4. Cac cong lugng ti

Biy gid ta hdly néi vé cdc cdng trong mdy tinh
lugng tit. Trudc hét ta nhic lai ring trén ban tinh
¢G dién, ngudi gdy ban tinh thudng xuyén phai
ding phép chuyén pha thi vi: néu s con tinh
& cot bén trdi duge ddy sang phai qua 4 thi ta
chi git lai s6 du trong phép chia cho 5 va nhg
1 sang bén cot bén phai. Néu & cot bén phai ma
s6 con tinh dugdc ddy sang trdi qua 1 thi ta chi
gii lai s du chia cho 2 con nhé 1 1én hang trén.
Oi, day chinh 1a phép tinh cong trong Zs x Z,.
Trong mdy tinh thong thudng céc sb dugc viét
& dang nhj phn, gdm céc diy 0,1 va phép todn
nhij phén cling thudng xuyén thuc hién chuyén
pha nhu 12 phép nhd sang trdi, nhé 1én hang trén
dd néi. Mdy tinh lugng tit ding cdng chuyén pha

p((,,):((l) e?(p>:(cz_>(cz’ 0) —10),

véi cdc pha @ € [0,27) bit ki.
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Cong xut hign s6ém nhét trong lich st ra ddi ciia
mdy tinh lugng tit va c6 vai tro rit dic biét 1a
cong tdch bim B (beamsplitter). N6 c6 tinh chat
rat dgc biét 1a B2 = NOT, tiic 1a c6 thé xem n6
nhu céin bic 2 ciia phd dinh, c4i ma trong logic
¢6 dién khong tdn tai, va dugc cho 1 phi Ii, phi
logic, xem Hinh 8.

Single particle interference
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Hinh 8: C(fng tdach bim B (beamsplitter)

Cong nay tdn tai nhu mot thuc thé vét Iy va
ngudi ta da thiét k& thi nghiém dugc, xem
Hinh 9.

It looks like this

«.with neutrons...

With photons...

Hinh 9: Thiét ké thi nghiém cong tdch bim
. 12

Céng B? = [% (; :) = (? é) cho phép
& dAu vao Ia hai trang thdi [0) va |1) & diu
ra 12 hai trang thdi |1) v6i xdc suit 1a p; =
cos?(8; — 6p) va trang théi |0) véi xdc sut
pa = sin®(8; — 6).

Cdng téch bim tao ra mot tranh luan déng k&
giifa cdc nha vit 1y, ding dau la A: Einstein va
N. Bohr va cdc nha tin hoc dl:mg dau lé’A. Tur-
ing: chip nhan hay khong chap nhan cGng nay.
C6 thé tudng tugng ra la A. Tur1nng thi béo tai
sao chiing ta I phil chip nhin diéu phi logic
vay, trong khi N. Bohr va A. Elnste’m cdc nha
vz;iy 1y hang dhu thi khang dinh ching ta phai

12
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chéip nhan thyc té [a nhu vy (¢4 thé hi ghigyy
thdy) xem Hinh 10. ;
Logic or Physics?

accept this

Because its physical
representation does
existin Nature!

It can be performed:

Hinh 10: A. Turing, A. Einstein va N, Bohy

Mot cdng khéc rat dic biét 1a cdng Hadamarg

1 1

1 2 s (2. |
H—ﬁ(1 _1>.<c N 1
|

10) = 2(10)+11),
1
11) = J(10) — 1),
va c8ng 2-qubit
(282 2\®2

CNOT : (C*)®* — (C*)®%, |x)|y) — |x)|x@y).
N6i chung, mét cSng 12 mot phép bién déi unita
tir (C2)®" vao chinh no.
Mot két qua todn hoc kha thd vi 1a Dinh Iy vé
cong phé’ dung: moi céng unita déu cd thé phin
tich thanh tich cdc céng H, P(r/4) va CNOT
ndi trén. Két qua nay dua dén mot hé qua rit thi
vi 1a moi c8ng unita ddu c6 thuat todn hitu han
dé phan tich thanh tich céc cng co ban. Nghia
1a 6 thé 1ap trinh!
5. Réi lwgng ti
Mot trong cdc thugc tinh co ban ciia mdy tinh
lugng tit 12 ¢6 thé tao ra cdc rdi long ni (quan
tum entanglement), tiic 1a cic trang th““'qug
U khong thé tich thanh cdc trang thdi S0
song. Ngudi ta ding chinh cdc trang théi nay, V!
du trang thdi Bell hay trang thai Greenberge”
Horne-Zeillinger (GHZ), d bao mét thong i
va do dac diu vio, két xuit diu ra. r
Cdc trang thai Bell va céc trang thdi GHZE
18p thanh céc cq s tryc chudn cia cdc K
glan trang thi Hilbert va do thé c6 théd
cdc he 6 bién ddi Frourier trir tu‘(,i‘ﬂg'
ung. Binh phudng mé dun cac hé so cb

t quan st thiy trang théi tuong Ung-

sua

08
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6. Vai thudt todn c¢ ban cha théng tin
lugng tir

Bay gid chiing ta hdy tim hiu m6t chit vé mot
s6 thuat todn lugng ti d& thiy sic manh vuot
tréi cla cdc thudt todn lugng ti.

Bai todn Iwong gid ham Boolean. Cho f :
{0,1} — {0,1} 12 mdt ham chua biét. Ta can
lugng gid d€ nhan biét ra ham f(x). Loi gii c§
dién cho bai todn nay 1 ta hiy liét ké cac trudng
hgp va thyc t€ cho ta thiy can 2271 +1 =3 phép
tham vén (tinh gid trj ham s8). Mt c4ch tng
quét, néu f: {0,1}" — {0,1} thi tacan 2" +1
phép tham vin d€ két ludn ham c6 tinh chét gi.
That Ia thi vi, trong tinh todn lugng t ta c6 thé
diing c8ng Iugng gid

Uy : [0)([0) = 1) = (1P (10) - |1))

Thudt todn Deutsch-Jozsa vé tinh hang hay tinh
cdn bang. Cho f: {0,1} — {0,1} 12 mét ham
chua biét. Ta can lugng gid dé tim xem né c6
tinh chdt héng f(x) = const, tic 1a £(0) = f(1),
hay tinh chdt cdn bdng, tic 1a sb gia tri f(x)
bing 1 biing s6 gi tri f(x) bing 0. Ldi gii c§
 dién cho bai todn nay 14 ta hy liét ké cc trudng
hop va thiy cin 227! + 1 = 3 phép tham vén
(tinh gia tri ham s6). Mot cdch tér}g quat, néu
f:{0,1}* — {0,1} c6 tinh chit hang hay can
bing néi trén thi ta cin c¢d 2"~! + 1 phép tham
van dé ké&t luan ham c6 tinh chét gi. Thé nhung
mdy tinh lugng ti tinh todn nhanh hon nhiéu,
- chi cin ¢ n phép todn.

Thudt todn tim kiém ciia Grover. Cho f :
{0,1}" — {0,1} 12 mot ham sb trén tap {0, 1}"
va nhan gid tri 0 hodc 1, hdy tim vi tri k
d€ f(x) =1 néux= (0,...,\]1:_/,0,...,0) va
f)=0,¥y € {0,1}",y # x. Trong 15i giai bing
mdy tinh hién nay cin dén 2" + 1 tham vAn. Ay
thé ma mdy tinh lugng t& v6i thudt todn tim
kiém clia Grover chi mét c¢3 2%/2 phép tinh. Vi
du ding mdy tinh ¢§ dién mit 10.000 phép tinh
thi mdy tinh lugng ti¥ chi can 100 phép tinh thoi.
Toc dd nhanh déng k& ddy chi.

Thudt todn Bernstein-Vazirani tim hé sé ciia
ham bdc nhdt. Bay gid ta hiy xét bai toan tim
hé s6 cia ham bac nhét £ : {0,1}" — {0,1} cho
bdi cong thic f(x) = ajx; +asxy + -+ - + apxy.
Loi gidi c§ dién 12 ta can tinh gid tri cia ham
tai n diém x() = (xgi),xg) ...,xf,i)), i=1,...,n
biing cach gii hé n phuong trinh bic nhét n bién
aly...,0n

alx(1)+-~-+a,,x,(,1) y

alxlz) SN anxf,z) = y(z)
) = 50

Tinh todn lugng t cho ludn thuét toan chi can
dung n tham vin.

Thudt todn Simon tim chu ki ham tudn hoan.
Cho ham (chinh xdc hon, 1a dnh xa) f :
{0,1}" — {0,1}" c6 tinh chét tudn hoan, tic

T8p 2 56 1 Thdng 1. 2018
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1a 6 mét s € {0,1}" sao cho f(x+s) = f(*),
cho moi x € {0,1}. Hay tim chu ki s. Trén mdy
tinh thf)ng thudng bai todn cin cd 2/2 phép
todn. Ay vay ma trén mdy tinh lugng td, thuat
todn cla Simon cho 18i gidi chi cAn cd n phép
toan.

Thudt todn tim logarithm roi rac va bai todn
phan tich sé ra thira sé nguyén 10.

Ap dung thuit todn Simon trén, ngudi ta gidi bai
t04n tim béc ciia phin ti a trong nhém dong du
theo sb nguyén m bits M, tic la sé mi nhd nhit
d€ a” chia cho M du 1. Ong Peter Shor d dua
ra thudt toan gidi chi cAn c¢d m? phép todn va goi
d6 1a logarithm rdi rac. Ap dung thut todn nay
va Dinh Iy Fermat nhd vao bai todn phan tich s&
ra thifa s6 nguyén t6 chi mét cg m* phép toan.
Diéu nay that bt ngd vi trudc d6 ngudi ta tin
12 bai toan phan tich sb ra thita sb nguyén t6 cé
do phiic tap c& ham mi. Két qua nay cla Peter
Shor da m& ra cd mot cudc cidch mang trong ki
thuét mat ma (cryptography).

7. Nhirng chin trdi méi mé ra sau tinh toan
lugng tir.

Ngudi ta da thi nghiém vién tii dugc qubit di
cy li khd xa, vi du 25km. R&i gan ddy ngudi ta
con tuyén bd 1a da ché duge mdy tinh lugng tit
va vién tai trén vé tinh, tau thuy thi nghiém. ..
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Hinh 11: Séc lugng tit

Tuy mdy tinh lung tit chua ché tao xong nhung
két qua ciia tinh todn lugng tif ma ta vira diém
qua & trén m ra chan trdi rong md cho nhidu
nganh khoa hoc va cong nghé: cong nghé thong
tin lugng tlf véi hy vong bdo mat tuyét ddi, bude
c6ng nghé mat ma cl nhu RSA phai thay déi
Vi c6 nguy cd bi mdy tinh lugng tir bé khod
moi méi cong khai. Ngudi ta cling da vi~ét ra
céc phin mém cho thudt tc?fin k;héc’r}hu vién tii
(teleportation), tinh toan §1eu tog v»m Ch?p nhin
15 (fault-tolerant computing) d€ sta. Tinh todn

luong t da dudc cdc nha vét Iy minh hoa nhu

c4c mang spin cia f:zic cdp hat Fermi vy il
¢6 4p dung ddng ké Vi:o cdc nganh khong ; Y
nhu ké todn siéu toc, tién dién t (bitcoin) Jyy,

i, séc lugng tir (e-cheques) bdo mat 1009, x, n%
Hinh 11.

Séc dién tif lugng tdf va bitcoin lugng ti Khic
v6i bitcoin hién nay, xem Hinh 11 13 trgy N
Jugng tit c6 dén thém cdc qubit béo mjt.

Hinh 12: Bitcoin

Chéc cdc ban sé hoi: vdy chit § Viét Nam ta di
¢6 ai lam chua? - C6 diy - Nhém nghién citu
TLU-QCQI & Pai hoc Thing Long nghién ciu
tinh todn lugng ti theo quan di€m ghn todn hoc
va vit Iy: viét thudt toan tim kiém mau, bai todn
ngudi ban hang, cai dit hop den véi tri thic
heuristic, cai it nhd phan tich Cartan trong dai
s Lie, bai toan tim kiém v6i ddu vao bt ki,
vién thong véi bao mat lugng ti, tién lugng tl,
topod lugng ti,. ..

Bitcoin rockets through R150,000
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Hinh 13: Bitcoin 2
Nhom da hoan thanh va da ding hon 100 %
bao nghién citu trén c4c tap chi khoa hoc WY s
clia thé gidi, mot s6 tién si va thac si dau i€l .
béo vé tai Vigt Nam.
 todt

Céc ban tré, con chin chir gi nita, hdy Mo
thdt 16t va ting hinh vao thé gidi ligng M

14
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phin 1 cfia bai viét (xem Tap chi Pi

tap 1, sb 12, thang 12.2017, trang 13

- 17), sau khi trao ddi véi ban doc
vé nhitng “may mo” trén con dudng di im
16i giai cho bai P84 (Tap chi Pi tap 1, s 8,
thang 8.2017, trang 19) va trinh bay 16i giai
thu dugc sau nhirng “may mo” dé, ching toi
¢6 trung cau ban doc ¥ vé mét cam nhéan tix
16i giai vira néu. D6 13, kich thudce clia bang
6 vudng chi anh huéng t6i phén tinh sé 6
den trong bang; vi thé, bang cach chinh sita
mdt cich thich hgp cac dit liéu trong cong
thitc tinh s6 6 den & 1i giai da trinh bay clia
bai P84, ta sé c6 16i giai cho bai toan khai
quat sau:

Bai toan khai quat. Cho cdc s6 nguyén duong p
va q. Mot cdnh dong tréng thanh long cé dang
mot bdng 6 vuéng kich thudc p x q (bdng cé
p-q 6 vuong don vi). Ta goi méi dinh ciia méi
6 vudng don vi la mét mit. BE chiéu sdng cdnh
dbng vé ban dém, ngudi ta cdm nhiing cdi que &
cde it (6 mot nift cdm mot que), & ddu méi que
6 treo mot bong dién. Biét ring méi bong dién
chi c6 thé chiéu sdng toan bg cdc 6 vudng don
Vi ¢6 chung niit ma & d6 cd cdm que treo bong
dién dy.

HGi cdn dung t6i thiéu bao nhiéu bong dién
dé'c6 thé chibu sdng toan by cdnh dong, ké cd

cAN TOI THIE] BAONHIEU
BONG DIE P e s

- Nguyé-n Khdc Minh -

trong truong hgp khong may co mot bong dién
bi chdy?

D€ kiém ching cAm nhan néu trén, hién nhién,
ban cin cham rii doc lai 16i gii ctia bai P84,
ciing nhu qua trinh “may mo” di tdi 16i giai do,
dé hi€u r5 hon, ki hon v 16i gidi va nhiing diéu
4n chia phia sau 15 gidi iy. Khi d6, hén ban
s& thiy c4c con s6 2017 va 2018 khong hé “vd
can” trong qua trinh tim ra 15i giai cho bai P84,
muc do anh hudng cla céc con sb d6 t6i 16i giai
ctia bai todn ciing khong don gian nhu da néu
trong cam nhén trén. Cu thé, chinh vi tinh 18 clia
2017 va tinh ch&n ca 2018 ma trong qua trinh
suy xét, giita cich phan chia bang 2016 x 2018
thanh cdc diy hinh vudng 2 x 2 niim lién tiép
nhau theo chiéu doc va cdch phén chia bang d6
thanh cédc diy hinh vuéng 2 x 2 nim lién tiép
nhau theo chiu ngang, ta di chon cich phén
chia theo chiéu doc. Chinh vi 2017 14 s6 1& nén
theo cach suy xét clia ta, s6 béng dién tbi thiéu
cin ding cho méi hinh chit nhat 2017 x 2 1a
mét sb chén; diéu nay cling véi phan b cita cic
béng dién trong trudng hop t6i uu (theo nghia
“tiét kiém béng dién nhit”) di tao cho ta ¢ hoi
phan chia cdc béng dién can c6 (trong trudng
hogp ti wu) thanh cic cip, d6i mot rdi nhau; tir
d6 ma ndy sinh ra giai phdp tao ra céc 6 den lam
“dai di€n” cho cdc cip bong dién, 1am cd s cho
viéc chi ra sb béng dién téi thiéu cn ding.

Tap 2 $6 1 Théng 1. 2018
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Nhut thé, tinh kha dung cla 13i gidi bai P84 dbi
Vi viéc giai Bai toan khdi quat khong nhu ta
da voi tudng, ma né phu thudc vao tinh chin, 18
clia céc sb nguyén duong p,q.

Hién nhién, 15i giai bai P84 cho ta 13i gidi clia
Bai todn khdi quét, trong trudng hgp mdt trong
hai s6 nguyén duong p,q 14 sb 1& va sb con lai
1a s6 chin. Hon nita, dé& thiy, 15 giai bai P84
con cho ta 161 giai cia Bai toan khai quat, trong
trudng hdp ca hai sb nguyén duong p,q déu 1a
s 18. Vi thé, 15i giai bai P84 cho ta 15i gidi clia
Bai todn khdi quat, trong trudng hdp trong hai
s6 nguyén duong p,q c6 it nhit mot s 18. Néi
cach khéc, 15i gii bai P84 cho ta 16i gidi clia
Bai toan sau, goi 1a P84’:

Bai P84°. Cho cdc sé nguyén duong p va q
ma trong do co it nhdt mét s6 la sé 16. Mot
cdnh dbng trong thanh long cé dang mot bdng 6
vuéng kich thudc pxq (bang co pXq 6 vudng
don vi). Ta goi mdi dinh ciia moi 6 vudng don
vi la mt niit. De *chiéu sdng cdnh dong vé ban
déem, ngm}z ta cdm nhitng cdi que & cdc niit (6
mot niit cdm mot que) & ddu mdi que cd treo
mot bong dién. Biét rdng mdi bong dién chi
¢6 thé chiéu sdng toan bg cdc 6 vuong don vj
6 chung mit ma & dé c6 cdm que treo bong
dién dy.

HGi cdn dung 1di thiéu bao nhiéu béng dién
A& c6 thé chiéu sdng toan bg cdnh dong, ké'cd
trong trudng hgp khong may c6 mgt bong dién

bi chdy?

Lui giai.
Vj trong bai todn dang xét, hang va cot clia bang
c6 vai tro nhu nhau nén khéng mét téng quat,

gid st pla s6 18.

16 Tap chi Pi

T6 den mot sb 6 vuong don vi cta bang nhy g
Hinh la, neu g 1a s6 chin, va nhu & Hinpy Ih,
néu g lasé 1é.

Hinh 1a (q chdn)

Hinh 1b (q 16)
Ta s& goi mbi 6 vudng don vi dugc t6 den 13 mt
0 den.

Hién nhién, do viéc chiéu séng phai khong bi
anh hudng khi c6 mot béng dién nao dé bi chdy,
nén méi 6 den s& cén tdi thidu 2 béng dién dim
bdo viéc chiéu sang. Vi béng dién chiéu sing 0
den nay khong thé chiéu sang o den khdc (d0
khong ¢6 hai 6 den nao cé chung niit) nén $0
bong dién tbi thiéu cin diing dé chleu sdng tht
cd céc 6 den biing 2s, trong dd s lasb6den. Vi
vay, sb béng dién cin ding dé chiéu sing todn
bc.o~canh dong khong it hon 2s.

D& thiy,

s= 21 Ja+1] _[p+1]. ﬁﬂ}
2 2 v 2 2

Do d6, theo trén, sb béng dién cn dunghgg
chiéu sing toan bo canh dong khong it |

]

e

Bang cch b tri 2. [l’__] S'_Z—] béng dien‘ !

b
6 Hinh 2a, néu q 1 s6 chn, va nhut & H)“;}l
néu g 1 56 12, toan b cdnh ddng (ties 05
bang) s& duge chiéu sdng, ké cit m)nﬁ

Tap 256 1 Thang w0l




hop khdng may c6 mot bong dién bi chdy
(trong cdc Hinh, m&i hinh tron nhé thé hién mot
boéng dién).

Hinh 2a (q chdn)

Hinh 2b (q lé)

Vay, sb bong dién t6i thiu cin ding dé chibu

sang toan b canh ddng theo yéu cAu dé bai Ia

2.[2]- [5”;—‘] (bong).

Nhu vay, d€ giai Bai todn khdi qudt, ta chi con

phal xét trudng hgp ca hai s6 nguyen duong p,q

déu 12 sb chin. NGi cach khac, ta cn tim 15i giai
. cho bai toan sau, goi 12 P84
" Bai P84”. Cho cdc s6 nguyén duong chin p
. va q. Mot cdnh dong trong thanh long c6 dang
mot bdng 6 vudng kich thudc p x q (ba'ng co
- P-q 0 vudng don vi). Ta goi mdi dinh ciia méi
o vuong don vi la mgt niit, De chiéu sdng cdnh
“dong vé ban dém, Ilglldl ta cdm nhitng cdi que é
cdc it (6 mot niit cdm mot que), & ddu méi que
€O treo mgt bong dién. Biét ring mdi bong dién
Chi ¢ thé chiéu sdng toan bg cdc 6 vudng don
Vi co chung niit ma & do cd cdm que treo béng

Gi cin diing t6i thiéu bao nhiéu bong dién
\ dé'c6 thé' chiéu sdng toan b cdnh dong, ké cd
trong truong hop khong may cé mgt bong dién
i chdy?

R& rang, cic 6 den dudc tao ra theo cich & 15i
gidi bai P84’ da khong con hitu dung trong vié:c
tim ra ddnh gid théa déng cho s6 béng dién tbi
thiéu cin diing & bai todn nay. Hon nifa, dbi vdi
tinh huéng dang xét, phuong 4n b tri cdc béng
dién nhu 6 161 gidi bai P84’ (va cling la § 10i giai
bai P84) khong hin Ia phuong 4n tiét kiém béng
dién nhit (ban c6 thé thiy didu nay qua nhiing
thong tin thu dudc trong qua trinh may mo tim
16i gidi cho bai P84). Nhu thé, budc chuyén tir
bai P84 sang bai P84” 1a mdt budc khdi quat
déng ké.

Thiy chung (vi chua thiy 1 do d€ phai thay ddi)
véi ¥ tudng “tao ra cdc ving “den”, d€ tit dinh
gid vé sb bong dién tbi thi€u cin ding & cdc
ving d6, dua ra d4nh gid vé s6 béng dién tbi
thi€u cin ding cho toin bang”, ta sé di tim mét
phucng 4n bb tri t6i wu cdc béng dién; tit d6, tim
céch tao ra cdc viing “den” thich hgp.

V6i dinh huéng trén, bang cic suy xét nhu khi
di tim 101 gidi cho bai P84, ban c6 thé tim ra 15i
gidi dudi ddy cho bai P84” (ban hay tu 1am ro
céc suy xét nay nha).

Li giai bai P84”.

Vi trong bai todn dang xét, hang va cot clia bang
¢6 vai trd nhu nhau nén khéng mét téng quat,
gidsi p<gq.

T6 den mot s6 6 vudng don vi clia bang theo
céch sau:

— Phan chia bang da cho thanh £ h1nh chit nhit
2xgq.

- V6i mdi k € {1;2;...; E}, 0 den mot sb &
vudng don vi ciia hinh chit nhat thit & (k& tr
dudi 1én trén) nhu & Hinh 3 dudi day:

us

2(k—

Ta goi méi hinh

) cot  Hinh3

| ]

la mdt hinh thuéc thg.

IGp2 S6 1 Thdng 1. 2018
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Goi m&i hinh thuéc thg dudc to den 1a mot hinh  ciu ctia dé bai la:

thiéce thg den; goi mdi 6 vudng don vi dugc td
den va khong thudc hinh thudc thg den 1a mot
0 den. Hinh thudc thg den va 6 den dugc goi
chung 1a viing den.

Do viéc chiéu sang phai khong bi anh hudng khi
€6 mét béng dién nao dé bi chdy, nén méi hinh
thg’c’ic thg den s& cin t6i thidu 3 béng dién (dé
thay), méi 6 den sé cén téi thifu 2 béng dién.

Vi béng dién chiéu séng ving den nay khong
thé chiéu sang ving den khac (do khong c6 hai
ving den nao c6 chung niit) nén sb béng dién téi
thi€u cin diing dé chibu sang tAt ca cic viing den
bang 3m + 2n, trong d6, m 1a sé hinh thudc thg
den trong toan bang va n 14 sb 6 den trong toan
béng. Vi vdy, sb béng dién cin ding dé chiéu
sdng toan bd canh ddng khong it hon 3m + 2n.

Dé thiy, ta ¢

s B @il P,
m= van ) 5
Do do
pg,p_1
3m+2n="2 4 8= 2 ;
m-+2n 2+2 2(pq+p)

3 P 1

Bang cach bd tri E(pq + p) béng dién nhu &
Hinh 4, toan bd cénh ddng (tic, toan bd bang) sé
dudc chiéu sing, ké ca trong trudng hgp khong
may c6 mot béng dién bi chdy (trong Hinh, mbi
hinh tron nho thé hién mot béng dién).

Vay, tém lai, véi luwu ¥ t6i gid st p < g, ta c6 sb
béng dién t6i thiéu can ding d€ chiéu sing toan
bo cdnh déng (tiic, toan bang p X g) theo yéu

Pong thanh long ban dém - dnh Internet

I 1 , '
5(pa+p) =5 (pg+min{p,q})

PO Hinh4
Bai P84” dugc giai va do d6, Bai todn khs quit
dugc giai quyét tron ven.

PINH CHINH
Tap chi Pi tap 1, s6 12, thang 12.2017, trang 1,
cdt trdi, cdc dong tir 19 dén 22 trén xubng;
+ P in: thi khing dinh tit s6 béng dién téi thidu
cin ding cho mét hinh chit nhat 2017 x 2 ¢6 thé
dua ra ddnh gid cho sb béng t6i thiéu cin ding
cho toan bang lai con khé hon!
+ Nay sita thanh: thi khing dinh s béng dién téi
thi€u cin ding cho mét hinh chit nhat 2017 x2
bing cdc 1ap luéin todn hoc chit ché da kh.
khing dinh tit s6 bong dién téi thiéu cin ding
cho mét hinh chit nhat 2017 x 2 ¢6 thé dar
dénh gid cho sb bong tdi thidu cin ding cho
toan bang lai con khé hon!

Chdn thanh cdo 16i ciing ban doc.
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thit mdy).

o MJdi bai todn dé xudt (kem theo loi gtat) cdn duge néu 6 la bai sdng tdc hay bai suu tdm
(néu la bai suu tam, cdn ghi ré nguon ) va phaz dutge trinh bay trong mét file riéng (néu giti
qua dwdng e-mail) hodc mot t& gidy riéng (néu giti qua duong buu dién).

o Ngudi dé xudt bai todn hodc giti bai gidi cho cdc bai todn trong myc “Thdch thitc ki nay”
cdn ghi 16 ho, dém, tén va noi lam viéc/hoc tdp, 56 dién thoai lién hé trén trang bai todn hodic
bai gidi. Néu la hoc sinh (hodc sinh vién) cdn ghi ré la hoc sinh Idp mdy (hodc sinh vién nim

e Cdc bai todn dé xudt da giti cho Chuyén muc khong dugc cong bé hodc giti déing 6 bdt cit
ndi ndo khdc, khi chita cé sy déng y ciia Tap chi Pi.

THACH THU'C Ki NAY

Danh cho cép THCS
P131. Cho x, y, z 1a c4c sb thuc duong, thod mén
didu kién
Py +2+2xyz=1.
Ching minh ring
20+ + 22 +xy+yr+ax) <3
<324y 4+ 22) +xy+yz+zx

Trdn Nam Diing (Tp. Hb Chi Minh).
P132. Cho ngi gidc 16i ABCDE c6 dudng chéo
song song véi canh BC, AD = 2BC, ddng
thoi AD 12 phén gidc trong clia cdc goc ZEABva

'ZCDE. Cic dudng chéo AC va BD cit nhau tai
"P EP citAD tai Q. Chitng minh ring OB = OC.

Trdn Quang Hing (Ha Noi)
‘P'|33 Tim tht ca céc cip sb nguyén duong (a, b)
¢6 tinh chét: ab 12 wdc cha a+ b2 + 1.

Ha Duy Hung (Ha Nai)
P134. C6 8 dong xu, trong d6 ¢6 7 dong xu that
va 1 ddng xu gid. Biét ring cdc ddng xu thit cé

0i lugng nhu nhau va khéi lugng clia ddng xu
2id khdc khoi lugng clia ddng xu that. Hoi, chi

diing mét chiéc can dia (khéng cé qua céan), ta
c6 thé tim ra déng xu gia va biét n6 ning hon
hay nhe hon ddng xu that, sau diing 4 14n cén
hay khong? 5 .

Nguyén Khac Minh (Ha No6i) st.
Danh cho cép THPT

P135. Trong mit phing, cho dudng tron (0)
cb dinh. B va C 1 hai diém cb dinh nim trén
dudng tron d, sao cho ba diém B, 0,C khéng
t/l_lgamg hang. Mot diém A di dong trén cung 16n.
BC ctia dudng tron (0), sao cho tam gidc ABC
khong la tam giac can. Goi H 1a truc tim cia
tam gidc ABC. Pudng thing AO cit cdc dudng
thing BH va CH tuong tng tai M va N. Goi T
1a tim dudng tron ngoai tiép tam gidc MNH.
Chiing minh ring dudng thing AT luén di qua
mét diém cb dinh.

Ha Minh Tho (Phi Tho) st.

P136. Tim tét ca cdc sb nguyén duong n sao
cho tdn tai cdc s6 thuc x, y, z thda min
1 1 02 1
X=y——,y=Z——Vaz=x——

yn Zn xn g
Nguyén Thanh Giang (Tp. HS Chi Minh) st.

Gp 2 $6 1 Thang 1. 2018
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P137. Véi méi sé nguyén duong n, ki hiéu Q,

12 tap tat ca cdc sb hitu § c6 dang %, véi m la

mdt sb nguyén,

Tim tit ¢4 cic ham sb ting ngit f: Q » R cd

tinh chét: V6i mi s6 nguyén dudng n, va véi

moi cip sb x, y € Q,,, tdn tai sb z € Q, sao cho
@) =fx) = f0)-

(QKi hiéu tap s6 hifu i va R ki hiéu tap s6 thtc).
Nguyén Duy Thdi Son (Da Ning)

P138. Cho s6 nguyén n > 2. Ching minh ring

ton tai vo s6 cip sb nguyén duong (a,b) ¢6 tinh
chét:

ab|a"+b*" +1.

Ha Duy Hung (Ha Noi)
P139. Cho sb nguyén n > 2. Cho da thic
P(x)=x"—ai@ 4o (=g

+(=1)"a,_1x+(—1)"a,
c6 n nghi€m nguyén duong, goi 1a x1, x2, ..., X,
khéng ddng thdi bing nhau va c6 tinh chit: t5ng
nghich ddo ctia chiing 1a mét sb nguyén.
bitm= ol Chung minh ring m 14 s6 nguyén
a

duong va da thitc

0(x) = an(x+1)" = (F+x1) (x4 1) of
khéng c6 nghiém duong.
Nguyén Lé Huy (Nam Binh)

T4

§t,
P140. C6 6 dgi bong dé tham gia m gi; .
dhu béng dé hoc sinh clia mot trudng Trung i
phé thong chuyén. Biét ring, giai diu kg, P
45 ngay va dudc 3 chic theo’thé’ thitc thi g3,
vong tron (nghia 13, hai doi bt ki déy ty; iy
v6i nhau ding mdt trdn). Hoi Ban t§ chy g
c6 tht ¢ bao nhiéu phuong dn sip xép lich
dhu sao cho céc diéu kién sau dugc ddng hy;
thoa man:

1) Ba trén dAu du tién c6 sy gop mit clia cj
d6i va dién ra trong ba ngay lién tiép, m§;
ngay mot tran;

2) K& tir trdn d4u thd ba, gitta hai tran diu ligy
tiép c6 it nhit hai ngay khong c6 tran diu
nao.

(Hai phuong 4n sip xép dudc coi la khéc nhau
néu tdn tai tran d4u thd k (k > 1) sao cho & trin
d4u d6, hai d6i gip nhau trong phuong 4n niy
khdc hai doi gap nhau trong phucng 4n kia hoi
ton tai tran déu thi k (k > 3) ma thdi gian gila
tran d6 va tran thd k+ 1 & phuong 4n nay khic
& phuong 4n kia).

Lutu Thanh Ha (Kién Giang)

GIAI BAI Ki TRUGC

P101. Cho phuong trinh 3x? —5/3x—1 =0.
1/ Ching minh ring phuong trinh dé cho c6

hai nghiém thuc phan biét, khéc 27\/5 Goi hai
nghiém dé 1a x; va xa, v6i x1 <x.
2/ Khéng gii phuong trinh da cho, hdy tinh sb
tri ctia biéu thifc sau:

1 1

2-v3x)? (2-v3x)%

Lui gidi (theo ¥ tudng gidi ciia da s6 10i gigi
ma Toa soan nhdn dugc).
1/ Vi (1) -3 = —3 < 0 nén phuong trinh da
cho ¢6 hai nghiém thuc phan biét (va tréi diu),

P=

24/3 =—V3.1/(x; +x)2 401 2 8
Véix = ——,taco: (d .
3 2\/§ 2 2\/?—) 0 X2 >x1); 4
32 -5V3—1=3 () = 5V3- =201 = 4= 2v/3(x 4 ) + 30
=-7#0. Vix, , X2 1a hai nghiém cha phudng
20 Tap chi P Tap 256 1168

Do d6, x = 23£ khéng 13 nghiém ctia phuong

trinh d cho; néi céch khic, tt ca cc nghiém
ciia phuong trinh d6 khéc %‘/—5
2Dty =2—\/Fx; var, =2— V30, 80
1 1_7g-q
G AR
(=) +3(6-1)(21)
(1)

R=t1=-V3(x—x)

(1.0




nén theo dinh ly Viete, ta c6:

5V3
X +x2 = i vaxpx; = —%.

3
Do dé
2
th—t1=—V3. <¥§> —4(—%)
= —/29; 1.2)
ftr=4-2v3.222 S‘f ( 5>=—7. 1.3)
Thé (1.2) va (1.3) vao (1.1), ta dudgc:
B (=v29+3(=7)-(-v29) _ 8v29
(=7)3 T 343

Cach 2 (ciia nguoi chdm bai).

1/ Lam nhu phan 1/ & Céch 1.

2/ Vi x1 va x5 1a hai nghiém cda phuong trinh
da cho nén —v/3x; va —/3x, 12 hai nghiém ctia
phudng trmh

>

hay x2 +5x—1=0. 2.1)

Vi —v/3x; vd —v/3x; 12 hai nghiém ciia phuong

trinh (2.1) nén 2 —+/3x; va 2 —+/3x, la hai

nghiém cda phuong trinh
(x—2)+5(x—-2)—1=0

hay x> +x—7=0.

Vi 2 — \/§x1 va 2 —

ciia phuong trinh (2.2) nén 1; = m va

x—1=0,

\/_

(2.2
v3x, 1a hai nghiém
1

1
t) = ——— 1a hai nghiém cta phuong trinh
2 T g
7 +x+1=0. (2.3)
Hon nita, do x; < x; nén 2 — V3x;>2— \/§J€2.
Ma phuong trinh (2.2) c¢6 hai nghi€m trai dau

(do1-(-7)=-7<0)nén2—+3x >0>
2—+/3x5.Suyrat; > 0> .
Ta c6:

Pztf—tzs =(n —12)3+3t]tz(t1 —1n). (2.4)
Lai c6:
h—t=+/(t1 —h)*= \/(11 +5)2—4nn

: (do #; > 1p).

Ap dung dinh Iy Viete cho phuadng trinh (2.3),
ta dugc:

Hh+n=

1

1
— VAt ity = —=. 2.5
5 vat -t 7 (2.5)

Vi thé

1\?2 1 V29
i TaE (7) ‘4(‘7>——7—'
Thé (2.5) va (2.6) vao (2.4), ta dudc:

=(5) () 745

(2.6)

7 7 7 343 °

Binh luin va Nhén xét.
1. Tuy bai dé ra c6 dang rit cd ban trong pham
vi ndi dung chuong trinh mén Toan 16p 9 hién
hanh, sb lugng ban doc gtti 16i gidi t6i Toa soan
khéng that nhiéu. Ngoai trit mot ban hoc sinh
16p 7 ¢6 18i gidi khong ding (do nhim 14n trong
viéc so sanh 2 — v/3x; va 2 — v/3xp), tht ca cic
ban con lai déu ching minh phudng trinh da
cho c6 hai nghiém phén biét bing c4ch tinh biét
thitc A. Hon nifa, do ki niing thuc hién c4c bién
d6i dai sb chua that tbt nén c4c ban da gip phai
nhitng biéu thifc kh4 cng kénh trong qu4 trinh
gidi y 2/ (cla bai di ra).
2. Két qua sau di dugc sit dung trong Loi giai
Cich 2: “Gid sit phuong trinh bdc 2

ax’ +bx+c=0 *)

¢ nghiém thuc. Khi dé, néu xq la nghiém ciia
phuong trinh () thi

+) axg, Véi o la mét s6 thuc khdc O tiy y, la
nghiém ciia phuong trinh
1 1

—2~ax2+-—-bx+c=0;

04 [0
+) xo + B vdi B la mot s6 thyc tiry ¥, la nghiém
ciia phuong trinh

a(x—B)2+b(x—B)+c=0;
1 £
+) — (vdi gid thiét thém xy # 0) la nghiém ciia
X0
phutong trinh
cX®+bx+a=0."

Ban doc c6 thé dé dang chifng minh két qua
néu trén bing cdch ding dinh nghia nghiém ciia
phuong trinh. Hon thé, bing cich d6, ban doc

E@pzsé 1Thang 1. 2018
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cbq ¢4 thé dé dang chitng minh két qua khéi
quat sau:

Wy £ J .,. , R .
Néu xo la nghiém ciia phuong trinh bdc n
(neN¥)

n | i
aox +a X" gt Koo gy X+ dn

=0 (ap #0) thi

+) axo, vdi o la mét sé thiee khdc 0 tiy ¥, la
nghi¢m ciia phuong trinh

1
= 'al-xﬂ_-l‘f""‘*'

1
— aox" +
an

an oan—k
1

++a “p-1x+a, =0;

+) xo + B, vdi B la mét s6 thuc tity ¥, la nghiém

ciia phuong trinh

ao(x— B)" +ai(x—B)' + - +ax(x— B)' 4

+"‘+an—1(x“B)+a" =0;

1 ,
+) . (vdi gid thiét thém xo # 0) la nghiém ciia
phuong trinh

a4 ap X e a Tt

+ajx+ag=0.”
3. Céc ban c6 15i giai ding: Nguyén Quang Minh
(16p 9/3, trudng THCS Nguyén Binh Khiém, Tp.
Bién Hoa, Ddng Nai), Trdn Nguyén Nam Hung
(16p 9A1, 1trudng THCS Ngo Tat T5, Quan Phu
Nhuin, Tp. Ho Chi Minh), nhém ban Lé Gia
Bdo - H6 Long Nhdt (16p 10 Todn, trudng THPT
chuyén Lé Quy Don, Khanh Hoa) va Hoang
Lé Nhat Tang (sinh vién K61 Su pham Todn,
PHQG Ha Noi). 3 3

Nguyén Khac Minh
P102. Tim tit ca cdc cdp sb nguyén 5 (p, q)
sao cho p? + 15pg+4¢*1a
a) mot lily thita cia 17.
b) mot s6 chinh phudng.
Loi gidi (cila 1dc gid bai todn).
a) Gia stt (p, ) 1a cdp sb6 nguyén t6 sao cho
pr+15pg+q* =17",
trong d6, n1a s6 nguyén duong.
Vi p, g > 1 nén 17" =p* +15pg+4* > 17. Suy
ran 2 2.Dodo
P+ 15pq+¢* =0 (mod 17%)

22

Tap chi Pi

hay (p - q)*+17pg =0 (mod 172),
Suyra (p —¢)?=0(mod17).
Tit (2), vi 17 1a s nguyén t6 nén
2 2
- =0 (mod 174).
(r—a) ( ) )

Tir (1) va (3), suy ra pg = 0 (mod 17). Ty g
vi 17, p, q 1a cc sO nguyén to, ta duge p= ly7.
hoic g = 17.

Do vai trd clia p va g nhu nhau nén khong mé(;

(y
Q)

. g ~*+ tng quét, gid sit p = 17. Khi d6, tir 2) suy |

¢* =0 (mod17);
dantsig=17.
Ngugc lai, véi p =g = 17,tacd
P 15pg+ P =17 +15x 1T+ 172 = 17,
Vay, c6 duy nhét cip sb nguyeén tb thda man yéy
cAu dé bai 1a (17,17).
b) Gia st (p, g) 1 ciip sd nguyén t6 sao cho
p*+15pg+q*
1a mot sb chinh phuong.
Vi p, q 1a céc sb nguyén t6 nén néu p, g # 3 thi
p?>=¢*>=1(mod3). Do d6
p?+15pg+q* =2 (mod3).

Ma mét s6 chinh phutong khong thé dong du véi
2 theo modulo 3 nén tir d6 suy ra trong 250 p,4
phéi c6 it nhit mot s6 bing 3.
Do vai trd ciia p va ¢ nhu nhau nén khong mil
tong quét, gid st p = 3. Khi d6, ta cd

g +45¢+9 ;
la mt s6 chinh phuong; nghia 1a, ton tai 80
nguyén duong r sao cho

¢ +45q+9 =1 @
Tacé
(4) & 4% + 180 +36 = 41
© (29+45)% — 1989 = 477 g
& (2g—2r +45)(2q + 27 +45) = 198

Vi 1989 =32 x 13 x 17 nén tht cé cc cich P‘;ﬁ‘:‘
tich 1989 thanh tich ciia 2 sé nguyén 40" =
1989 = 1 x 1989 — 3 x 663 = 9 x 221 j
= 13x153 = 17x 117=39 X207

?
ch:|c>23c‘nThéﬂ<J“20 |



Piit s =2 —2r+45vat
s<tvis-t =1989 (theo (5)).
Hon nia, do s+t = 4¢ 490 nén
+)s+12>98 (vig>2); 8)
+) s+t — 90 chia hét cho 4, nhung khéng chia
hét cho 16 (vi g 1a s6 nguyén (9). )
Tit (6), (7), (8) va (9) suy ra chi c6 thé xdy ra
cdc kha niing sau:

=2¢-2r+45;1acé
@)

(s,1) = (1,1989), (s,1) = (9,221),
(s,1) = (13,153) va (s,1) = (17,117).
+) V6i (s,1) = (1,1989), ta c6
s+1—90
D =475.
+) V6i (s,1) = (9,221), taco
s+1t—90
g=—F—=3.
+) V6i (s,t) = (13,153), ta cé
s+1—90
=—=19.
q 7 9
+) Véi (s,2) = (17,117), tacé
s+1t—90
G B 11.

Tit d6, vi ¢ 1a s6 nguyén t6, ta dugc g = 11 va
g=19.
Ngudc lai, v6i (p,q) = (3,11) tacé
PP +15pg+q* =32 +15x3 x 11+ 112
=625 =25°
vavéi (p,q) = (3,19) tacé
PP +15pg+¢* =32 +15x 3 x 19+ 192
= 1225 =352

Vay, tom lai, do tinh dbi Xung clia p va g, ta
du‘dc tht ca cac cdp 56 nguyén t6 thda man yéu
cau dé bai 1a: (3,11), (11,3), (3,19) va (19,3).
Nhan xét.

1. Tt c4 cdc 16i gii ma Toa soan nhén dugc déu
céicach giai y a) clia bai todn giéng vdi cdch giai
¥ a) 6 18i gidi trén; mot s it 18i gidi chua chinh
xdc, do khong chiing minh sé mii n > 2.

2. Déi véi viéc gidi ¥ b), mot s6 ban, do chua

' tin dung triét d€ cdc tinh chét cda tinh hudng

dang xét nén di phai xét qud nhiéu trudng hop;
mot s ban khac lai xét chua hét cdc trudng hgp

¢6 thé xdy ra; cling c6 mot $6 ban biét loai bat
trudng hgp nhung lai khong gidi thich vi sao cé
thé loai cdc trudng hgp do.
3. Mot s6 1oi gidi cho két qua diing nhung thiéu
toan b qua trinh 1ap luén dfiin dén két qua dé.
Nhitng 16i giai nhu vy khong duge coi la 1di
giai ding.
4. C6 ban 13p luan ring “v&i moi sb nguyén a, b,
v6i moi s6 nguyén t6 p, néu a® = b% (mod p) thi
a=b (modp)”. Ly, ching han,a = 11,b =3
vi p =7, céc ban s& thiy 1ap luan trén 12 sai.
5. Céc ban c6 10i giai ding: Lé Gia Bdo (16p
10 Toén, trusng THPT chuyén Lé Qui Dén,
Khanh Hoa), Ldm Nhut Thinh (16p 11CTl1,
trudng THPT chuyén Lé Hong Phong, Tp. H)
Chi Minh) va Hoang Lé Nhdt Ting (sinh vién
K61 Sut pham Todn, PHQG Ha No6i).

Luu Thanh Ha

P103. Cho tit gidc 16i ABCD ngoai tiép dudng
tron tdm 1. Goi Ij, b, 3 va Iy tuong ung la
tim dudng tron ndi tiép cla cic tam gidc
DAB, ABC, BCD va CDA. Goi 0y, 0,, 03 va
O4 tudng ting la tim dudng tron ngoai tiép cla
céc tam gidc ALly, Bl1 13, Chly va DI I;. Chiing
minh ring

1/ L1y L ACvall; 1 BD,

2/ Céc diém Oy, 05, O3 va O tuong iing nim
trén cdc dudng thing Al, BI, CI va DI.

Lai giai (ciia nguoi chdm bai). Trude hét, ta
chitng minh Bé d& sau:

B§ dé. Cho tam gidc ABC ¢6 dudng tron ndi
tiép (I) tiép xtic vdi cdc canh BC, CA va AB lan
lugt tai D, E va F. Khi d6

AE=AF=CA+A23_BC,
—CA
BF:BD:AB+32C C,
CD=CE:BC+C;A_AB,
Chitng minh.

Theo tinh chét hai tiép tuyén cit nhau ciia mot
dudng tron, ta c6:

AE = AF, BF = BD, CD = CE.

Lai c6:

AE+AF+BF+BD+CD+CE =AB+BC+CA.

" T&p285 1 Théng 1. 2018
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B D e

Suy ra 2AE +2BD +2CD = AB -+ BC+CA.
Ma BD +CD = BC nén 2AE = AB— BC +CA.
DoddAR— AR — AT AB—BC

2
Ching minh tuong ty, ta dudc

AB+BC—CA
2
BC+CA—-AB

> S

BF =BD =

va CD=CE =
Trd lai bai todn.

1/ Goi X 1a tiép diém ctia dudng tron (1) v6i
BD. Theo b8 d8&, ta c6

BA+BD—AD
px = 2A+ED—AD )

Vi ABCD 1a tif gidc ngoai tiép nén

AB+CD = BC+AD,
hay BA—AD = BC —CD. %))
Tix (1), (2) va ap dung bd dé cho tam gidc BCD,

suy ra

BX = B_————C“02D+BD =BX/,
voi X' 1a tiép diém cla (1) V:Zl BD. Do d6,
X = X', hay X ciing 12 tiép diém cia (I3) va
BD— Vi’ thé, 1X L BD va X L BD. Suy ra

nh L BD.

Khing dinh hls L AC dugc chitng minh blng |
céch tuong tu.
2/ Do II4 L AC nén

ZIyhA = 90° — LHAC < 90°,
Tudng tu, ta cé LLIA < 90°.
Do Al va Al 1n lugt 1a phén gidc cla cic
/BAC va £ZDAC nén

1
LBAL = EZBAD < 90°.

gdc

Nhu vay A4 1a tam gidc nhon, va vi thé 0,
niim trong tam gidc ALy

Vi AC L LI nén AC 1a dudng cao clia tam gidc
A1214. Do dé

L01Aly = /LBAC.
Vi thé, ta c6

ZLOWAD = LOAly+ LI, AD = ZHAC+ /CAl}
1

= ZbAly = 5 LBAD.
Suy ra AO; 12 phan gidc trong cia goc £LBAD:
do d6, O niim trén Al
Chiing minh tuong ty, ta ciing c6 02, 03 V4 G
lan lugt ndm trén BI, CI va DI.
Binh luén va Nhan xét. i 248
1. Trong I gidi trén, ta d sit dung két qué 4%
thudc sau dé rit ra £0,Aly = ZLAC: i
“Goi O, I, H tuong iing la tam duong ro" "gc'),f'
tidp, tam duong tron ngi tiép va tric 1M
tam gidc ABC. Khi dé, ZIAO = LIAH.
Ban doc hdy tu chitng minh lai két qué néu
2. Khi cho tf gidc ngoai tiép ABCD S¥
thanh tam gidc, tir bai dd ra ta & thu
trong de thi cta ky thi Romani Maste
ematics, nim 2015: i
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“Buong tron (1) ngi tiép tam gidc ABC tiép
xtic vdi canh BC tai D. Goi K, L ldn ligt la
tam dwong tron ndi tiép cia cdc tam gidc
ADB, ACD. Chu‘ng minh rdng tam duong tron
ngoai 1iép ciia tam gidc AKL ném trén Al”
Ban doc c6 th€ tim thiy bai todn trén tai
dudng link sau: https://artofproblemsolving.
com/community/c6h1058212p4575366

3. Ngudi chiim bai ndy ciing di suy nghi, tim
cach md rong bai todn vita néu trén va di di dén
bai todn sau:

Bai ton dé xufit. Cho ti gidc 18i ABCD ngoai
tiép dudng tron tm 1. Goi Iy, I, I3 va I tuong
Ung la tim dudng tron ndi tiép cia cdc tam
gifc DAB, ABC, BCD va CDA. Goi 0y, 0, 03
va O4 tuong dng 1a tim dudng tron ngoai tiép
cla cac tam glac Abhly, B3, Chly va DL 5.
Chiing minh ring:

1/0,05 L AC va 0,04 1. BD.

2/ Buvng ndi trung diém céc doan thing I3 va
bl diqual.

3/Pudng néi trung diém céc doan thing 0,03
va 0,04 diqua I.

Tinh diing cia cdc khdng dinh trong bai todn
trén da dugc kiém chiing bing mdy tinh; tuy
nhién, i thoi diém nay, vdn chua cé i gidi
todn hoc cho bai todn dé. Mong ring ban doc
cung quan tdm tim loi gidi cho bai todn.

4. Trong sb cdc 16i giai cho bai d4 ra, ma Toa
soan nhan dugc cho t6i thdi diém bén thao 1én
trang, 13i gidi ctia cdc ban c6 tén sau day 1a
161 gidi ding: Nguyén Quang Minh (16p 9/3,
trudng THCS Nguyén Binh Khiém, Tp. Bién
Hoa, Dong Nai), Trdn Nguyén Nam Hung (16p
9A11, trudng THCS Ngb Tt T, Quan Phu
Nhuén, Tp. H5 Chi Minh) va Nguyén Trung
Son (16p 10 Toan, trusng THPT chuyén Huynh
Man Pat, Kién Giang). % v
Tran Quang Hiing
P104. Tim s6 nguyén n > 3 nhd nhét c6 tinh
chét: Vi moi céch t6 n diém A, Az, ..., Ay, dOI
mot phan biét va theo thit ty d6 nfim cich déu
nhau trén moét dudng thing, bdi hai mau, ludn
ton tai badlemA,,A,,Azl (1<i<2j—i<n)
dugc to ciing mau.

Loi gidi (theo da sé 1oi gidi ma Toa soan nhdn
dugc).

Gia st cdc di€m dudc t6 bdi hai mau, den va
tring.

Xét 8 diém A, ,Az,...,Ag, dudc to r‘nilu
nhu sau: Ay, Az, As, A6 dugc té6 mau trang;
A3z, A4, A7, Ag dude t6 mau den. D& thiy, khong
c6 ba di€m A, Aj, Ayj_; (1 <i<2j—i<8)
nao dugc to cling mau.

Do dén>09.

Ta s& ching minh n = 9 12 s6 ¢6 tinh chit nhu
dé bai yéu céu.

Thit vdy, gid st ngugc lai, tdn tai mot cach
t0 9 diém Ay, Ay, ..., Ag bdi hai mau, den va
tring, sao cho khéng c6 ba diém A;, Aj, Aoy
(1 <i<2j—i<9)nao dudc t6 cing mau.
oTriong hgp 1: Ton tai i € {3; 4; 5} sao cho cic
diém A; va A;p dugc td cling mau, gia sit 1a
mau tréng. Khi d6, cdc diém A;_2, Aiy1, Airs
phai dugc t6 mau den (chd y ring i —2 > 1 va
i+4<9),voly.

oTrudng hop 2: V8i moi i € {3; 4; 5}, cic diém
A; va Ao dude té khic mau.

Khong mét tdng quit, gia sit As dudc t6 mau
tring. Khi d6, A3 va A7 dudc t6 mau den. Nh
tinh di xing, ta c6 thé gia sit ring A4 dudc to
mau tring va Ag dugc t6 mau den. Khi d6, Ag
dugc t6 tring (do Ag, A7 va Ag khong dudc to
cing mau); suy ra, A, dugc to den (do Az, As va
Ag khong dugc t6 cling mau) va Ag dugc t6 tring
(do A7, Ag va Ag khong dugc t6 cling mau). Do
do, A} phai vita dugc 6 tring (do A1, Ay va Ay
khong dugc t6 cing mau), vita dudgc t6 den (do
Ay, As va Ag khong dudgc t6 cling mau), 1a didu
vo ly.

Nhitng diéu v6 1i nhin dugc & trén cho ta didu
mubn chiing minh.

Viy, tém lai, n = 9 1a s6 nguyén nho nhit cé
tinh chit nhu dé bai yéu ciu.

Binh luén va Nhan xét.

1. Hau hét céc 18i giai ma Toa soan nhan dugc
deu la 16i gidi ding. Tuy nhién, ngay trong mot
s6 104 giai diing cung ¢6 nhitng nhugc diém vé
suy lufn logic, can nit kinh nghlem Cu thé:

- Do khéng y thic dugc ring néu sé nguyen
n> 4 khong c6 tinh chit nhu dé bai yéu clu
thi s6 nguyen n—1 cung khéng c6 tinh chit d6,
mdt s6 ban da cdng kénh héa 16i gidi bang viéc

"T8p256 1 Thang 1. 2018

3

~a

Tap chi Pi 25

[OOH NYOL DNHL HOVHL



!
!
|

l THACH THUC TOAN HOC

xét 1an lugt ting sb nguyén n thudc tap hdp
{3;4;5;6;7;8).

— Mot vai ban, do chwa hiéu ré khéi niém gia
tri 16n nhét, gi4 tri nhé nhit nén da giai bai ra
theo lugc dd sau:

+ Ching minh cic s6 n thudc tap hdp
{3;4; 5; 6; 7; 8} khong c6 tinh chét nhu dé bai
yéu ciu;

+ Ching minh n = 9 12 s ¢6 tinh chit nhu dé
bai yéu cau;

+ Chiing minh tit ca cdc sb nguyén n > 9 déu
c6 tinh chit nhu d2 bai yéu cau;

+ Tir két qua chiing minh & c4c budc trén, suy
ra n =9 la s6 nguyén nho nhit can tim.

2. Céc ban c6 16i gidi ding: Nguyén Quang Minh
(I16p 973, trusng THCS Nguyén Binh Khiém,
Tp. Bién Hoa, Dong Nai); Trdn Nguyén Nam
Hung (16p 9A11, truong THCS Ngb Tét T6,
Quan Phii Nhuén, Tp. H6 Chi Minh); Nguyén
Qudc Hung, Pham Pinh Anh Khoa (16p 10CT1,
trudng THPT chuyén Lé Hong Phong, Tp. Hb
Chi Minh) va Dodn Quang Tién (16p 11A1,
truong THPT Phi My, Huyén Tan Thanh, Ba
Ria - Viing Tau).

3. C6 thé phat biéu lai bai da ra dudi dang:
“Tim s nguyén n > 3 nhd nht ¢ tinh chat: V6i
moi cdch phén chia tap hop gdm n s6 nguyén
duong dau tién thanh hai tdp con khic rong,
Judn ton tai mot diy sd cach déu gom 3 sb hang
ma tht c& cdc sb hang ciia né déu thudc ciing
mot tip con.”

Dang phit biéu trén ggi ¥ cho ta dt ra va tim
céch gidi quyét bai todn khai qudt sau:

Bai toan khai quat. Cho s6 nguyén k > 3. Tim
s6 nguyén n > k nhd nhét c6 tinh chét: V6i moi
céch phan chia tip hgp gdm n s nguyén duong
dAu tién thanh hai tap con khdc rdng, ludn tdn
tai mot ddy sb cdch déu gdm k sb hang ma tt ca
céc sb hang ctia né déu thudc ciing mdt tap con.
Luu y ring, hudng khdi quat trén khong phai la
Aol Ha Thanh
P105. Cho 56 thc a > 0 va cho ddy 56 (x,), n =
1,2,.., dugc xdc dinh béi:

VA . :
x| =@ VAXny] =Xnt 5 vlmoin 2> 1.
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Chitng minh riing diy (x) c6 gidi han hiy v
khin — + ’ y
Loi gidi 1 (ciia ban Nguyen Quang Minh, 4
11 chuyén Todn, truong PTNK, PHQG Tp. 13
Chi Minh).

Tacéd =
Xpt1 —Xn = in;"l >0 Va>1. ®
Do d6, (xx) la day sb ting.

Hon nifa, tlf (*) con suy ra

n n

o7
Xnt1 —X1 = Z(XH—I —x;) = Z%

i=1 i=1

n
1
i=1

1 1
< xn+1(1+ﬁ+"'+'(’l—_m>
1+1 1+1——1+ + L
=vE+ (1 2~ 12¥A3 n—1 1

1

=/ Xnt+1 (2— ;) < 2/Xnt1-
Do d6, xp41 — 2+/Xnt1 —a < 0. Suy ra

V1 < 14++va+1.
Nhu vay, (x,) 1a ddy ting va bi chén trén bdi
(1++a+1)2%; vi thé, né c6 gidi han hitu han
khin — o0,
Lui gidi 2 (ciia ban Trdn Tién Manh, 1dp 12A1
truong THPT chuyén, Pai hoc Vinh).
Taco
o
2
Do d6, (x,) 1a ddy sb ting va x, > 0 véi m?
n>1.
Tiép theo, ta s& chiing minh ddy (xa) bi chd?
trén.

Xnpl —Xn = Y52 >0,Vn > 1.

That vy, ta cé

/X
2" <xp+
n

2 /% 1
Xnl =Xp+ \/;;‘F;IZ

1\2
=<Vx"+7> ,VnZl.
n
Suy ra

\/’TH<\/,E+'%2, Vn o

Ap dung lién tiép bét ding thilc trf



1 1 1

VXl < \/Xn"‘”j < \/Xn—1 +m+n_2
1 1

o < VATH Ly
2 n

D& § ring
1+ +1 1+ - 1
22 n?2 " 1-2 (n=1)n
1 1
=l—cH4 i t———=1-=
. 2+ +n—1 =1
tasuy ra /X,1 <+ /a-+2.

Do dé, ddy (x,) bi chin trén béi (v/a +2)2.
Vay, (x,) 1a ddy tdng va bi chin trén; do d6, né
¢6 gidi han hitu han khi n — 4-oo.
Binh luin va Nhén xét.
1. Bay 1a mot bai toan kh4 co ban v& gidi han.
Tuy nhién, s6 ban tham gia gii bai nay khong
nhiéu. Ngoai hai ban Nguyén Quang Minh
~ va Tran Tién Manh, cdn c6 ban Dodn Quang
Tién (11A1, trudng THPT Phi Mg, Huyén Tan
Thanh, Ba Ria - Viing Tau) va ban Truwong Manh
Tudn (16p 12 Toan 1, trudng THPT chuyén Ty
nhién, PHKHTN - PHQG Ha Noi) ciing c6 16i
giai ding.
- 2..Ca hai 15i gi4i néu trén déu st dung dén bt
dang thic
1 1 1
e gl 21
- €0 mot cach danh gid chit hon cho tdng nay,
nhu sau:

uy=—-1luy=1;
iii) Vé&i m&i sb nguyén duong k, ditng giita s6 1
thit k va sb 1 thit (k+ 1) trong déy (tinh ti tréi
qua phai) c6 ding k+ 1 s6 —1.
Hay tim mot cong thdc tinh tdng 1 s6 hang dau
tién cla ddy s6 da cho.
Lui giai (cia tdc gid bai todn).
Trudc hét, nhan thdy, véi k € N*, néu u,,
m € N*, 1a sb hang nhan gid tri 1 va 1a s 1
thit k (k€ tit s6 hang dau tién) trong ddy thi m s6
hang dAu tién clia ddy s& gdm ding k s6 hang
nhan gid tri 1 va

1424 +k= @
s6 hang nhan gid tri —1. Vi vay, néu u,, 1a s6 1
thtt k (k€ tit s6 hang dAu tién) trong ddy thi

g KE+T)  k(k+3)
SE g T gt
t(t+3)

Véimbit €N, dit f(¢) =

Xétn € N* tiry y. Khi d6, véi k € N, ta cé:
fk)<nek+3k—2n<0

—3+v8n+9
2

S0<k<
Vi vay, d& thiy , néu dit k, = [*3+— st"w] thi
k, € N, va tit sy tuong duong néi trén ta c6:

f(kn) <n Sf(kn‘*‘l)-
Do vy, theo nhan xét & trén, trong s6 n's6 hang

1 1 1 1 1 1
12+2—2+"'+n—2< +22_%+"‘+
1] 1 1
=1+§_§+.. + 1
g ity Rrighapitg
| _ <5
3 2n+41 "3

Binh gid ciia ban Trin Tién Manh ciing c6 thé
1am chit hon; cu thé, ta c6 thé chitng minh
X < (va+ 1)2.
- Nhitng sy 1am chiit k€ trén dugc néu ra chi dé
~ ban doc tham khéo; ching khong cin thit cho
Vi€c gidi bai di ra. X
Tran Nam Diing
P106. Cho diy s6 ()n>1 dugc xdc dinh nhu
- sau:
Du, c {-1; 1}, v6i moi n nguyén duong;

2 _ 1déu tién ctia ddy s6, c6 ding k, sb hang nhan

gid tri 1. Suy ra, t6ng S, clia n s6 hang dAu tién
clia ddy sb dudgc tinh theo cong thifc:

Su=1-kn+(=1)-(n—ky)

—34++/ 9
:2k,,—n=2[—3—_t—28n—+:l—n

vdi moi s6 nguyén duong n.

Binh lu&n va Nhan xét.

1. Cédc ban Nguyén Nam Hung (I6p 9A11,
trudng THCS Ngb Tét T6, Quan Phd Nhuan, Tp.
H6 Chi Minh), Nguyén Quang Minh (16p 9/3,
trudng THCS Nguyén Binh Khiém, Tp. Bién
Hoa, Pdng Nai), Biti Khdnh Vinh (16p 10CT1,
trudng THPT chuyén Lé Hong Phong, Tp. H3
Chi Minh) va mdt ban quén ghi tén c6 15i giai

2
( T8p.2 55 1 Thang 1. 2018
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dli‘ng va hoan chinh. Ban Nguyén Quang Minh
(I8p 11 chuyén Toan, trusng PTNK, PHQG Tp.
Ho Chi Minh) ¢6 18i giai tuong dbi hoan chinh
(1ap lugn ctia ban & mot doi chd chua hoan toan
chit chg).

2. Cong thite thu dugc trong 13 giai trén hién
nhién ding khi n = 0, néu ta quy udc Sp = 0.
Vi thé, tir két qué cia bai di ra, ta thu dugc mot
cong thitc thii vi, xdc dinh sb hang tng quit clia
day s6 da cho:

Up =S8, —Sp_1

o([ReE] (o)

Yn>1.

—

Nguyén Duy Thi Sen
P107. Tim tit ca cdc ham s6 f: R — R thda
man diéu kién:
dxy: f(* —y) = (2 —y?) - f(2%) F(29),
vdi moi sé thuc x, y.
(R ki hiéu tép sb thyc).
Loi giai (ciia Ddp dn).
Gia sit f 1a mot ham s6 thda man yéu ciu dé
bai.
Xét hai trudng hgp sau:
o Truong hop 1: Ton tai xo # 0 sao cho
f(2x0) =0.
Thé x = xp vao phuong trinh ham da cho, ta
dugc
4xo-y- f(x5—y")=0VyeR.

Suy ra, f(x3—»?) =0Vy>0.
Tir d6, vi x3 — y* nhan moi gid tri thyc nhd hon
x(z) nén

fiy=0vr<0. o))
Do d6, thé y = yo, v6i yo 12 mot s6 thyc 4m tiy
¥, vao phuong trinh ham da cho, ta dugc

dx-yp- f(2—y3) =0VxeR.
Suy ra, f(x* —y§) =0Vx>0.
Tir d6, vi x2 — y3 nhan moi gid tri thyc 16n hon
ot %

o Ff@)=0Vvt>0.
Tir (1) va (2), suy ra f(x) =0.

)
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Ngugc Iui; dé lthz‘!).l ham sb vita néu trap thé
min yéu cau d¢ bai.

o Trutomg hop 2: Khong ton tai x # 0 sqq .
f(2x)=0.

Théy= VX2 = 2x,x > 2, vio phuong trinh ham
da cho, ta dugc

4x\/;2—_2—rf(2x)
2 f(20) fVE—20) Vx5 2,
hay f(2\/;2_:—2_x) =2vx2 = 2x Vx >2.

Tit d6, vi véi x > 2, biéu thic Va2 -2y nhin
moi gid trj thuc khong 4m nén i
f(t)=tvt=0.

Do d6, véi moi y < 0, v8i moi x > |y|, tacs
dxy- (2 —y?) = (P =»%) - 2x- £(2),

hay f(2y) =2y Vy <0.

Nhu thé, f(t) =1Vt < 0.

Tit (3) va (4), suy ra f(x) =xVx € R.

Nguoc lai, d& thiy, ham sb vita néu trén théa

min yéu cau dé bai.

Vay, tém lai, c6 tit ca hai ham sb cin tim I

flx)=0va f(x) =x.

Nhin xét.

1. C6 kh4 nhiéu ban tham gia giai bai todn nay.

Tuy nhién, chi c6 4 ban c6 15i giai ding. Rit

nhiéu ban vin con mic nhitng 15i co ban khi

gidi phuong trinh ham, dién hinh nhu:

“Tir f(x) - g(x) = h(x) - g(x) Yx € M suy ra

f(%) = h(x) Vx € M, ma khong hé kiém tra g(x)

¢6 khdc 0 v8i moi x € M hay khong!”

2. Cdc ban ¢6 15i giai ding: Nguyén Tudn Hoang

(16p 10 Todn 1, trudng THPT chuyén Ha Noi-

Amsterdam, Tp Ha Noi); Trdn Tién Manh (16p

12A1, trudng THPT chuyén Pai hoc Vinh)

Nguyén Hing Son (16p 11A2, trudng THPT

L& Quy Pon, Huyén Tryc Ninh, Nam Dinh)

va Tricong Manh Tudn (16p 12 Toan 1, truon

;HPT chuyén Ty nhién, DHKHTN - DHQG H
o). 3

€)

@

P108. Cic dusng phan gidc trong xuatpl
4, B, C clia tam gidc nhon ABC tud
cac canh BC, CA,ABtaiA,, By, Cr.

Tap 2 56 1 Thank




| dudng tron ndi tiép tam gidc ABC va goi

H la tryc tdm cda tam gidc A,B{C;. Ching
. minh ring

AH+BH +CH > AI+BI+CI.

L gidi (ciia PSC IMO 2016).

Khong mét téng qudt, gia sit

o= /BAC< B = /CBA < y= /ACB.
Pita=BC,b=CA vic=AB.

- Trudc hét, ta ching minh A;B,C; 1a tam gidc
nhon.

Trén canh BC, lay cic diém D va E sao cho
B1D || AB va B{E la phan gic trong clia géc
/BB C.

Vi /BDB = 180° — B 1a géc ti nén BBy >
BlD. Do doé
BE BB\ _ DB _BA _BA
_ EC BiC~ B|IC AC A C
Vi thé, BE > BA; va
‘ 1
i EéBB]C = /BB|E > /BBiA;.
" Bing cdch tuong tu, ta ciing cé

| %LBBIA > /BB,C).
* Suyra
ZA\B|C) = /BB A, + /BB,C;
< %(LBBlc+ Z/BB;A) = 90°.

- Do dé, £4,B,Cy 1a géc nhon. Tir ddy, nhd tinh
doi xiing, suy ra A1 B C; 1a tam gidc nhon.

G0 F 1 giao diém clia BBy vaA,C. Ty ¢ < 7,

taduge g < c. Suy ra

Tir d6, vi BF 1a phén gidc trong cta ZABCy,
suy ra
/B\FC| = £ZBFA| <90°.
Do d6, H nim cling phia véi C; d6i véi dudng
théng BB;. Piéu nay ching to H niim trong tam
giac BBCj.
Biing cdch tuong tu, tit o < 8 va B < v, ta ching
minh dugc H ndm trong cic tam gidc CCB,
va AACy.
Via<fB <vynéna<60°<y.Dodé
£BIC < 120° < ZAIB.
o Truong hgp 1: ZAIC > 120°.
Quay céc diém B, I, H mdt géc 60° quanh diém
A d&én cdc diém B, I, H', sao cho B’ va C nim
khac phia dbi véi dudng thing AB. Vi AI'I 1a
tam gidc déu, ta cé:
AI+BI+CI=T1+BT +IC
=BI'+II+IC. (1)
Tuong tu, ta ciing c6:
AH+BH+CH=H'H+BH' +HC

=BH +HH+HC. (2
Vi ZAIl' = ZAT'I = 60°, ZAI'B' — /AIB >
120° va ZAIC > 120° nén ti gidc B'T'IC 1a tit
gidc 10i va ndm cling phia véi A dbi véi dudng
thang B'C.
Do H ndm trong tam gidc ACC; nén H nim
ngoai ti gidc B'I'IC.
Do H nim trong tam gidc ABI nén H' nim trong
tam gidc AB'I’. Didu nay chiing t6 H’ nim ngoai
tit gidc B'I'IC va do d6 tt gidc B'H'HC chia
t gidc B'I'IC. Vi thé, chu vi ciia tit gidc B'I'IC
khéng thé vugt qua chu vi clia tit gidc B'H'HC.
Két hop didu nay véi (1) va (2), ta dugc:

AH+BH +CH > AI+BI+CI.

oTrudmg hop 2: ZAIC < 120°.
Quay céc diém B, I, H mot géc 60° quanh diém
C dén céc diém B, I, H', sao cho B’ vi A nim
khéc phia dbi véi dudng théng BC. Tiép theo,
bing cach tudng t nhu & trudng hop trén, ta s&
chiing minh dugc bit dng thiic clia d& bai.

- b+c " a+b Nguyén Khéc Minh
Vado d6, Z/BC1A; < ZBAC;.
"Tap 2 56 1 Thang 1. 2018 Tap chiPi 29
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P109. Cho s6 nguyén g va cho diy sb (an),
n=20,1,2,..., dudc xdc dinh bdi:
ay=1,a; =g vaa,=qa,_+ (n—1)am-2
véi moi n > 2.
Chiing minh ring v6i moi s4 nguyén tbp>2,
ta déu c6 a,, — gP chia hét cho p.
Loi gidi (ciia tdc gid bai todn).
Xét day da thirc (f;(x)), dudc cho béi: fo(x) =
1, fi(x) =xva
o1 (x) =x- fulx) +n'fn—1(x) Vn>1.

Tir dinh nghia déy (a,), d& dang chiing minh
dugc

an = fu(q) Vn e N*.
Biing qui nap theo n, ta s& chiing minh ring véi
moi n € N*,

fn(x) = i Cn,kxk»

k=0
trong d6
néu n—k1&

0
Cnk = k Z S
(n—k—1)!!1C; néu n—kchan.

Thét vy, bing kiém tra tryc tiép, d& thy ta c6
diéu mubn ching minh khin =0, 1.
Gia sit diéu mubn ching minh dd ding dén
n > 1. Khi d6, theo cong thitc xdc dinh day
(fa(x)), ta co:

For1(®) =x fu(x) + 1 fo1(x)

n n—1
=X ch,k'-’/c’*'n' ch—l,k'-’/C
k=0 k=0
n+1

n—1
= ch,k—l A+ Z"Cn—l,k')/‘
k=1 k=0

n—1

=nca—10+ Y, (Cog—1+nCn_14) -5
=1

+Cnpet X+ Cpp - T (1
Vin—1van+1cécing tinh chdn 18, n- (n —
2)!! = n!! (theo dinh nghia) va = %, nén

n-Cp—-1,0 = Cn+1,0- 2)
Vin—(n—1)=(n+1)—n=11a5s61& nén
Cppn—1= Cntln (3)

@

Hién nhién, cnn = Cntln+1-

30 Tap chi pi

veimbi 1 <k<n—1 vin—k+1van—g_
c6 cling tinh chn 1€ nén:
+)Néun+1—k 1é Ehi Cnje—1 FNCn_1 =0
+) Néu n+1—kchan thi
Cpp—1 FMCn—1k

= (n=RNCE - (n—k=2)IICE_|

= (n—k)NCE_ + (n—R)IC;

= (n—k)N(CE_ | +CR) = (=), .
Do d6, cnk—1 tMCn—1k = Cn+1k- )
Tit (1), (2), (3), (4) va (5), ta dugc

n+l

for1(®) =Y cnrrp-2h
=0

Vi thé, theo nguyén I qui nap, ta c6 diéu muén
chitng minh.
Tir d6, do véi p 12 sb6 nguyén t6 1€ ta c6

cpk =0 (modp) v6imoi 0 <k < p—1
(vi Ck =0 (mod p) v3i moi 1 <k < p—1)nén

p
ap = fp(q) = kzocp,k -q” = ¢P (mod p).

hay a, — g chia hét cho p.

Binh luén va Nhén xét.

1. Theo chia sé clia tac gia bai todn, tir dinh

nghia day (a,), c6 thé thiy a, phu thuc vioq

nhu mdt ham da thiic; tir d6, ndy sinh ¥ tudng

viet a, dudi dang

an = fu(q),
véi £, (x) 12 mot da thitc. Khi d6, it cong thic
xéc dinh ddy (a,), d& dang c6 dugc cong thi
xéc dinh day da thic f,(x).
2. Ban Nguyén Tién Hocng (16p 11 Toan, Truon3
PTNK, PHQG Tp. H3 Chi Minh) ciing tiép 2
bai i ra theo huéng ciia 16 giai trén va o6 1%
gidi dung. Kh4c vdi téc gia bai toan, ban Ho/
da sit dyng ddy da thiic f,(x) dé chitng minh K&
luén ciia bai ra biing céch khio sat céc tinb B
Cua ddy da thifc d6. Cy thé, ban Hoang da ch s
minh va st dung cic két qua sau dé suy 1é
luan cla bai d3 ra:
. {fét qud 1: V&i mbin e N, f(x) 13 m@t
thic bic n, véi he sé nguyén va c6 hé 80 <
nhit bing 1, g
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o Két qud 2: V6i mdin € N*, f,(x) =n- f,_i(x) va phép tinh nguyén ham. Bén canh d6, con c6
v6i moi x € R. céc 13 giai sai do tdc gid cla cdc 131 giai d6 da
o Két qud 3: Vi mbi n € N*, néu st dung phuong phap tim sb hang téng qudt clia

, o day sb dugc cho bdi hé thic truy hdi tuyén tinh

ful@) =2t en 1 e eixt e dé tim s6 hang t3ng qudt ciia ddy (a,).

thic;=0v3imoii€ {0;1;...;n—1} man—i 4. Ngoai ban Nguyén Tién Hoang, chi duy nhét
1256 18. " ban Bii Khdnh Vinh (16p 10CT1, trudng THPT
3. Trong s6 cdc 18i gidi ma Toa soan nhin duge, chuyén Lé Hng Phong, Tp. HS Chi Minh) c6

| c6 mot 10 gidi st dung ham sinh. Tuy nhién, 16i gidi ding.

16 gidi nay chua ding do mic mot sb 16i vé
kién thiic cd ban lién quan dén chudi liy thira Ha Duy Hung - Nguyén Khéc Minh

THU TOA SOAN

Tit ngy 26/11 dén ngay 28/12/2017, Toa soan di nhin duge

* Bai toan dé xufit, bai viét clia cac ban c6 tén sau:

Truong Quang An (GV THCS Nghia Thing, Quang Ngii), Nguyén Anh Diing (Bic Giang), Trdn
Vii Duy (THPT chuyén Lé Héng Phong, TP.HCM), Nguyén Thanh Giang (Hiéu phé THPT chuyén
Hung Yén), Lé Quéc Hdn (GV PH Vinh, Nghé An), Nguyén Viét Hing (THPT chuyén KHTN,
BDHQGHN), Nguyén Ldi (GV THPT chuyén Ludng Vin Chénh, Phi Yén), Nguyén Duy Lién (GV
THPT chuyén Vinh Phiic), H6 Long Nhdt (L6p 10 Toan, THPT chuyén Lé Quy bo6n, Khanh Hoa),
Nguyén Hodng Phiic (TP Vinh, Nghé An), Nguyén Tho Tung (Ha Nbi), Ngé Vin Thdi (THPT
Pham Quang Tham, Théi Binh), Pham Viin Thugn (Trung tdm Todn Hexagon, Ha N&i), Pham Hitu
Trung (THPT Nguyén Cong Trit, TP.HCM), Vii Tién Viét (Hoc vién An ninh nhan dan).

- *Lui giai ctia cdc ban c6 tén sau:
~ Doan Héng Anh (Catherine Doan) (LSp 11, Canada), Lé Minh Quynh Anh (THCS Tran Mai Ninh,

Thanh Hoéa), Lé Tudn Anh (Lép 11, THPT chuyén L& Héng Phong, Nam Dinh), Nguyén Thdi Binh
(Ldp 10CT1, THPT chuyén L& Hong Phong, TP.HCM), Nguyén Hitu Danh (Lép 10CT1, THPT
chuyén Lé Hong Phong, TPHCM), Vii Vin Diing (THCS Ly Tu Trong, Ha Giang), Trdn Vi Duy
(THPT chuyén L& Hng Phong, TPHCM), Pham Trdn Minh Diic (LSp 10 Todn 1, THPT Chuyén

- KHTN, Ha Noi), Nguyén Dodn Hdi (L6p 10 Toan, THPT chuyén N guyén Trii, Hai Duong), Lé

Bitc Hiéu (Lép 10T1, THPT chuyén Ha Noi — Amsterdam), Trdn Khdic Hing (L6ép 11T, THPT

- chuyén Huynh Mén Pat, Kién Giang), Nguyén Quéc Huy (LSp 10CT1, THPT chuyén Lé Hong
: Phong: TP.HCM), Pham Dinh Anh Khoa (Lép 10CT1, THPT chuyén Lé Hdng Phong, TPHCM),
@ Neuyén Huyén Ngoc Mai (Lép 10CT1, THPT chuyén L& Hng Phong, TP.HCM), Lé Piic Minh

[

i
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}

}

(L6p 8T1, THCS Poan Thi Diém, Ha Noi), Trdn Hong Nguyén (THPT chuyén L& Hong Phong,
TI?.HCM), Pham Vin Long Phudc (Lép 10 Toan, THPT chuyén Nguyé~n Trai, Hai Duong), Vo
Minh Quan (Ldp 11 Toén, THPT chuyén Thiing Long, Pa Lat), Nguyén Huynh Sang (Lép 10

] chuyén Toén, THPT chuyén L& Quy Pén, Binh Dinh), Nguyén Hing Son (LSp 11A2, THPT L&

Quy Don, Nam Dinh), Nguyén Trung Son (Lép 10 Ton, THPT chuyén Huynh Mén Pat, Kién

- Giang), Nouyén Tién Tai (Ldp 12A, THPT chuyén Quang Trung, Binh Phudc), Nguyén Dodn Tién
1 (L.Gp 11A1, THPT Phi My, Viing Tau), Vé B4 Hoang Tin (Lop 10CT, THl?T Nguyén Thugng
~ Hién, TRHCM), L¢ Tudn Tii (6p 9T, THPT Luong Thé Vinh, Ha Noi), Nguyén Dinh Thanh (Lép

" 12A1, THPT Huynh Thic Khang, Quéng Nam), Nguyén Hitu Thinh (Lép 10CT1, THPT chuyén

L& Hong Phong, TP.HCM), Truong Nguyén Tran (LSp 10CT1, THPT chuyén L& Héng Phong,

" TPHCM), Biii Khdinh Vinh (Lép 10CT1, THPT chuyén Lé Hong Phong, TP.HCM), Nguyén Tuong

Vy (Ldp 10 Todn, THPT chuyén Huynh Min Dat, Kién Giang).
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CUON SACH TOAN VIET NAM PAU TIEN
Ta Duy Phugng ', Lé Dinh Son ?, Cung Thi Kim Thanh*, Phan Thi Anh Tuyet
(Tiép theo)

3.3 Céc bai toan dai sb

3.3.1 Céc bai toan 13p v giai hé phuong trinh
bac nhat

Bai 3.3.1 ST nhan toa tich du khiém phdp (Tinh
s6 hoc trd ngdi trén chiéu, trang 30b) Nay c6
mot s6 hoc trd dén trudng, ngdi trén cdc chiéu,
néu méi chiéu ngdi 5 ngudi thi thiéu 4 ngusi,
néu 4 ngudi ngdi mot chiéu thi thira 3 ngudi.
Hoi c6 bao nhiéu hoc trd, bao nhiéu chiéu?

Dip viét: Cong s6 ngudi thira (3 ngudi) va sb
nguoi thiéu (4 ngudi) dugdc 7 chiéu. Liy 5 x 7
=35 ngudi, (vi) ngdi 5 ngudi 1 chiéu thi thidu 4
ngudi, nén sb ngudi la 35 — 4 = 31 ngudi.

Giai (theo ngdn ngit hién dai): Goi x 1a s6 chiéu,
y 1a 56 hoc trd. Theo bai ra ta c6 hé:

Sx=y+4 x=17
<
4x=y—3 y=3I.

Vay sb chiéu 12 7, 6 hoc trd 1a 31.

Bai 3.3.2 (trang 31a) Nay c6 s6 quan nhan ngdi
(du tiéc) mbi ban 12 8 ngudi thi thidu 6 ngusi,
mbi ban 7 ngudi thi thita 3 ngudi. Hdi cg bao
nhiéu quéin nhén trén ban tiéc?

1 Vign Todn hoc, tdphuong@math.ac.vn

2Truimg Trung hoc Phd'théng Tinh Gia I, Thany, Hoéa,
3Thac st Hdn Nom, kimthanhhnue @ gmail.com

4 Thac si Hdn Nom, phananhtuyet.2329] @ gmail.com
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Pip viét: Cong 6 ngudi thiéu va 3 nguy ¢,
duge 9 ban. Liy 7 ngudi nhan véiné: 7 x 9=
ngudi, lai thém vao 3 ngudi, tim dugec s6 ngyj
1a 66 nguoi.

Giai (theo ngdn ngit hién dai): Goi x 1a 56 bin,
y 12 s6 quan nhan. Theo bai ra ta c6 hé

{Sx =y+6 {x =9
<

Tx=y-3 y = 66.
Véy s6 quan nhan trén ban tiéc 1 66 ngudi.
Lui binh: Cic bai toan dang ldp va gidi b
phitong trinh bdc nhdt hai dn ngay nay thudng
dugc day theo quy tic chung: Tinh D theo "ath
ban cim bét in com", sau d6 tinh x Vi ). Trong
hai bai trén ciia Todn phdp dai thanh, dlu bsu‘
cho duéi dang dic biet, b=b' = —1. Vi v@y,.f'“
cn tri hai phuong trinh (cong thita Vi i
1a trigt tidu y va tim dudgc x.

Gidi theo Litong Thé Vinh nhanh hon! |
Nhing bai toin dang nay di c6 trong o
chuong todn thudt- The Nine Chapters O 1'u
Mathematical Art (trude Céng nguyén, duq e
Hui bién tap vao Thé ki I11) va duge goi ficll
todn &R (Ying bu zu - excess % and ©

—
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A& -Doanh bfit tic-Thita khong di hay Mot
thita mdt thiéu).

O Ai Cip va chiu Au, phuong phép nay dudge
goi 1 Phuong phdp vj tri sai kép (Method of
the double false position), ngdy nay vin dugc
diing trong gidi hé phuong trinh, trong tinh gin
ding nghiém ctia phuong trinh phi tuyén,...
3.3.2 Phép khai phuong

Todn phdp dai thanh trinh bay qui tic khai
cin (khai phudng) béc hai dudi dang mdt bai
tha. Phép khai cin bic hai cin thiét trong céc
bai todn: biét dién tich (hinh vudng) tim canh,
hoic trong cdc bai toan: Chia sb tién cho sb
ngudi, biét mdi ngudi nhén dudc sb tién bing
s6 ngudi,. ..

Bai 3.3.3 (trang 38b) Nay c6 s6 tién 1a 43337
quén 6 mach 40 vin. Hoi khai phuong duge
bao nhiéu?

Pap viét: Tién tich 1a 2600 van 2600 vin, s6
ngudi 1a 5099 ngudi, méi ngudi nhan duge 5099
van, ngoai ra con du 2799 vin.

Giai: D6i don vi: 43337 quédn 6 mach 40 vin =
43337 x 600 + 6 x 60 + 40 = 26002600.

Goi x 13 s6 ngudi, ta cé

x2 = 26002600 = 50992 + 2799 vin.

- Vay mbi ngudi dugc 5099 vin du 2799 vin.

{

;, Top2561Théng 1.2018

Bai 3.3.4 (trang 38a) Nay c6 sb tién 1 2 mach 1
vin. Hoi khai phuong dugc bao nhiéu?

Bai 3.3.5 (trang 38b) Nay c6 sb tién 1a 6 mach
1 van, Hoi khai phuong dude bao nhiéu?

. Bai 3.3.6 (trang 7a) C6 sb tién 1a 198 qudn, 3

mach, 45 vin, hoi khai phuong dudc bao nhiéu?
Bai 3.3.7 (trang 7a) C6 sb tién 1a 346 quan, 5
mach 36 vin, hoi khai phudng dudc bao nhiéu?
Bai 3.3.8 (trang 7a) C6 sb tién 13 25 quén 2
mach 9 vin. Hoi khai phudng dugc bao nhiéu?
Bai 3.3.9 (trang 7a) C6 s6 tién 1 535 qudn 8
mach 9 vin. Hoi khai phudng dugc bao nhiéu?
Bai 3.3.10 (trang 7a) C6 sb tién 1a 766 quan 1
mach 24 vin. Hoi khai phudng dudc bao nhiéu?
Bai 3.3.11 (trang 7b) C6 s tién 12 1341 qudn 9
viin, Hoi khai phuong dudc bao nhiéu?

Bai 3.3.12 (trang 7b) C6 sb tién la 1587
qudn 6 mach 16 vin. Hoi (khai phudng) duge
bao nhiéu?

Bai 3.3.13 (trang 38b) Nay c6 sb tién 1a 4 qudn
11 vin. Hai khai phuong dudc bao nhiéu?

3.3.3 Céc bai toan 1ap va gidi hé phuong trinh
v6 dinh

Ngoai céc bai todn lap va gidi h¢ phuong trinh
béc nhét, Todn phdp dai thanh con cé mot sb
bai todn 1ap va giai phudng trinh v6 dinh.

Bai 3.3.14 (trang 31a) Nay c¢6 1 mach 40 vin,
mua hai loai qua, loai mot m&i qua 3 vin, loai
hai m&i qua 1 vin, hdi c6 bao nhiéu?

Thao viét (Gii so Iugc): Trude hét tinh gop gid
tién cta hai loai qua (3+1=4), i ddi don vi sb
tién dé bai cho (1 mach 40 vin=100 viin), chia
cho nhau. Mubn tim sb tién mua qua loai mét,
14y 3 vin nhén véi sb vita tim dugc. Dbi véi qua
loai hai, ciing thyc hién tuong tu.

Lai binh: Todn phdp dai thanh chi cho mét dap
sb. Giai phuong trinh nghiém nguyén 3x+y =
100, ta dugc tht ca 34 dap sb.

Bai 3.3.15 (VAn tugng ma tinh dudng nhan muc
s6 toan phap — Phép todn héi s voi, ngua, dé
va ngudi chiin dit — trang 64a) S6 voi, s6 ngya
va sb dé cdng lai dugc 1000, khong biét c6 bao
nhiéu ngudi, chi biét tdng 12 1000, (biét) (nudi
mot) voi 9 ngudi, chim ngya 3 ngudi, mdi ngudi
chiin 20 dé. Thi héi nhitng ngudi biét tinh todn
bbn phuong, c6 bao nhidu voi, ngwa, d&, bao
nhiéu ngudi?

DAp sb: V6 nhan 540 ngudi, sb dan thudng 420
ngudi, sb ngudi chin dé 40 ngudi; S6 voi: 60;
S6 nguya: 140; S6 dé: 800 dAu.

Théo viét (So luge cdch gidi): Trudc hét tinh
3 x 9 dugc 27 lam phap, 14y s6 d6 nhén véi 20
dé, tim dudc sb v nhén; (s6 vd nhén) chia cho
9, dudc sb voi; 27 “gidm cliu, gia tam”, nhén vdi
10, tim dugc sb thio nhén (dan thudng/ngudi
ciit ¢d), chia 3, tim dugc sb ngya; Lai 1iy s6 vo
nhén “giam” di 1000 ngudi, tim dudc sé muc
nhin (s6 ngudi chiin dit), 14y s6 muc nhan nay)
nhan véi 20, tinh dudc sb diu dé.

Giai (theo phuong phdp hién dai): Goi sb voi,
s ngya, sb dé tuong ting 1a x,y, 7z (x,y, z nguyén,

ey
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khong 4m). Theo bai ra ta ¢6 hé phuong trinh:

9x+3y+2/20 = 1000:
x+y+z=1000

o ] 180x+60y+z = 20000;
x+y+z=1000

o  179x+59y = 19000;
x+y+z=1000.
Gidi hé phuong trinh vo dinh, dugc hai dép sb:
1) x =1,y = 319,z = 680. Cin 9 ngudi
chdn voi, 957 ngudi chin ngua va 34 ngudi
chan dé;
Hoic

2) x = 60,y = 140,z = 800. Can 540 ngudi
chin voi, 420 ngudi chin ngya va 40 ngudi
chin de.

Loi binh 1 Li gii ciia Luong Thé Vinh chi
cho mot dap sb. N6 ciing khong phii 1a 13i gidi
t6ng quat cho bai todn dang nay (xem phan tich
ctia A. Volkov trong [4]).

L&i binh 2 Day c6 1€ 1a bai toin hay nhit va
dodc ddo nhét trong Todn phdp dai thanh. Bai
todn dang Trdm trdu trdm cd di c6 trong nhiéu
sdch todn c¢8 ciia thé gi6i (v6i nhitng phét biéu
khéc nhau nhu: ga tréng gid 5 déng, ga mai gia 3
ddng, 1 ddng mua dugc ba ga con,...), nhung bai
toan 1000 voi, ngua, dé (s6 16n) thi khong dau
trén thé gidi c6 ngoai Todn phdp dai thanh (xem
[4]). Nhiéu sach todn hién nay du6i bai Trdm
trdu tram cd thudng ghi: Mot bai toan ¢6, hoic:
Luong Thé Vinh, Todn phdp dai thanh, hoic:
Luong Thé Vinh, Dai thanh todn phdp. Theo
khao citu ctia ching toi, trong Todn phdp dai
thanh chi c6 Bai 3.3.15 (1000 voi, ngua, d&¢) ma
khong c6 bai Trdm trdu tram cé. C6 1€ Luong
Thé Vinh da di tir thuc tién Viér Nam (voi, ngua
da 1a nhitng chién binh trong quén doi nha Lg)
dé dit va gidi bai todn nay ching?

3.4 Céc bai toan hinh hoc

3.4.1 Céc bai todn sit dung tam giic vudng
dbng dang

Trong Muc 3.1 da trinh bay bélj Tho do bong.
Dudi ddy la ba bai todn dang biet bong ciia cay,
(im chiéu cao ctia cdy.
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Bai 3.4.1 (trang 64a) Nay c6 mdt cdi cdy, bén
ctia né trén mat dit dai 3 trugng, hoi cay cag
bao nhiéu?

Pip viét: Ly mot cay gdy dai 1 trugng ding
dya vao gbc cdy, thdy bong ciia né trén mi ¢fy
dai 7 xich 5 thon. Hang trén ldy béng ciy 3
trugng. Tim dudc cdy cao 4 trugng. |
Gidi (theo ngdn ngit hién dai): Goi x = g4
(thén) 1a chidu dai clia ciy. Ta cé: AOMN
AOAB. Suy ra

OM.OB  100.300
A = “oON 55 = 400.

Vay chiéu cao ciia cdy 12 400 thdn =4 trugng,

A

o N

Bai 3.4.2 (trang 26a) Nay c6 mdt cdy sio, bong
dai 40 trugng, néu nhu 14y (mét diém trén cdy
s20) chiéu cao 14 1 trugng, thi béng ciia né &
phia duéi dai 1 trugng 2 xich, hoi cdy sao dai
bao nhiéu trugng, xich, thén?

Bai 3.4.3 (trang 26a) Nay c6 mot cdi ciy 6
béng dai 10 trugng, 14y (mot diém trén cay) ca0
1 trugng thi bong ciia né & phia dudi la 9 xich,
hi cay cao bao nhiéu trugng, xich, thén?

Lai binh: Day 1a nhitng bai todn sk dung tam
gidc dong dang trong chuong trinh 16p 10 hién
nay. Bai 3.4.1 khong cho trudc mét diém trén
cdly, ma bt hoc trd i thiec nghiém (1ay g8y dai |
trugng, do béng ciia né 1a 7 xich 5 thén). Nhitng |
bai todn dang nay trong Todn phdp dai thanl |
khd don gian so vdi nhiing bai cling dang tron8
Y Trai todn phdp nhdt déc luc ctia Nguyén H
Thén (1829) hoic trong Hdi ddo todn kinh 48
Lu{ Hui (thé ki I11). Vi vay, khong nén cal
qud 18i, coi day 1a mdt déng gop todn
cua Luong Thé Vinh, nhu mot sb sé
nhén viét, ¢ :

: 18
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3.4.2 Tinh dién tich va thé tich

Todn phdp dai thanh c6 mot lugng 16n bai todn
tinh dién tich va thé tich: Tinh dién tich hinh
vudng, dién tich hinh chit nhat, dién tich hinh
thang, dién tich hinh tam gidc, dién tich hinh
mi 6ng cong (gdm hai hinh vuéng khédc nhau
v& kich thudc xép lién ké), dién tich hinh tao
bdi mot s6 hinh thang xép lién k&, dién tich td
gidc, dién tich hinh trdn, dién tich mot phén hinh
tron, dién tich hinh sing triu, dién tich hinh cai
trbng, dién tich hinh con mit, tinh thé tich cdc
khéi da dién,... Tt d6 dp dung vao céc bai todn
thuc té: tinh khéi lugng dét dip dé, tinh sb vién
gach trong xdy dung, tinh thé tich va tai trong
ciia thuyén,... S& 7 dugc tinh xAp xi bing 3. Do
dé dién tich hinh tron c6 ban kinh r trong Todn
phdp dai thanh dudc tinh theo cong thic 3r%;
Chu vi hinh tron dudc tinh theo cong thifc 6r.

Lui binh: Todn phdp dai thanh sit dung sb & xip
xi bing 3 ¢6 thé dugc coi 1 mdt minh chitng cho
kha ning day chinh I cubn sich c6 ngudn gbc
tir thé ki XV do Luong Thé Vinh soan. Trong
Y Trai todn phdp nhdt ddc luc (1829), Nguyén
Hitu Than di néi dén phuong phép tinh gin
diing s& 7 bing cach tinh chu vi da gidc déu noi
ngoai tiép hinh tron khi gip déi sé canh va lay
7 xhp xi dén 8 chit s6. Ong ciing da biét dén céc
phan sb xAp xi kha t6t sb 7 1a: 22/7 thi thita ma
157/50 thi thiéu, con 7 = 355/113 1a tét nhét.

Ghi chii: Tuong ty nhu don vi do trong lugng (1
cin=16 lang), mot s don vi do do dai va do dién
tich, thé tich ngay xua khong tudng thich vdi cic
don vi do hién nay. Thi du, 1 sao (= 360m? bang
15 thuéc vudng (1 thudc vudng —24m2 ). biéu
nay khién viéc giai mé cdc bai todn vé dién tich,
thé tich trong cac sach toan Han Nom gip nhidu
khé khin. Bai viét nay khong trinh bay cdc vi
du tinh dién tich, thé tich trong Todn phdp dai
thanh. Hi vong s& c6 bai viét riéng vé Tinh dién
tich va thé tich trong céc sach toan Han Nom.
Ban doc quan tam c6 thé tim hi€u qua tai liéu
gbe [7].

4 Thay loi két

Tim hiéu Di san sdch toin Han Nom c6 y nghia
thiét thuc trong day va hoc todn, dong thdl cling
b sung va chinh xdc héa thém mot s6 tu ligu

lich s, gép phin lam phong phi va trung thic
hon cdc giai thoai dan gian vé cdc Danh nhén
vin hoa-nha todn hoc.

Luong Thé Vinh-nha todn hoc déu tién ciia Viét
Nam-mét Danh nhén vin héa cé stic dnh hudng
va lan téa xuyén subt khong gian va thdi gian.
Ong di dugc nha nudc va nhan dan thd 1am Phiic
than. Céch day vai chuc niim, tro choi 6 506 todn
hoc (dit cac hon s6i vao céc 6 theo mot qui ludt
ndo dé, thi du, nhan d6i mbi khi sang & méi),
tuong truyén do Ludng Thé Vinh nghi ra, van
dugc tré em qué huong Ong chdi trong san dén
thd Ong (ghi theo 18i nha gido-nha skt hoc Bii
Vin Tam). Dudi ddy 1a anh tho va bifc tugng
ddng Trang ludng Luong Thé Vinh (méi dugc
cung tién), tai dén thd Ong (thon Cao Phuong,
huyén Vu Ban, Nam Dinh).

Tutgng va dnh tho tai dén thy Long Thé Vinh do
nhom tdc gid chup.

Bai viét nay trinh bay mot phin nhitng tim hiéu
ban diu vé Todn phdp dai thanh. Do khoang
cdch v& thoi gian, ngén ngit, tt duy todn hoc va
céc phuong phap tinh todn st dung trong Todn
phdp dai thanh khéac xa ngén ngi, tu duy, trinh
do6 va phuong phdp nghién cifu cda toan hoc
hién dai. Bai viét chua thé trinh bay hét nhitng
noi dung ciia Todn phdp dai thanh. Bai viét ciing
chua phan tich sfu anh hudng cta Luong Thé
Vinh déi véi todn hoc Viét Nam trong cic thé
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h¢ tiép theo, ciing nhu dnh hudng cla todn hoc
Trung Hoa lén Todn phdp dai thanh va sing tao
todn hoc ctia ngudi Viét Nam qua Todn phdp
dai thanh. Tuy nhién, ching (6i ciing hi vong
bai viét da vé lén duge mot biic tranh, tuy cln{a
thit ddy dd, nhung khd trung thyc va tudng doi
toan canh vé& Todn phdp dai thanh. Hi vong ring
trong mét ngay khong xa, lich si todn hoc Viét
Nam, trong d6 c6 Todn phdp dai thanh, s& dudc
Phé bién rong rdi hon, duge dua vio chudng
tinh gidng day va s& dudgc trinh bay ddy dii hon
trong céc sédch lich sit ton hoc.

L&i cdm on. Cic tdc gia chan thanh cim on
Gido su Ha Huy Khoai da ggi y viét bai nay va
da g6p nhiéu ¥ kién sau sic gitp nang cao chit
lugng bai viét. C4c téc gia ciing chan thanh cim
on nghién ctiu sinh trudng Pai hoc Thanh Hoa
(Pai Loan) Poan Thi L&, da cung cAp mot phin
ban dich ¥ Trai todn phdp nhét déc lyc.
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&u nén vin minh trén thé giéi.

mot phin tin ngudng ton gido,

trong dinh vi va dinh hudng. Su

€n mét cia cic ngdi sao theo thoi

nhu mot cubn “thién lich” giip

ng nghiép va danh diu thoi gian.

g cho viéc sit dung chiing, ngudi c8

Al Ung ngdi sao sang thanh nhitng hinh

nhén biét, d6 chinh 12 thoi diém khéi

oy chom sao ra 4o, Biing mét thudng ta
nhigdl i th?y khoar}g 10.000 ngdi sao, Tuy
o 0, chi ‘nhlf{lg ngdi sao sing nhéit mdi cé
06’ g‘??g va ching thudng c6 nhiing cdi tén rét
lén. : i lz' thl{ 1a phén 16n c4c ngoi sao lai c6
Al heo ticng A Rép nhu Achernar, Aldebaran,
0 ,erat’m?, Fomalhaut, Hamal,... mot vai ngé‘i
c()ac €O tén theo tiéng Hy Lap, La-tinh va s0
" lai khong r5 ngudn gée. Lich sif dinh danh

I
9P 258 1 Théng 1, 2018

sao trai qua nhiéu thing trdm, tuy vdy, dit ngudn
gbc clia chiing c6 dén tir du thi tén goi ciia cdc
ngdi sao vin 1a mdt phan di san véin hod tap thé
cua nhén loai.

Dinh danh ngbi sao

Danh muc sao dugc biét dén s6m nhét dugc cic
nha thién viin hoc Babylon & Ludng Ha (tdy A)
bién soan vao cubi thién nién ky hai truéc Cong
nguyén (TCN). Bin @ sao chinh xdc cg nhat
duge biét dén nay xudt hién tif thdi Ai Cap co
dai nim 1534 TCN. Hy Lap, tuy khong phai
12 cdi noi sinh ra viéc dinh danh sao, nhung
nhidu tén goi sao ngay nay lai bit ngudn tir day.
Mt trong nhitng danh muc sao dau tién & Hy
Lap dugc Aristillus cung véi Timocharis lap
ra vao khoang naim 300 TCN. Nam 129 TCN,
Hipparchus 1dp nén mét danh muc sao mdi,
ong so sanh két qud ciia minh vdi Timocharis va
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phit hién ra riing kinh do ciia céc ngoi sao thay
({61 theo thdi gian. Ngusi Hy Lap thudng md
ta cdc ngodi sao dua vio vi tri cta ching trong
chdm sao. Vi dy, Ptolemy néi vé mot ngdi sao
bang cich mo ta “ngdi mau db trén con mét phia
nam” d€ néi vé ngéi sao ma ngay nay chiing ta
£0i 12 Aldebaran thudc chom sao Kim Nguu.

Céch ddy hon mét nghin nim, truée ca khi Héqi
gido thinh hanh, nhiing ngudi séng & Bén dio A
Rap da dit tén cho cdc ngdi sao. Tuy nhién, tén
A Rép clia nhiéu ngdi sao xuét hién sau nay lai 12
bén dich tit nhiing mé t4 trong tiéng Hy Lap c6.
Trong cudn sdch ndi tiéng ctia minh, Hé théng
vi dai thién van hoc (The Great System of As-
tronomy), tiéng A Rép goi 1a Almagest, Ptolemy,
dya vao cong trinh cla nhitng nha thién vin hoc
Hy Lap tién bbi nhu Hipparchus, da 1ap nén mot
danh muc vé vi tr{ va d séng ciia 1.022 ngdi
sao, chia thanh 48 chdm (co s6 ciia hé théng céc
chom sao hién dai ngay nay). Sach clia Ptolemy
dugc dich sang tiéng A Réap vao khoang thé ky
thit 8, thit 9. Sau d6, vao thé ky 12, n6 dugc dich
ra tiéng La-tinh tit tiéng A Rap (chit khong phai
ban gbc tiéng Hy Lap!) va trd nén ndi tiéng &
chau Au. Nhiéu md ta trong tiéng A Rép tit cubn
Almagest sau d6 dudc st dung rong rai nhu 1a
tén clia cdc ngdi sao. Cac nha thién viin hoc Hodi
gido st dung cdch mo ta vi tri cia Ptolemy d&
dit tén cho cac ngdi sao, dong thdi ho ciing thém
vao nhidu tén méi 1y tir truyén thuyét A Rép
va nhitng tai lidu thién vin hoc Hdi gido. Trong
khi chau Au dang trdi qua thdi ky “Dém trudng
trung c8” thi thién vin hoc Hdi gido lai trén da
phat trién. C4c nha thién vin hoc Héi gido trung
¢8 ning dong trong viéc dit tén cho sao, phat
minh ra céc thiét bi thién vin c6 thé tinh vi tri
ctia céc ngdi sao, xay dung nhitng vién nghién
cifu - quan sat thién viin 16n nhim 1ap nén nhiing
danh muc sao. Mot trong nhiing thanh tyu néi
bt nhit trong thdi k¥ niy cla thién vin hoc Héj
gféo 1a Sdch vé nhitng ngéi sao ¢6 dinh (Book of
Fixed Stars) do nha thién vin hoc Hi gido Abd
al-Rahman al-Sufi (903-986) viét. Cudn sich
dudc hoan thanh vao khodng ném 964, trong d¢6
al-Sufi xem xét lai va cap nhat ndi dung cuén
Almagest ciia Ptolemy, dua vao thém nhidu tén
sao, dong thoi minh hoa day di vi tri, d¢ sang
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va mau séc ciia tht ¢ nhing ngg; sa,
biét thi d6. Céc the ky sau dé nhitng ngh ng
Rép du cuf tiep tyc dat tén cho nhﬁng “g(‘)im
trén bu trdi - vi du Aldebaran va Bete] es
- vi ho cho rang nhitng ngdi sao nay |3 tgu;
trung cho con ngudi va dong vat tran Trdi D“
Nhin chung phan 16n tén sao dugc diit gy vc:tt
vi tri clia chiing trong chdm sao, met Véi.ténj?
bén dich tryc tiép tir mé ta cla Ptolemy, mét Sf
tén khac mq ta déc tinh ggéi’ $a0 dé. Nhidy ngoo
sao co tén A Rép vdéi tiér} to “al” tuong dlmnl
véi mao tit “the” trong tiéng Anh, vi dy, Algy)
(ma ca rdng). Theo thdi gian viée thém gy g
nay trd nén kha tuy,tiép, do d6, tén clia nhidy
ngdi sao ¢ ngudn gdc A Rap khi c6, khi Khong
tién t6 al nay. C6 ngudi cho ring s& di nhij,
ngdi sao c6 tén A Rép vi ngudi Hy Lap chy
thuc sy dit tén cho cac ngdi sao ma ho chi mj
ta chiing thoi. & chau Au, vao thdi Trung C6 v
Phuc Hung, nhiéu téc gia sao chép hogc dich Li
nhiéu tén sao tit tiéng A Rap “mot cach khong
chinh xdc” vi khong tudng tan tiéng A Rap. Do
d6, trong mot s6 trudng hdp y nghia ctia tén sa
bi thay ddi hoan toan, ddi khi su chuyén ngi sii
1éch con tao nén nhitng tit khéng c6 nghia, hay
tén ctia sao ndy lai gén cho sao khac. Chinh i
vdy ma lich sit dinh danh sao kh4 phic tap.

ma g
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Hinh dnh chom sao Phi Ma (Pegasus) i g

. A ’]-kev
al-Din al-Tusi’s Tarcama-i Kitab-i Suvart I-ke

Silleymaniye Library, MS Ayasofya 25952 S

Ndm 1603, nha thién vin hoc ngudi }?ﬂ;ﬁj
hann Bayer (1572-1625) d& xuét mot hé! h
stt dung chit c4i Hy Lap dé dit tén cho cucC

520, dutge goi 12 dinh danh Bayer. Daof ™
dau ciia Bayer chia 1.564 ngdi sa0-
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ndy, tén clia mdt ngdi sao dugc bit diu biing
mot chit cdi Hy Lap (alpha, beta, gamma, vin
van) va theo sau 1a s3 hitu cdch tén chom sao
trong tiéng La-tinh, Nhitng chit céi nay thuong
gin véi ng01 sao theo d séng clia ching, ngdi
sao sdng nhit trong chom thudng dugc goi la
sao “alpha”. Vi du, Vega, ngéi sao siang nhét
ctia chom Thién Cam (Lyra) dugc goi 1a “alpha
Lyrae” (trong d6 Lyrae 1a s& hitu cdch cta Lyra
c6 nghia la “cla Lyra™). Tuy nhién, quy luat dit
tén nay khong dudc tuan thad tuyét dbi, c6 nhiéu
chdm sao ma sao "alpha" ciia né khong phai 1a
sao sdng nhét, va mdt s& chom khong c6 sao
alpha. Van d€ clia dinh danh Bayer la sb ludng
chit cdi Hy Lap chi c6 gidi han (24 chit) trong
khi sb sao sdng trong mot chdm thudng 16n hon.
Bayer m& rong céch dinh danh ctia minh st dung
chit Roman in thudng (tr “a” t6i “z”*) va in hoa
(tir “A” dén “Q”). N&m 1712, nha thién viin hoc
ngudi Anh John Flamsteed gi6i thiéu mot cach
dinh danh khac, thay vi dung chit cdi Hy Lap
ong dung sb cho phan truéc chia tén sao con
phén sau 6ng van giit nhu cich dinh danh cia
Bayer. Vi du: 61 Cygni 12 sao s6 61 clia chom
Thién Nga (Cygnus). Hé théng s nay dugdc goi
la Binh danh Flamsteed. Ngay nay hai céch dinh
danh nay van dang dugc st dung.

Pinh danh chom sao

Khii niém chom sao c6 tif thai tién st, dugc
khic trén d4 va dét sét 6 Ludng Ha khoéng 3000
TCN. C4c ngbi sao trong mdt chom thuc ra c6
khoang céch dén Trai DAt khéc nhau; céc sao 6
chuyén dong riéng nén hinh dang cda chom sao
thay déi theo thdi gian (tif chuc dén trim nghin
niim), sy thay déi hinh dang nay c6 thé d dodn
dugc dira vao chuyén dong riéng cia cdc sao do
dugc tir tric luong hoc thién thé (astrometry).
M0 t4 vé céc chom sao cd nhét ma ching ta dugc
biét dén tir mot bai tho c6 tén 1a Phaenomena,
dugc viét vao khoang ndm 270 TCN bdi nha
tho Hy Lap Aratus. Tuy nhién, bai tho ciing cho
thay ring, nhitng chom sao dugc dé cap dén c6
tit rit 1au trudc thdi ciia Aratus. Khong ai biét

chinh xdc, & dau, khi nao va ai di sdng tao ra
chiing. Nhitng chdm sao ciia Aratus khong c6
chom sao nao trén Nam Bdn clu, thleu nhiéu
chom sao khic, vi vay, ngudi ta dodn ring, tic
gid tao nén nhitng chom sao ban du nay song &
vi do khoang 36° Bic — phia nam clia Hy Lap,
béc ciia Ai Cap tuong ty v6i vi do cha ngudi
Babylon va Sumer c8. Kién thifc vé nhitng chom
sao biing cdch nao d6 dugc truyén dén Ai Cap,
tir d6 nhitng hoc gia Hy Lap biét vé chiing.

Theo thdi gian, nhiéu chdm sao méi duge bd
sung nhd déng gép quan trong ctia mot s6 nha
thdm hiém ngudi Ha Lan: Gerardus Mercator
(nim 1551); Pieter Keyser va Frederick de Haut-
mann (nhitng ndm 1600). Sau d6, hai nha thién
vin hoc ngudi Ba Lan Johannes Hevelius (ndm
1690) va Nicolas Louis de Lacaille ngudi Phap
(nhitng nim 1750) 14n lugt dién ddy cdc chom
sao trén ca hai Bic va Nam Bién ciu.

Nim 1930, Hiép hoi Thién vin Qudc té chia
bau trdi thanh 88 chom sao vdi ranh gidi 1o rang
va chinh xdc dua vao 48 chom sao liét ké trong
cubn Almagest clia Ptolemy: 36 chom nim trén
Bic Béan ciu va 52 chom nim trén Nam Bin
cAu. Véi céch chia nay, moi hudng trén biu troi
déu thudc vé& mot chom sao nao d6. Vi vay, voi
céc'nha thién vin ngay nay, chom sao khong
nhiing chi dén mot mang sao ma téi mot ving
trdi dugc xdc dinh. Trong 88 chom sao nay: 42
chom mo té dong vat, 29 vat thé vo tri va 17 con
ngudi hodc cdc nhan vat than thoai. Tén viét tit
ciia cdc chdm sao thudng 12 ba chit c4i dau tién
tr tén cla chom (vi du, Tién Nit -Andromeda-
dugc viét tit 1a And). Nhiing chom sao trén Bic
Bén ciu thudng c6 tén mang hinh anh hay tén
tif than thoai nhu Tién Nit hay Nhan M3 con
nhitng chdm sao trén Nam Ban ciu, xuét hién
sau nay, thudng c6 tén cu th€ hon nhu nhitng
thiét bi nghién citu khoa hoc hay nhitng dong vt
ma cdc nha tham hi€m gip trén hanh trinh thdm
hiém cia minh nhv chdm Vién Vong Kinh (kinh
vién vong), Luc Phan Nghi (kinh luc phan), Yén
Dién (tdc ke), Khdng Tudc (con chim 16n).

Tap 256 1 Thang 1. 2018
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PHUONG TRINH DIOPHANTINE

- BIEU DIEN MOI LIEN HE GIU’A
TUOI GS HOANG TUY VA GS NGO BAO CHAU

- Tran Vin Nhung -

1. GS Hoang Tuy va GS Ngo Bao Chau

Ngay 14/12/2017, tinh ¢ t6i doc trén FB ctia
GS Ha Huy Khodi dugc biét ring Vién Toan
hoc, Vién Han lam KH va CN Viét Nam, dané
t6 chic Hoi thao quéc té “Cac thut toan t6i wu
va cdc van dé lién quan” dé muing tho 90 cia GS
Hoang Tuy, nha toan hoc Viét Nam néi tiéng,
cha dé ctia Ly thuyét Toi uu toan cuc. GS Hoang
Tuy sinh ngay 17/12/1927 tai Quang Nam. Ciing
trong dip nay GS Ngé Béo Chau (Giai thuéng
Fields nam 2010) dang cong tac tai Ha Noi. Toi
da tim dugc mot tim anh dep chup hai nha toan
hoc Viét nam tiéu biéu Hoang Tuy va Ngé Béo
Chau (chup tai Ha N6i, khoang 5 niam trugc) va
déing tim anh d6 1én FB clia minh cling véi binh
luan nhu sau:

GS Ngo Bao Chau sinh ra tai Ha Noi ngay
28/6/1972. Cudi nim dé may bay B52 ciia My
rai tham bom & Ha Noi. Trong nhiing ngay cudi
thang 12 nam 2017 nay, ching ta dang ky niém
45 nim chién thing Pién Bién Phii trén khong.
GS Hoang Tuy la mot trong nhitng ngusi kién
tao Hé Chuyén Todn A0 Trudng dai hoc T‘)n&
hop Ha Noi (nay la Dai hoc Quéc gia Ha Noi),
tit nam 1965, khi cudc chién chbng My trén
toan qUOL dang rit khoc liét. GS Ngb6 Bio Chay
nguyén la hoc sinh A0 khoa 22.

Pé y toi thay mot diéu thu vi va da viét len FB
ctia minh: “Nam nay (2017), tudi clia GS Tuy

40 Tap chi pi

(90) vira tron gip doi tudi cia GS Chau (45)
Nam 2017 la mot nam thu vi (2017 la s6 nguyén
t6), duy nhat vi chi trong nam nay, tudi GS Tuy
viia tron gip doi tudi GS Chau? Kinh chic ci
hai GS khoe manh, thanh cong, hanh phic va
tiép tuc déng gép cho dan toc Viét Nam va nhin
loai!” Toi vira viét xong diéu nay Ién FB thi mit
ngudi ban déng nién cua minh, th?ly gido todn
¢ Thanh Hoa, Bui Quang Binh, da tra 10i ngay:
“2017 1a nghiém duy nhat!”

Facebooker Huyen Dang dat cau hoi: “Sau bao
nhiéu nam nita thi tdi GS Hoang Tuy gip b
wéi GS Ngo Bio Chau?” Mot cdu hoi by
Facebooker Pao Kién Quéc (mot dong nghlep
mot nguoi ban cia toi day Todn - Tin tai PHQU
HN) trd 18i: “Vo nghiém! Trude day thi %
khi GS Ngé Bio Chau 22,5 tudi va GS Hoan‘;
Tuy 67,5 t6i.” Anh Quéc da cho ddp S 3
hay va nhanh, nhung ding tiéc do la "h
56 thap phan, ma theo dinh nghia, nghiém
cdc Phuong trinh Diophantine phdi lag
tu nhién,

acS'

2. Mot phuang trinh Diophantine don gl ‘

O trén chung, ta da co thé doan ring 20171
duy nhit ma trong nim dé tudi ctia G
d6i tudi ciia GS Chau: 90 = 2 X 45.
mdi lign hé tudi ctia hai GS nhd phud
Dlophdntme vui, don gidn nhu sau:




Gii sif tudi cia GS Tuy & niim n duge ky hiéu 1a
T (n), nhu vay T(1927) = 0, T(2017) = 90; tudi
cia GS Chau & niim n dugc ky higu 1a C(n), nhu
vy C(1972) = 0,C(2017) = 45. Hién nhién,
véin > 1972,

T(n) =C(n)+45 (%)

Xét phuong trinh Diophantine don gian T (n) =
2C(n), trong d6 dn s6 n 1a sb ty nhién > 1972. Vi
T(n) va C(n) 1a hai ham s tuyén tinh, d& dang
chiing minh phuong trinh nay cé mot nghiém
duy nhat la n=2017. Nhu vay, tudi cia GS Tuy
diing gp dbdi tudi ciia GS Chau vao, va chi vao,
ndm 2017! Thé méi thiy sb nguyén 162017, con
s6 chi nim nay, déc biét dén thé nao!

Tir goi ¥ ctia hai ban Huyen Dang va Pao Kién
Quéc, ta c6 thé dét cau hoi tdng quét nhu sau:
Phuong trinh Diophantine

T(n) = kC(n), (%)

Vv6i k 1a mot sb o nhién ¢b dinh nao dé, c6
nghiém (duy nhét) n = n(k) hay khong? Véi
k=1 thi phuong trinh (++) v6 nghiém. Véi
k=2 thi nghiém duy nhét Ia n = n(2) =2017.
V6i k= 3 thi nghiém (khong phai s6 tit nhién)

ma anh Do Kién Quéc tim duge khong phai
nghiém Diophantine. D& thdy véi k > 3, Phuong
trinh Diophantine (%) vO nghiém.

Tiép tuc tdng qudt héa (++) ta dugc phuong
trinh Diophantine

T(n)

trong d6 k va m 12 hai s6 ty nhién cb dinh nio
d6, n 12 dn s6. V6i m = 1, (xx%) trd v& (+). Vdi
m 22, ti () va (x+x) suy ra kC™(n) — C(n) —
45 = 0. Phuong trinh Diophantine ndy va (###)
déu vo nghigm n, v8i k>3 vam > 29

Chu ¥ cubi cuing: GS Tuy sinh nim 1927, GS
Chéau sinh ndm 1972. Hai con s6 27 va 72 1
“déi xitng” va c6 hiéu sb 1a 45, ding bing tudi
ciia GS Chéiu nim nay, 2017.

= kC’"(n) (***)




PHEP NHAN

duei g6c nhin phén chia theo
lay thita cia10 vamé rong
- Lé Quang Quén’ -

Trudc hét ta nhic lai mot kién thitc quen thudc:
Trong hé thap phén, céc sé tu nhién c6 thé biéu
dién vé dang t3ng céc lily thita ctia 10 véi hé sb
khéng qud 9. Vi du:

1032 =2x10°+3x 10" +0x 102+ 1 x 10°.

Tiic 1a méi s6 ty nhién N twong dng vdi ding
mot bd (ag, ay, az, ..., am,...) 1a bd céc sb tu
nhién tit 0 dén 9 va N = ag x 10° +a; x 10! +
ax 102+ 4 ay x 10"+ ..

Trong bai viét nay, xin dugc tam goi cach phan
tich 1a cdch phan tich thap phan ctia mot sb
tu nhién.

Trd lai van d&, tif trude dén nay, chiing ta dugc
biét dén quy téc thyc hién phép nhén hai sé nhu
sau: Mudn nhdn hai sé ty nhién, ta lan lugt Idy
cdc chit s6 ciia thita s6 ndy (theo thit ty tix phdi
qua trdi) dem nhdn vdi thita s6 kia va ddt theo
hang doc sao cho méi ldn nhén sé dich sang 1
cot vé phia bén trdi rdi cong lai.

Vi du: Ta thuc hién phép nhan 2017 véi 204.

2017
X
204
8068
0
4034

411468
Ta dudc: 2017 x 204 = 411468.
Dui géc nhin ciia hoc sinh ti€u hoc hojic THCS,
chéic hdn nhiéu ban s& khdng hiéu tai sao lai phai
“dich sang 1 cot” sau m&i 14n nhan, Thuyc chét
trong céch nhén trén chiing ta dd ngdm phan
tich thdp phdn thifa s0 thit 2, sau d6 st dung tinh

14 ] K44 THPT chuyén Phan B6i Chdu — Ngh¢ An

42 Tap chi P

chéit két hop ciia phép nhan va “gidu” di csc oy
$6 0 & cubi méi sb hang.

Va ban chit ciia phép nhan trong vi du trén |y
nhu sau:

— Diu tién ta phan tich 204 = 4 x 107 +0x
10! +2 x 102

— St dung quy tic két hop cita phép nhan, ta lin
lugt nhan 2017 véi c4c sb hang trong phn tich
trén rdi cong lai véi nhau.

2017
X
204

8068

ek 00
403400
411468

Mot suy nghi thu vi diit ra riing theo cich 1arrcr
nay, 2 thita sb trong phép nhan van chua thl;{c
su “binh dng” (du chiing ta c6 sit dung 4*Y u}c
gia0 hodn thi theo cach 1am nay vin phii 18/
chit s6 clia 1 trong 2 thita sé nhan v6i S0 i
s con lai). Vay c6 thé thyc hién phép nbé1™
s theo mot céch “binh ding” hon hay Ki%
Trong phén tiép theo nay, chiing ta s€ P hiss
cé hai thita 8 theo cdch & diu bai va dua i
céch nhin méi mé hon cho phép nhén
tu nhién. ]

18
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Tru6c hét, ta xét vi du phép nhan 369 véi 247.
—PAu tién, ta phin tich:
369 =9x10046 x 10! +3 x 102
247=7x10°4+4 x 10' +2 x 102.
=369 x 247 = (9% 10°+ 6 x 10' +3 x 10?)

X (7x10%+4 x 10" +2 x 10%)

va

— Ta tim két qua bing cich di ngudge tit cich
phan tich ciia né:

—Hé s6 ciia 10° 12 9 x 7 = 63 tuy nhién hé sb
moi liy thifa trong cich phan tich thap phén
n6i trén khong qud 9, do d6 ag (hé sb cia 100
trong phdn tich thdp phdn) cta tich 1a 3 va “gui”
60 x 10° = 6 x 10! sang hang tit chita 10!.

— Tudng tu nhu thé, ta tim dugc cic hé sb
tiép theo:

Timap;: 9x4+6x7+6=284, taldy q
“glii” 8 sang ay.

=4va

Tiép tuc thuc hién ta c6 ay = 1,a3 = 1, a4 =
9a5=ag=a7=---=0.

—Ta dugc két qua 369 x 247 = 91143,

O céch 1am nay, ta thiy hai thita s6 dd c6 “binh
déng” hon, tit cach hi€u va ¥ tudng d6, chiing
ta dua ra cach thyc hién va trinh bay gon gang,
khoa hoc hon.

Trudc hét, ta xuét phdt tf md hinh nhu sau:
(Z:Z::ig:j Z:) va quy udc gid tri ciia bo
ndy 1a: a, x by +ap—1 X b2 +ap2 X bz +---+
a2 X bp—1+ay X by.

(Tam goi day 12 md hinh 1 theo tiéu chuin
“ngoai vao trong”)

- Bay gid xét phép nhan sb véi sb

"X 1% V01 80 VY 1¥n—2 - Y2V1)0
(Néu s6 chit s cia 2 thita s6 khac nhau thi ta
thém céc chit s6 0 vao diu d€ dva vé dang c6 s6
chit s6 bing nhau nhu dang trén)

Ta s& 14n lugt 14y ra cic bd sb d€ xét theo quy
tac nhu mo hinh 1.

B¢ thit i, ki hiéu b; s& dugc xdc dinh nhu sau:

XiXi—1Xi=2++
+bi: iXi—1Xi-2
YiYi-1Yi-2 -+

XnXn—1Xp—2 "~

. X2X1X0

véii<n
Y2Y1Yo

XpXn—1Xn-2 «
+bi: YnYn—1Yn=2 -« Yi—n+2Yi-n+1Yi-n

véin<i<2n.

Xi—n42Xi-n+ lxi-n>

Gid tri cla b; dudc xdc dinh theo quy udc 6 md
hinh 1.
— By gid ta xét b s6 ¢;:

co = bo; Crt1 = bpy1 + (Ck div 10) véi k < 2n.

— Khi d6 day hé sb trong phén tich thap phén
ctia tich hai sb ta dang xét s& dugc xic dinh:
ai=c;mod 10 v6i k < 2n+1; a; = 0 véi
k>2n+1.

(Vdi div 12 phép todn chia ldy phan thuong va
mod 12 phép chia 14y phin du).

— Vi du ta thuc hién véi tich 369 x 247.

6 9
w1 D o Bt el

—Ta dugc by = 63; by =78; by = 63; b3 = 24;
by =6.
=c=63;c1=84;c,=T1;¢c3=31;¢c4=9;
0520.

—Do dé ap =3; a4
Vaas =a6:a7:...

=4ar=1la3=1;a4=9
=0.
Ta dudc két qua 369 x 247 = 91143,

L&i két: Khi trinh bay, chiing ta c6 thé ty nhim
cac budc tim by, c; va ghi tryc tiép kbt qua ra
gifly. Hon thé, khi da thanh thao y tudng nay,
chung ta cling c6 thé bd qua budc ¢; va nham
14n lugt tim ra by, ap, by, ai,... Tom lai ring,
tir y tudng nay, mdi ngudi s& ¢ mot cach st
dung riéng cho minh, quan trong 14 chiing ta s&
thdy né tré nén thid vi hon, thuan tlen hon khi
thuc hién nhan 2 s6 ¢6 nhiéu chit sb. Mic du
trong khudn khd bai viét nay, viéc truyén tai hét
y tu’cmg va sy xuit phat cua n6 gdp nhiéu han
ché nthng téc gia hi vong riing y tudng trén se
mang dén cho ban doc mét céi nhin méi mé v&
phép nhan va sé phét huy dugc hiéu qua cia nd
khi ap dung thyc tin. Danh ting ban doc ciu
tho gén lién véi y tudng trén, hdy thit nghi xem
tai sao lai c¢6 cau thd nhut thé nhé!
“Phdi qua trdi rdi lai phdi qua trdi,
Ngoai vdo trong, nhdn chéo rdi sé xong”.

Tap 256 1 Thang 1. 2018
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CHIA TIEN

- Phan Thanh Hong va Nguyr_”:n Thi Nhung -

Chuyén k€ ring sau khi thodt khi tay thin Bién,
Sinbad va mét ngudi ban phai kiém tidn dé mua
V€ tau trd vé nha. Theo cdch cta nhitng ngudi
dén trén déo, ho ném da vao biy khi dang chai
dua trén nhiing cay dita cao dé chiing tic gian
va ném lai nhiing trai dita. Ho chi viéc nhit dirta
chit Ién xe va dem ra chg ban! Hém d6, mot
thuong gia da ddng y mua dita véi sb tién trd
cho méi tréi dita (bing déng sequin) bing véi
s6 dira trén xe. Sinbad va ban vo ciing vui sudng
nhan vé nhitng déng xu tién chin 10 sequin, va
mot it ddng xu 18. Hai ngudi dit nhitng ddng xu
tién chin 1én ban va cit 14n ludt méi ngudi ldy
mot ddng cho dén hét.

. ) \

_ 0i, toi lay tru’dc} ma tdi cling Ia g iy 4
cling, t0i 14y nhiéu hon anh 10 déng i)
ban kéu 1én.

— T6i 14y chd tién 1& ndy vay, Sinbad tr3 I,
Nhung ngudi ban khing khang:

— Thé thi t6i van lay nhiéu hon anh, t6i ghi
10 gidy nd cho anh nhé. :

Theo céc ban gi4y nd ciia ngudi ban ¢ gid
bao nhiéu dé khoan tién dugc chia déu?

AL"

Gy '““\)ii(ﬂ\.
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HOC LAP TRINH SCRATCH

Bui Vigt Ha

BAI 7. VE THU TRONG RUNG

Muc tiéu:

Hoc xong bai nay em sé biét:

- Lénh thiét 1ap gid tri cho mau sic.

- Thay d6i mau sdc va nét bt vé.

- V& hoa véi nhidu mau sic khic nhau.

- Lénh stamp va mét s6 ing dung.

- Thiét 18p chudng trinh ty 1am hoa si: vé cdc con thi trong ring.
Noi dung bai hoc

1. Thay ddi nét biit va mau sic

Trong bai trudc em da biét 1énh thiét 1ap mau sic cho nhan vt vé biing cdch chon
mau tryc tiép.

set pen color to

Ngoai céch trén Scratch con cho phép thiét 1ap mau clia biit vé bling céc gid tri sb
cu thé. P4 12 1énh sau:

set pen color to 0

Gié tri s6 ctia mau vé dugc qui dinh tir 0 dén 200, dai cic mau sic nhu sau:

7. ~ 2
Ddi mau cau

vong ciia
Scratch. 0 30 70 100 130 170 200
Vi du:
0 bo 70 Xanh 14 cay 130 | Xanh thim
i 30 Vang | 100 Xanh troi 170 Héng
E
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Néu chu ¥ quan sdt em sé thdy ddi mau ciia Scratch chinh 1 sic miu cgy chy Vi
that Ia tuyét diing khong. %
Cic 1énh thay d8i nét biit va thay d6i mau sac nhu sau:

‘ TOAN CUA Bl

change pen size by €9 Thay d6i do rong nét but theo gid tri ghi trong Iénh

Thay d3i gid tri mau séc clia biit theo gi4 tri ghi trong
1énh.

Vi du em c6 thé ding doan chuong trinh sau d€ v hinh nh déi mau trén;

t ize to @)
S Thiét Idp A9 rong nét biit 50, mau 0 (d3),

Két qud chion
¢ g set pen color to 0 ha biit

trinh bén.

Vong ldp 200, méi ldn di 2 budc va ting
gid tri mau lén 1. Nhu vy hét vong lip
vita véin thé hién di 200 mau.

2. V& hoa v6i nhiéu mau séc
Bay gid chiing ta sé st dung cac Iénh trén d€ vé c4nh hoa nhé. 2 chuong trinh sau
ciing vé 1 cdch hoa dai 75 budc nhung céch thé hién mau sic khéc nhau.

'< - r
set pen size to 0 v
R 8 e 05

»

change pen size byo

Xudt phdt véi nét biit = 1, di 75 Xudt phdt vi nét biit = 1, di 75 budc, sau
butdc, sau mbi 3 budc thi ting  mbi 3 budc thi ting kich thudc biit vé lén 1
kich thudc biit vé lén 1 don vi. va mau vé lén 2 don vi.

hod

Dua trén cdch vé bong hoa nhiéu cénh tir baj hoc trudc chiing ta s& vé cic bong
n canh ¢6 dang nhu cic hinh sau.

N\
{

a. Méi cdnh hoa la 1 mau khdc nhau. b. M6i cdnh hoa la 1 tdp hop nhidit
mau khdc nhau, :

. ang 1-4
46 Tap chi Pi Tap 256 1Thdnd =




Thuét todn tao c4c hoa nay nhu sau.

0O NYOL

. X
Cdch vé hoa Lip lai n 1én
n cdnh, méi V& canh hoa (theo 1 trong 2 céich trén).
cdanhdaid Di 1lui lai d budc.
bude, Xoay trai 1 géc = 360/n d3.
Chuong trinh sau minh hoa cho vé hoa kiéu a. trong hinh trén.
Chuong trinh Thiét lap cdc tho % .
! - dp cdc thong so ban ddu:
ve’ hoa Z set pen color to  pick random @ to gid tri mau ngdu nhién, nét biit =
cdnh, moi set pen size to €) 1, ha biit.
cdnhla 1 j
lef:ul.(hac Vong ldp ngodi = s6 cdnh hoa.
Doan chuong trinh vé 1 cdnh hoa
(chiéu dai = 75) c6 1 mau duy
nhdt.
“.setpensizetue A 4 bid 8 L
(T y— ] Thiét Idp nét but =1 va lui 75 budc.
»
»;’turn (D] K TN« Xoay trdi dé'vé cdnh hoa khdc.
:“, change pen color by m Thay d6i mau cho cdnh hoa
SR T 1iép theo.
Em hiy ty thiét ké chuong trinh v& bdng hoa dang b. nhé, chii ¥ ring hoa dang b.
khé hon dang a.
3. Lénh stamp
Trong céc chifc ning v& d hoa clia Scratch khéng thé khong nhéc dén 1 1énh dic
biét: 1énh stamp.
Lénh stamp s€ V€ hinh anh nhan vét hién thdi 1én man hinh. Vi du:
g 2 —— < i
Lénh stamp 'e,peat Lo/ ! %
vé hinh nhén go to random position ‘
vdt trén sdn ’
khéu. |
Chuong trinh ngdn trén sé vé 10 :
con méo ngdu nhién trén man hinh
nhu hinh bén. A
Bay gid chiing ta cing nhau khdm phd sic manh ciia 1énh stamp nay nhé.
Em héy tao 1 nhan vét méi biing cich vé 1 hinh vudng trén man hinh, cic budc
nhu sau:
- Nhdy chudt lén bicu tugng / tai khu vuc diéu khién nhan vat dé tao 1 nhén vat
méi biing céch vé db hoa truc tiép. )
T8p 2 86 1 Thang 1.2018 Tap chi Pi 47
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New sprite: ‘& / St

l_—-__) Biéu tgng tag | Ny,

vdt mgi b[ing cdch
Ve tricc tiép,

- Trong cita s& v& dd hoa nhdy nit Convert to vector dé€ chuyén sang ché dg v @
hoa bing c4c dbi tugng. Man hinh s€ thay d8i nhu }E‘mh sau vdi thanh cong ¢y Ve
nim & bén phai man hinh. Thyc hién tiép theo chi dan. -

Sopts | Costumes | Sounds

';"m comtamen "o Gew A mpon un e+ ;
; D | 1. Chon cong cunay
= | dé vé hinh vuéng/

4. Vé 1 hinh vuéng
trén man hinh, chii
¥ giit phim Shift
trong khi ve.

g
i
|

Sm a=Q
Vector Mode
.0.;— Comvertio bimap
3. Chon kiéu 2. Chon mau
hinh réng. vé tai khung nay.

- Tiép theo, chiing ta thiét 1ap tam clia nhan vat tai géc trai dui hinh vuong. Cic
buéc lam nhu sau:

1. Nhdy vao niit ndy
dé vao chitc ndng
xdc dinh tdm nhdn
vt (xudt hién 2 dudns
vuéng 8oc)-

costume H ¢ Clear . Add  Impont

#
=]
00

2. Kéo thd chugt"%°
vi tri goc r “:i
cita hinh vuon
nhd chudt.

/l—o-]OU/\;V‘?!

U
g vl
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Chii ¥ quan trong.

Vi 5a0 cin xdc dinh tam ciia nhan vat? Vi cdc nhan vit sé xoay xung quanh tdm cla

S a . o a N » P ~pe Y 2 z * K
minh nén can lam viéc nay. Trong cic budc sau em sé hiéu vi sao cin xdc dinh lai
tdm ctia hinh vuéng nay.

Bay gid chiing ta c6 thé kham pha 1énh stamp véi hinh vudng vita tao.

Em hay viét va thyuc hién doan chuong trinh ngén sau day va chay thi, két qua sé
nhut hinh bén phii.

Chii y 1a can cho hinh vuéng xoay 1 géc ddy 360 do.

2 gia tri nay phai
thda mén
4 x 90 =360

Bay gi chiing ta thay ddi 2 gid tri s (vong lip, xoay), cho vong l3p ting 1&n em s&
thiy hinh anh thu dugc trén man hinh sé rét dep.

12
| turn F) degrees
g

turn F) €D degrees
e,

Tit vi du nay em c6 thé sang tao ra nhidu hinh vé dep hon nita, sit dung cdc hinh
anh khéc nhau cia nhan vit.

4, V& cic con thii trong rirng

By gid chiing ta s€ cling thiét ké& chuong trinh chinh ctia bai hoc hom nay: vé thid
trong ring.

Tagp 256 1 Thdng 1. 2018 Tap chiPi 49
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Ve thu trong

rung.sh2 Chuong trinh sé twdong

vé hinh dnh cdc con thij
trong rieng. Con thii vg
nén sdn khdu dugc thé
hién ngdu nhién.

[10

a) Thiét Idp cdc nhdn vit
Em chi cin thiét 1ap 1 nhan vét duy nhit 12 1 con thd trong ritng.

[E.:}”Bl Thutrong rung @ so | Cosumes Sounds
X \ g Sau khi thiét Idp |
- % nhdn vdt ddu tién,
o - R nhdy vao ddy dé'bé
sung thém trang phuc
la cdc con thii khdc

muén dita vio bitc
tranh ciia em.

X y a8 4

Sprites Newsprte: & / & 3
.
Stage. Anwmals
2tadonn
{ CI]MBlThutmngrung M@ Scvs | Costmes |
‘ a % ~La) New costume:
1 s ¢/aa dinos

‘%1 ]

) Thiét lgp 1 nhdn vit

; Vdi nhiéu trang phuc

®* khdc nhau, méi hinh

| ety dnh la 1 con thii ma
| e em dinh vé trong tranh.

- Sprites tewsprte & / &y hM Sé [l(gng I hle
@ o khong han ché.
Stage Animals i E‘;

a/an woness

haraste
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b) Thiét igp nén san khdu. 9]
(=] z
8, B7. Thutrong rung @ o P =

. dt New backdrop: 8
v ] “d . . < i
./ a, Nhdy vao nut nay dé bd ;

R sung nén san khdu. C6 thé

B | v s b sung khong han ché sé
Fr litgng nén sdn khdu chinh
ﬂ la nén ciua bic tranh em
ortenrock dinh ve.

X9 ¥ %0 «

Sprites Newsprte. & / &3

¢) Ldp trinh cho sdn khdu

San khu sé hién ngiu nhién mot trong céc hinh anh nén sau khiu.

switch backdrop to pick random oto 9 i

d) Ldp trinh tw dng vé cdc con thii trong ring

Chuong trinh rit don gian, chi bao gdm 1 vong 1ip theo sb lugng trang phuc nhén
vat. Tai m&i budc 1dp, nhan vat s& chuyén dong dén 1 vi tri ngéu nhién trén man
hinh, thyc hién 1énh stamp va chuyén sang trang phuc va vong ldp tiép theo.

Doan chuong
trinh chinh
Vé thii trong
ring bing
Iénh stamp.

Bai hoc hom nay dén day két thiic. Hy vong cic em cam thiy vd cling bé ich va thu
vi qua bai hoc nay.

l
|
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BELE
CUOCTH

1. Muc dich: :
Khuyén'khich' phong | trao hoc Toan' qua' cac
bailtoan. ' :
2. Thoi gian t6 chirc cudc thi:| e
Hang nam, bat dau tir thang|1'nam|2018;
3. Doi twong du thi: e
Hoc sinh phd thong va sinh vién dailhoc, cao
dang nim thitinhAt. i

4. Cac bai toan thi:

(At cal cac bai toan duge dang, tai irong muc ‘
Thach thitc ki nay va Quéan Toan cia Tap chi'Pi;.

tir's6 1 dén s6 12 ciia nam t6/chite cuoc thi(sa
day. goi chung 12 bai ton thi)!
5. Bai du thi hop Ié:

Tat ca 10i gidi cho cac bai toan thi, dugc il

t6i Toa soan tritdc ngay mung 1 cia thang phat
hanh s6 Tap chi déng tai cac 19i giai d6,

6. Phuong thitc chAm bai:

Chi cho diém céc 15i giai diing. M5i 15i giai
ding (khong phu thudc céch gidi, cich trinh
bay) dugc cho 1 diém; 15i giai dung va cach gii
ngan gon dugc thudng thém khong qua 1 diém
(nghia la dudc cho dén 2 diém), 1i giai ding,
céch giai ngan gon va déng thoi 15i giai dugc

trinh bay ' mach'lac, sangisua dudc thudng thay,
khong: qua 2" diém’ (nghia 13  duge cho dén

3/di€m).

7. Phitong thitc tinh didm xét giai:
Diém dexét gidi ciia mbi hoc sinh du thi, ki

- hiéullas, 1a diém tng hop cic diém ciia md; [i;

gidiichomoi bai toan thi va dudc tinh theo cong
thic sau:

= Df)i»vdi hoc sinh cip THCS:

T
i 2
VOi hoc sinh cip THPT va sinh vién dai
0'dang nim thit nhit:

S=a+b-—+c,

T

S=a-—+b+c,
A Alocs
trong do, a 1a t6ng diém ciia tht c cic 16i gii
cho/cac bai toan danh cho cép THCS, b la téng
diém cla tit ca cdc i gidi cho cc bai toin
danh cho cip THPT v ¢ I3 tong diém cia tat c2
cdc Ioi gii cho cac bai todn trong Chuyén mie
Quin Toan,




8. Phurang thircxetigini:

_ Chi xétigiai d6ilvéilcac hocisi
giai khong ithhon: :
+ 97 di€m, @61 véi hoc sinh cap TH

+ 237 diém, 86 v6i hoc sinh cApTHPT vasinh T

vién dai hoc, cao/dang ndm thitmhat:

_ Xét gidi riéng cho/m6i nhém!doi tugng:

+ Nhém 1z Hoc sinh cap THCS;

+ Nhém 2: Hoc sinh cap THPT va sinh vién'dai
hoc, cao dang nim thit nhat.

9. Co cu giai va mitc thudng:

Mbi nhém ddi tuong dudc xét trao:

~Khong qua 7 giai Nhat, méi giai dugc thudng
97 tién'mat, 1 ndm Tap chi Piva 1l do Pi;

— Khong qua 37 giai Nhi, mbi'giai dudc thudng
67 tién mat, 1 nam Tap chi Piva 1 4o Pi;

— Khong qué 107 giai Ba, mdi giai dudc thudng
37 tién mat, 1 nim Tap chi Piva 1 4o Pi;

— Khong qua 157 gidi Pi (%), moi giai dugc
thudng 1 nam Tap chi Pi va 1 4o Pi.

Ghi chii: 177 tién mit = 314.159 dong

Cin cit két qua cudc thi ciia timg ndm, Ban gidm
khao cudc thi c6 thé xem xét trao gidi Ddc biét
cho nhiing hoc sinh ¢4 151 gii hay, doc ddo. Moi
gidi Dc biét dugc thudng 157 tién mit, 1 ndm
Tap chi Pi va 1 4o Pi.

Ngoai cac gidi chinh va phan thuéng néu trén,
¢6 thé c6 céc giai phy, cdc phan qua do cac
don vi tai trg hodic cdc nha héo tam 4n dinh cho
cudc thi ting nam.
Hoc sinh dat gidi Nhét va giai Déc biét sé dugc
4 thu gidi thiéu vdi cic

GS. Ngb Bao Chau vie

el i ,
" — Phan thudng sé diigcitrao cho cachoc sinh dat
' gidilvao ngay 31 thang 3/ctiandm lién sau nam

10, Thoi/gian cong bo gi?li valtrao thiréng:
= KEtiqua cuocithi se!dudc cong b6 trén Tap
chi'Pilsb thang 3/clia nam lien sau nam 0 chic

6 chitc cudc thi, tai hai dia diém: Ha Noi va TP.
Ho Ghi Minh:

11. Ban giam khao:

_ Trudng ban: GS. Ha Huy Khodi, Tong bién
tap Tap chi Pi;

_ Phé Trudng ban thuong truc: Nguyén Khic
Minh, PhéTong bién tap kiém:Trudng ban bién
tap Tap chi Pi;

_ Ph6 Trudng ban: Tran Nam Diing, Ph6 Tong
bién tap Tap chi Pi;

_ Thu ki: Nguyén Thi Lé Huong, Ph6 Tong bién
tap kiém Thu ki Toa soan Tap chi Pi;

— Céc iy vién: Thanh vién cia Nhém Théach
thic Toan hoc Tap chi'Pi.




CHUONG TRINH PAO TAQ
TOANHOC

TRUONG DAIHOC THANG LONG - VIEN TOAN HOC

Nhim khuyén khich hoc sinh, sinh vién chon
Toén hoc lam nghé nghiép cha minh, Trudng
Dai hoc Thiing Long két hop véi Vién Todn hoc
(Vién Han 1am Khoa hoc va Céng nghé Viét
Nam) mé Chuong trinh dao tao Ctt nhan Todn
hoc chét lugng cao.

bay s& 1a chuong trinh thyc hién lau dai, bt diu
tuyén sinh tit ndm hoc 2018-2019.

Nhitng noi dung chinh cda Chuong trinh
bao gdm:

I/ Dao tao dai hoc

1. Vién Toén hoc chiu trdch nhiém chinh trong
viéc xay dung chuong trinh, t8 chitc gidng day
céc mén Todn, Trudng Dai hoc Thing Long chiu
trch nhiém quén Iy chung, t§ chiic giang day
cdc mon chung.

2. Chuong trinh d#o tao s& dugc xdy dung trén
cd 56 chuong trinh cha mot sb trudng dai hoc
tién tién trén thé gidi, c6 dinh huéng manh v&
Toén ng dung.

3. Vién Toén hoc tao diéu kién d€ c4c sinh vién
trong hé dao tao nay tham gia mién phi céc hoat
ddng khoa hoc tai Vién (seminar, trudng chuyén
biét Xuan-Hg, hoi thao khoa hoc), sit dung thu
vién, Internet. .. clia Vién.

4. Trudng Pai hoc Thing Long hd trg kinh phi
hoc tép cho 20 sinh vién theo hoc Chuong trinh
nay méi khéa. Hoc bdng d trang trii toan bd
hoc phi va mt phan chi phi sinh hoat,

5. Vién Todn hoc phéi hgp van dong cac c4
nhén, don vj khic tai trg hoc béng cho sinh vién
cta Chuong trinh.

6. Vién Todn hoc va Trudng Pai hoc Thing
Long hé trg cac sinh vién tot nghiép Chuong
trinh dao tao nay tim viéc 1am tai cc dgn vi dao
tao, kinh doanh, cong ngheé cé st dung nhan JU

vé Todin cling nhu gi6i thiéu ho hoe tiép trgp,
nudc va ngoai nudc.

7. Biing t6t nghiép ciia Chudng trinh ndy
nhén sy hop téc, bang diém c6 chi ky
trudng Trudng Dai hoc Thing Long
trudng Vién Toédn hoc.

8. Nhitng sinh vién khong dam bao yéu ciy tiép
tuc theo dudi chuong trinh c6 thé chuyén sang
hoc céc 16p thudc Khoa Toan-Tin ciia Trubng
Dai hoc Thing Long. ‘
II/ Dao tao NCS nganh toin |
1. Trudng Dai hoc Thing Long tai trd nghién
cifu sinh tai Vién todn hoc théng qua hinh thiic
ky hop ddng lam viéc nhut c4n b bén cd hitu iy
Vién Toén hoc va Khoa hoc ting dung Thing
Long (Thang Long Institte of Mathematics and
Applied Sciences - TIMAS), hop ddng c6 thoi
han 1 nédm, va ¢6 thé gia han dén 3 nim.

2. Hoi dong do Vién Toan hoc va Truong Pai
hoc Thing Long thanh 13p s€& xét duyét, quyét
dinh danh sich c4c NCS dugc tai trg trén co s

0 ghi
Cua Higy
va Vigy

|
|

d2 xudt cia Vién Toén hoc. i
Chi tiét v& ding ky, du tuyén d€ theo hoc
Chuong trinh sg s¢m dugc cong bb trén web-
hoc va Trudng Dai hoc

site cia Vién Todn
Théng Long,

Y=e(wQ)+s>15

Vi(w)=>



DU’GNG VAO TOAN HOC

BIEU DIEN Ze(; enc

& TRO CHOI

- Nguyén Chéau Anh! -

POI NET VE BIEU DIEN ZECKENDORF

Biéu dién Zeckendorf tuy con chua thyc sy phd
bién nhung lai 12 mot d8 tai toan hoc v6 cung
hép din va ddy tiém ning, chung ta ciing tim
hi€u xem né 1a gi va ¢ didu gi thd vi & biéu
dién nay nhé!

Ngudn gbc sau xa clia biu dién Zeckendorf
chinh 12 ddy Fibonacci vén d4 ching con gi xa
la v8i chiing ta nita. Nhu c4c ban da biét, ddy
. Fibonacci 1a diy v6 han céc sb tu nhién bét du
biing hai phén t& 0 va 1 hofic 1 va 1, véi quy
luat sb 1ién sau bing tdng ciia hai s6 hang lién
trude: 1, 1, 2, 3, 5, 8,... Tuy nhién, dbi véi biéu
dién Zeckendorf, d€ d4m bao tinh duy npﬁt, day
Fibonacci dugc sit dung lai 1a ddy bat dau bing
hai phén ti 1, 2 véi coéng thiic truy hoi la:

{

\

1, néun=1
F,=1(2, néun=2
\ Fpo+F,_1, néun>2

I Tiép dén s& 12 khé niém vé Biéu dién nhi ghdn
Fibonacci, mot biéu dién chi gdm hai phéan t&
0va 1, nhung lai khong hé don diéu ma nguge
lai con vo cing thi vi 4y chif! M6t s ty nhién
s& dugc chuyén vé dang bi€u dién nhi phan Fi-
bonacci theo cac burde tuln ty:

"Hoc sinh Ip 11A, truomg THPT TH School, s6 4-6 Chi,

lor
Fiaonacci Nim

e Phin tich s d6 thanh t8ng cla cac sb hang
thudc day Fibonacci.

e Theo thi ty gidm din, tif trdi qua phai, s6
hang nao nim trong téng vira phén tich thi
dénh s 1, sb hang nao khéng nim trong
tdng d6 thi d4nh s6 0.

Vidy:23=21+2=F+F,=1000010

Déi v6i Biéu dién nhi phdn Fibonacci, ta c6 2
tinh chit thy vi:

Tinh chéit 1: Moi s ty nhién déu viét dugc dudi
dang biéu dién nhi phan Fibonacci.

Tinh chit 2: Mot s6 tu nhién c6 thé viét duge
dudi dang nhiéu biéu dién nhj phan Fibonacci
khéc nhau.

Hai tinh chit nay chu’ng minh rit don gian va
khong hé mit qud nhiéu thdi gian. 6 tinh chat
1, ta xét mot sb tu nhién A bét ki. Goi F, 1as6
Fibonacci 16n nhét bé hon A. Khi d6 A = F, +
A’. Phan tich A’ tuong tu nhu phan tich A, 1in
lugt nhu vdy dén hét, ta s& luon biéu dién duge
A thanh tdng ciia cdc s6 hang néim trong diy
Fibonacci, tir d6 biéu dién dugc thanh bidu didn
nhi phan Fibonacci.

Déi véi tinh chit 2, ta chi cin lay mdt vi du cu
thé 12 da c6 thé chiing minh dudc:

19=13+5+1=Fs+Fy;+F; =101001

a Béc, Quang Trung, Pong Da, Ha Néi.

|
i
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’ PUONG VAO TOAN HOC

19=13434241=F+RB+kR+A
= 100111

Ly do t6i viét vé biéu dién nhi phan Fibonacci
& trén day 1a do: Biéu dién Zeckendorf chinh 1a
mét bi€u dién nhi phan Fibonacci dic biét, dy 1a
khong c6 hai chit s6 1 nao diing canh nhau, hay
hi€u mét cach don gidn la cach biéu dién mot
s6 ty nhién dudi dang tdng ciia cac sé Fibonacci
khong lién tiép. Biu dién Zeckendorf ciing c6
mot tinh chat khd quan trong va ciing khong
kém phén thd vi, 4y chinh 1a Su tn tai duy
nhdt da dugc phat bidu trong dinh ly Zeckendorf
nhu sau:

Dinh Iy 1. Mot s6 nguyén duong cho triedc luén
biéu dién dwoc dudi dang mét biéu dién Zeck-
endorf duy nhdr.
DE ching minh tdn tai, ta c6 thé sit dung nguyén
1y quy nap, con d€ chiing minh tinh duy nhét céia
bi€u dién Zeckendorf, ban doc c6 thé sit dung
b3 dé sau:
BG dé 1. Moi biéu dién Zeckendorf ¢6 n chit s6
thi luén bé hon F, 5.
B3 @ nay dugc chiing minh don gidn cling bing
nguyén ly quy nap. Ban doc hay thit chiing minh
bd dé nay va tinh duy nhit cia biéu dién Zeck-
endorf xem nhé! Mot goi ¥ nhd d€ ching minh
tinh duy nhit 1a st dung phuong phdp phin
chitng, gia st ton tai hai biéu dién Zeckendorf
clia mdt s& nguyén cho trude va 1ap luan ching
minh didu d6 13 v6 1y.
Tiép theo sé 12 13i gidi ddp cho nhiing thic méc
vé phuong thic bi€u dién Zeckendorf dugc hinh
thanh, tir mot sb ty nhién A bét ki, va tir mot
biéu dién nhi phan Fibonacci vén ton tai hai sé
1 lién tiép.
e Tir mét s tu nhién
Pé chuyén mét sb6 tu nhién A bit ki vé
biéu dién Zeckendorf, ta tién hanh tudn ty
ba budc:
Budc 1: Xétnsaocho F, <A < F,y1.
Budc 2: O hé sb ciia F, ta cho biing 1.
Budc 3: Liy hiéu cla A — F,, ta xét céc
truong hdp sau: .
o A—F, # 0: quay vé buéc 1
o A— F, = 0: két thiic thuat toan

56 Tap chi Pi

Khi d6 ta c6 bi€u dién Zeckendorf g, A
Tit biéu dién nhi phin Fibonacej
Nhu cdc ban di biét vé cong thic o, p
Fibonacci 1a F;, = Fg—l + Fy_2 thi m§; hepy
01 1 sé dudc chuyén thanh 1 0, Thye higy
phép ch}Jyén tir trdi qua phai, ta s¢ i quyly
dugc bit ki hai s6 mot lién tiép ny, Ty
nhién, néu chuyén nhu viy thi mipy phii
chay lai vong chuyén rt nhidu Iin, vi ¢, khi
chuyén nhém 0 1 1 thinh 1 0 0 thi nhé |
1 1 5& dugc viét thanh 1100, vin t3n tyi g
s6 1 lién tiép nén phai chay lai t trji sap
phéi mot 1dn nita. Néu ddy c6 nhidu phgy
nhut vdy, thdi gian chay ciia thudt todn rét g,
dd phifc tap cao.

Qua thyc nghiém, ching toi xét thiy, khi
chay vong chuyén nhiéu 1an, méi nhém ¢4
dang10101...01 1 (c6 vong I3p nhém
(01) n1an & giita hai s6 1) thi déu viét duge v&
dudidang 1000...0 (2n+2 chit s6 0). Vi
dutacé phép chuyén: 10101011=>101
01100=10110000=11000000
=10000000 (n=3). Vi vy, thay vi im
nhiing nhém 0 1 1 rdi chuyén thanh 100va
phéi chay vong 13p nhiéu 14n, ta sé tim nhiing

: 18
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nhém 10101...01 1 (c6é vong ldp nh’ém
(01) 1 1An (n c6 thé biing 0) & giia hai s6 )
rdi chuyén thanh 1000 ...0 (2n+2 chit sb
0) thi s€ khong phéi chay lai, thai gian chay
ciia thut todn 1a tuyén tinh, d6 phic tap 1a n.
Vi du: Chuyén biéudiénA=10101110
1 1 thanh biéu dién Zeckendorf.
o Xétnhém thinhdt: 101011=100
0000.Khid6:A=10000001011

o Chuyén nhém thit hai, tacé: 1011 = 1
0000.Khidé:A=10000010000

Thirlai: 101011101 1=Fo+F+Fg+
FE+F+FR+F=152=F;+F=1000
0010000 (Dbung)

Sau khi chuyén dugc vé bi€u dién Zeckendorf,
toi xin phép dudc gidi thigu t6i ban doc thuit
toan thuc hién phép cong hai biéu dién Zeck-
endorf véi thti gian chay tuyén tinh (tdc thai
gian thyc hién phép tinh twong duong véi cong
6 hé thap phan) nhu sau:
¢ Budc 1: Cong déng cot binh thudng nhu
phép cdng hai sb thap phan.
e Budc 2: Tir trdi sang phai, thuc hién céc
phép déi sau (trit hai chit s§ cubi)

3y im0 e

AR,

©011=100(Do Fy_s+F,_1=F,)
©0200=1001
(D02*Fn—l=E1—1+E1—I=Fn~l+
Fi2 +Fi3= Fn+E1—3)
©00300=10001
(Do 3+F 3 =2%F_+F,_, =
Fn—l +Fi_s +F;1—2 =F, +Fn—4)
o Budc 3: X1 Ii hai chit s6 cubi:
0 03=11
(Do3*F =2%F +F =FH+F)
©02=10(Do2*F =5)
013=110
Do ”+3xFi=(B+F)+2*F
=F+5R)
020=>101
(DOZ*F2=F2+F2=F2+(F1+F1)
=F+F)
©o21=110
Do2*F +F =FE+F) + I 23
=F+5)
©30=111
Do 3 * B = E+B+R+F
=B+F)+Bh+RA=FB+FKh+F)
o 12
*x012=101
(D0F2+2*F1=(F2+F1)+F1
=F+F)
*x112=1010
Do (B+FR)+2*F =F4+F)
o Budc 4: Chuyén két qua v& bidu dién

Zeckendorf.
Vi du:
10100101
+
10101
Cong donghang: 10110202
Chuyén: 1100100

11001011
Chuy&nvé Zeckendor:: 10001 0 0 00

Thfrl:_:i:10100101+10101=51+12=
63=100010000(Dzing)

/1

|

¥
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’:DUONG VAO TOAN HOC

Ngoai phép chuyén va phép cong nhu t6i da
trinh bay & trén, ban doc c6 thé tim doc bdo
cdo “@ie"u dién nhi phan Fibonacci” (tac gia:
Nguyén Chau Anh, Lé Ngoc Trudng Giang)
trén website chinh thifc cia trai he Todn va khoa
hoc MaSSP: www.masspvn.com dé hiéu thém
V& céc phép tinh trir, nhan, chia, néng 1én liy
thira gitta hai biu dién Zeckendorf hay tham
khao bai chitng minh dinh 1y Zeckendorf hoan
chinh nhé!

UNG DUNG CUA BIEU DIEN ZECKENDORF VAO
TRO CHOI FIBONACCI NIM

Biéu dién Zeckendorf c6 kha nhiéu ing dung
hay, ddc biét 1a trong linh vuc vat 1y lugng ti,
tuy nhién t8i xin phép chi gi6i thidu dén doc
gid mot ¥ng dung co ban va don gidn nhit clia
n6, 4y 1a tng dung vio trd choi Fibonacci Nim.
Fibonacci Nim 132 mét trd chdi todn hoc bién
thé tif trd choi Nim truyén thong, dugc Michael
J. Whinihan mé t4 1an dAu tién vio nim 1963
va di ghi nhan sang ché cho Robert E. Gaskell,
tuy chura thyc sy phS bién nhung lai 12 mot trd
chai vo ciing hip din va thi vi, gay dugc nhiéu
hing thad.

Luat choi

Fibonacci Nim! 12 mot tro choi danh cho hai
ngudi. Ludt choi vo cling don gian, ngudi choi
luan phién nhau nhit sdi tif mot dbng sbi cho
trude. Trong lugt bdc dAu tién, ngudi choi khong
dudc bbe toan bd dbng s6i. Trong cic lugt bbe
tlep theo, ngudi chai khong dugc bbc qué hai
1an lugng s6i dudc bbc trong lugt bbc ngay lién
trudc d6. Tuong ty nhu tro choi Nim truyén
théng, ai bbc dudc vién soi cubi cung sé 1a ngudi
théng cudc.

Chién thuit tbi wu

Goi g 1a sb lugng s0i 16n nhét hién tai c6 thé
dudc bbc (g thay d6i theo méi lugt béc s6i), lugt
dAu tién bbc mot vién, cdc lugt sau bbc khong
qua hai 14n lugng séi dugc béc trong lugt bdc
lién trudc do. Biéu dién luong s6i chua dugc
béc con lai dudi dang "Biéu dién Zeckendorf".
Mot vi tri béc bi xem la diém thua cho ngudi

176 choi ndy cdn ditge phan biét 1o rang voi mot tro choi khdc cang cd tén goi la Fibonacei Nim, khi md """‘m
s6i la sé thuéc day Fibonacci trong mdi ldn bée.

chi ditge boc mét lugng

chuén bi bbc khi g bé hon s6 Fibonacci nho nhi
trong bidu dién va diém thdng 1a nguge laj, Tai
diém thdng, ngum chdi ¢6 thé béc toan b 5§
soi con lai (neu dudc phép) hoic bée mot lugn,

s biing s6 Fibonacci nho nhét trong bidy diép, |

Khi d6, d6i thi sé phax dbi mit véi digiy thig,
vi ¢ mdi s€ nho hon s6 Fibonacci nhd nhit tron
biéu dién Zeckendorf ctia dong sdi con lai. Ty
diém thua, bt ki luong bde nao hap 1& cling s
din dén diém thdng.

Dic biét, neu trong d6ng séi ban diu c6 lugng
s6i 1a mot sb Fibonacci, ngum thit nhét s& thy,
va nglIdl thit hai danh chién thing. Tuy nhién,
neu s6 lugng s6i ban dau khong phai 1a mgt
s Fibonacci, ngudi choi thit nhét s& ludn ludn
thing vdi chién thuat t6i vu nay.

Vidu

Gia stt lic diu ta c6 10 vién sbi. Biéu dién Zeck-
endorf sé 12 10 = 8 + 2. Khi d6, chién thuit
théng cho ngudi choi thit nhét s& 12 bc mot
lugng soi bing s6 Fibonacci nhd nhét trong biéu
dién, trong trudng hgp nay s& 12 2 vién, d€lai 8
vién. Ngudi chai thit 2 duge béc nhiéu nhit a4
vién theo luét choi, nhung néu béc nhiéu hon2
vién thi ngudi choi thi nhét c6 thé bbc toan bd
dbng s6i con lai va danh chién thing. Ta xét hai
trudng hop:

o Trudng hop 1: Gia sit nguoi thi 2 boe 2
vién. Con lai 6 = 5 + 1 vién sbi, ngudi thit
nhét t1ep tuc bbc mot lugng soi bing s6 Fi-
bonacci nhd nhét trong biéu dién, tic lal
vién, d€ lai 5 vién. Ngudi thit 2 dudc bdc
nhigu nhit 1a 2 vién, nhung néu lam \’J) y thi
ngudi choi thit nhit c6 thé béc toan bd d"““
s6i con lai va danh chién thing. Viy ngudi2
chi c6 thé bbc 1 vién. Lugng sdi con laila#
=3 + 1 vién. Mdt lan nita, theo Chlen thudt
t8i uu, ngudi thit nhit béc 1 vién, | dé la‘
vién. Bay gid ngudi thit 2 c6 thé boe “h“’" -
nhit 2 vién, nhung da bbe 1 hay 2 vién
ngudi thu nht ciing s& danh chién thing K
¢6 quyén bbc toan bd sb s6i con lai.
Trudng hep 2: Gia sit ngudi thit 2
vién. Con lai 7 = 5 + 2 vién soi, ngﬁ?"
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nhét tiép tuc béc mot lugng sdi bing sb
Fibonacci nh6 nhit trong biéu dién, tic 1a
2 vién, d€ 1ai 5 vign, Ngusi thit 2 duge bée
nhiéu nhét 12 4 vién, Ta xét céc kha nang xay
ra sau:

o Ngudi thit 2 bée 4 vién, con lai 1 vién.
Ngudi tht nhit c6 quyen bbc nhiéu nhat
7 vién, nhung chi cin béc 1 vién sdi cubi
cung va danh chién théng.

o Ngudi thi 2 béc 3 vién, con lai 2 vién.
Ngudi thit nhit co quyén bbc nhiéu nhit 6
vién nhung chi cin béc 2 vién cudi cling
la cling danh chién thing.

o Ngudi thi 2 bée 2 vién, con lai 3, ngudi
thit nhit c6 quyen bbc nhiéu nhat la 4
vién, nhung chi cin béc 3 vién cubi cling
1a cing danh chién thing,

© Ngudi thi 2 béc 1 vién. Lic nay con lai
4 =3+ 1 vién séi. Nguox th nhét theo
chién thuat t&i wu béc 1 vién. Con lai 3
vién. Ngudi thif 2 duge bbe nhidu nhét 1a
2 vién:

* Ngudi thi 2 bbc 1 vién, con lai 2 vién.
Ngudi thit nhét duge bbc nhiéu nhit

cifu sinh trudng dai hoc MIT, M§), anh Hb
Piic (nghién citu sinh trudng dai hoc Chicago,
My) véi tu céch 1a head mentors mon Todn cta
MaSSP 2017; anh Trin Hong Quan, chi Triéu
Thu Ha ciing cdc anh chi mentors khdc, ciing
nht cdc ban trai vién ciia trai heé MaSSP 2017
da hudng dén, gitip d3 va tao didu kién hét minh
d€ chiing t6i c6 thé hoan thanh dé tai nghién
cifu ciia minh va gidi thiéu véi doc gia trong bai
béo nay.

Tai liéu tham khao:

[1] Ahlbach, Connor and Usatine, Jeremy and
Pippenger, Nicholas. 2012. Efficient al-
gorithms for Zeckendorf arithmetic. arXiv
preprint arXiv:1207.4497

Zeckendorf, Edouard. 1972. Représenta-
tion des nombres naturels par une somme
de nombres de Fibonacci ou de nombres
de Lucas. Bull. Soc. Roy. Sci. Liege. 41,
179-182.

[3]1 Alpert, Hannah. 2009. Differences of mul-
tiple Fibonacci numbers. Integers, 9(6),
745-749.

2

—

la 2 vién nén c6 thé bfA)C ludn 2 vién  [4] Peter W.Shor, Stephen P.Jordan. 2008. Es-
cubi cling va danh chién thing. timating Jones polynomials is a complete
* Ngudi thit 2 bdc 2 vién, conlai 1 vién. problem for one clean qubit. Quantum In-
Ngudi thif nhit duge béc nhiéu nhat formation Computation. 8, 681-714.
4 vién nén c6 thé,bc‘)c lu6n vién cubi  [5] Vajda, Steven. 1992. Mathematical
ciing va danh chién thang. Games and how to Play Them. Ellis
Ban doc hiy thit thiét ké trd chdi clia riéng minh Horwood series in mathematics and
va kiém nghiém xem chién thuat nay da t6i uu its applications. Ellis Horwood. URL:
~ chita nhé! Qua thuc nghiém, biét dau ching ta https://books.google.com/books?id=Rinv
¢4 thé phat hién ra nhiing tinh chit todn hoc méi AAAAMAA]J.
- lavavd ciing thu vi déy! [6] Whinihan, Michael J. 1963. Fibonacci
Lai cudi itnw, eha phep 161, téc giA ciia bai vidt Nim. Fibonacci Quarterly. 1(4): 9-13.
nay, duge gdi 161 cam on chan thanh nhit dén  [7] Alfred, Brother U. 1963. Exploring Fi-
Vién nghlen citu cao cip vé Toan VIASM véi bonacci numbers. Fibonacci Quarterly. 1
- vai trd dong t6 chifc trai he Todn va khoa hoc (1): 57-63. See "Research project: Fi-
MaSSP 2017; chi P6 Thi Thu Thao (nghién bonacci nim". p. 63.
:
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NHUNG THAY poI cUA
co Gle TAM

clia ¢6 gido Tam, huyén Vinh B&o, Hai Phong)
- Chu Cim Tho -

:‘KHONG,PHA”I BAI KHO MOT HAY
KHONG PHAI HOC THUQC THI SE NHO”

Cb gido Tam ciing nhu nhiéu gido vién day todn
3 THCS khéc déu thiy rit dp lyc khi day hoc
sinh khong gidi Todn. C6 néi: “Ca tiét hoc cb
dé giang cho cac ban hoc sinh hiéu va lam dugc
nhiing bai toan cd ban nhét ciing da khé, hudng
hd phai 1am sao dé cdc hoc sinh c6 thé thi duge
diém kha trd 1én trong ky kiém tra”.

Sau ddy la nhitng yéu ciu ma c6 Tam muén hoc
sinh cta minh lam:

1. Hoc thuéc céc dinh nghia, tinh chét, quy tic
gi4i nhitng bai todn cd ban ma cd da chita mu.
2. Nhan dang dugc, 4p dung ding quy tic giai
nhiing bai todn dé6 trong tinh huong tudng ty.
Vi thé, trong méi tiét hoc On tap chuong 2 (vé
ham sb bac nhit — 16p 9), viéc dau tién la c6 goi
hoc sinh dé kiém tra:

(1) xem chiing d hoc thudc dinh nghia vé: ham
s6 bac nhét, hé s6 goc, vi tri tuong dbi cta hai
duong théng.

(2) liét ké cdc dang todn cd ban trong subt
ca chuong.

C6 Tam rit mét méi, buyc minh vi hoc sinh khong
trd 1 dugc hai yéu ciu nay ciia cb. Sau tiét hoc,
cd tam sy ring cd bét luc va séc véi nhiing hoc
sinh d6, c6 da yéu cau céc em hoc thugc 1an nay
12 Ian thdt hai ma cdc em vin khong tra 18i duge
(Vi tiét ndy da la tiét 6n tap chuong). CO con
b?.én hon khi hoc sinh khong 1am dugc nhing
bai tap ¢6 cho 12 rit d& & trong séch gido khoa.
C6 béo: “dén mic do nhé chiing ciing khong
1am dugc, thé ma nha trugng o yéu cdu phai
day 6 mic do thong hiéu, van dung.”

Khi dugc hoi: “vi sao nhitng hoc sinh thuéc long
(nh) dinh nghfa ham sé bac nhit tir tiét tride
nhung bay gids lai khong nhd va khong lam dude
bai todn co ban?”, ¢6 Tam khong thé 1y gidi O
C6 chi bio, ciic em Ay va nhidu hoc sinh by &0
nhu thé dfy, nudc d8 14 khoai,

Nhung thyc ra “khong phai thuoc [a nhd” Néu
viée hoc thugc chi 13 hinh thic, kiéu hoc vet M &
khéng hi‘?u bén chilt thi lam sao ma nhd dudS:
Nhit 12 d8i v6i mon Togn, Vay thi phai thay 901
thé nao. ' 1

i
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Sau ddy 1a mot s6 thay déi ciia co Tam:
1. Cho hoc sinh tu ra dé todn

6 Tam da thit thay déi vigc hoc thuge biing
cich yeu cdu hoc sinh “tf ra d& toan” cho mot
chii d&, va chim bai ciia ban xem ban di lam
nhu mmh mong mudn chua, That ki la, 1in nay
co thay gin nhu ¢ 16p dd ra dugc d& bai va lam
dugc dé bai clia ban ra.

Cich hoc nay ngudi ta goi 1 “hoc biing cch day
lai cho ngu’bi khéc”. Mic du khong gidi, nhung
hau hét m&i ngudsi déu c6 thé “dé”, “gidng” lai
dudgc cho ngudi khdc nhitng thu’ ma minh ty hoc
dudc thdng thao, dong thdi néu déng vai ngudi
di “d6”, “di giang” cho ngudi khéc thi ho it bj
dong, su cht dong 1am ho tich cuc hon.

2. Pirng vui khi hoc sinh riim rép lam theo
G 16p thit nhét, trong tinh hubng hoc sinh ty ra
dé & trén, c0 c6 thy mot bai todn khd thi vi, d6
1a: “vé& db thi ham sb y = mx — 2, biét riing db
thi nay di qua diém A(1;2)”. Co thiy da sb hoc
sinh 1am nhu ¢6 di hudng dén:

Budc 1: tim m. Thay toa do diém A(1;2) vao va
tim dugec m = 4.

Budc 2: vé db thij tuong dng véi gid tri m = 4,
d6 13 ham s6 y = 4x — 2. Trong budc nay, hoc
sinh tim giao diém ctia dd thj vdi truc Ox (tuong
ttng cho y = 0 thi x = 1/2), giao diém cda dd
thi vdi truc Oy (tuong Ung x = 0 thi y = —2).
Ban déu c6 Tam thiy rt vui vi hoc sinh da tuan
thii theo nhitng gi c6 gido day: “mubn vé db thi

THE LEARNING PYRAMID

KNOWLEDGE RETENTION RATES

%

Passive
Teaching
Methods

Participatory
Teaching
Methods

Adapted from National Training Laboratories, Maine

10%

Lecture

Reading

Audio/Visual

20%

Demonstration

30%

Discussion Group
50%

Practice by Doing

75%

Teach Others

©

90%

M6 hinh kim 1 thdp hoc tdp (dnh nguon internet)

OH YA AV NYG NI

)
~

Top 256 1Thdng 1. 2018

il

Tap chi Pi

61

! NV Ol



EN DAN DAY VA HOC TOAN

[o

ham s6 bac nhit thi cin di tim giao diém cla
N6 v6i truc Ox, Oy”. Nhung khi phan tich ky dé
bai, ¢ méi nhén ra, ching can tim gid tri clia
m, hoc sinh ciing v& dugc dd thi ham sb, bdi dé
bai da cho biét diém A(1;2), thay x = 0 thi ta
tim duge y = —2 (la giao di€m cta db thi véi
truc Ox).

Do d6, & lan day thit 2 & mét 16p khéc, c6 da
diing lai, va néi sé ting diém thudng néu em
hoc sinh nao khéng cin tim m vin vé dugc db
thi ham sb. Véi goi ¥ clia c6 (d& vé duge dudng
théng thi ta can x4c dinh mAy diém thudc dudng
thing d6? Ta da c6 miy diém rdi? Ta cn fim
di€m nao nita? Diém nay khong phu thudc vio
m thi sao?). Liic hoc sinh biét dugc cdch lam,
¢d thy cdc hoc sinh x6n xao, ching con nghi
ra bai tuong ty (y = mx — m biét di qua diém
B(2;4)) nita. C6 thdy hoc sinh clia minh that
tuyét, ching khéng hé ling nhu t3 trudc nhitng
céu hoi clia ¢b nita. Chic 1a c¢6 da biét “ném”
vao “cdi ao”, khién mit nudc x6n xao, gon séng
khong ngiing. Trong khi dd, trude kia, hoc sinh
clia c6 chi im ling, cdi dAu, lang tranh ciu hdi
cta cd gido.

Pé thi ham s6 y = 4x—2.

3. Mt bai “khdng khé nhung ma hay”.

Pay 1a mot thir thich v6i c6 Tam. Vi lau nay
¢6 vAn nghi riing chi nhitng bai todn khé méi Ia
bai todn hay. Thé nén cd néi, cude ddi co ciing
gibng nhu hiu hét céc gido vién khic khong thé
goi 12 hanh phiic dude vi chang bao’gld c6 co
h(;?i day hoc sinh giéi todn, dé cho ching nhiing
bi'li toan hay.

Khi c6 doc vi du vé mot bai todn c6 nhidy dip
4n, cd tAt ngac nhién. Chang han Ia bai todn nay:
“Mat b ban lién ghé dung cho hoc sinh ngdi
hoc c6 chiéu dai 1a 1,2m va chiéu rong 13 0,8,
Ké nhitng bd ban ghé trén \VZ\IO trong mét phong
hoc hinh chi¥ nhat ¢6 chi€u rdng 6m va chid,
dai 8m. S6 hoc sinh mdi 16p khoang 45 em,
CAu héi: C6 thé ké duge bao nhiéu bd ban ghéy
Lua chon trong céc ddp 4n sau:
A.50; B.40; C.28; D.20.”

Hinh dnh chiéc ban hoc

Ddp 4n A ciing ding néu chi 4p dung cong thic
dién tich toan phan (ctia phong hoc) chia cho
dién tich ma c4i ban chiém ché.

bip 4n B ciing duge chip nhan, bdi 16p c6 45
em hoc sinh nén ¢6 40 c4i ban ciing 1 hdp If.
Khi &y s k& 4 ddy ban, méi ddy c6 10 ban.
Dip dn C ¢6 v& phi hgp nht, vi con phii bét
cho di lai, chd buc gido vién, va binh thudng,
ban nay ¢6 thé ngdi 2 ngui/ ban.

C6 Tam dem bai nay dé hoc sinh. Qua thyc, ho
sinh ctia ¢ dd khang chon mot dép 4n. Ching
con hiing say “cii nhau” vi sao ddp 4n clia minh
diing. Nhin b mit tiu nghiu ciia hoc sinh chon
ddp dn A c6 Tam lai thm tim cudi. C bio, ding
la khong ai ké ban chodn hét ca phong hoc nh¥!
the, vi gido vién s& day & dau, bang ké & dav-
Nhung ¢6 vin cho em diém, vi da 4p dung dung
cong thic,

Tinh huéng nay lam ¢ théy rt vui. Héa 1
khong phai 4p dung ding cong thitc 1a dude:
Trong tinh hubng nay, sy am hiéu thuc té mdi
1a ddp dn phix hgp nhit. Bai todn nay khong !
kho, ma lai hay nhy viy déy.
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pO1 SONG TOAN HoC

. GIAOLUUCUABBTPI
VOIHOC SINH VA GIAO VIEN PHU YEN

Ngay 4/12/2017, tai trudng THPT Chuyén
Luong Van Chanh, Phi Yén, Tap chi Pi da
¢6 budi giao luu ciing hoc sinh va gido vién
Phii Yén, va 13 ddi tuyén Toan ciia céc Tinh
vé dy Trudng Pong Toan hoc tai Phi Yén.
Dai dién lanh dao Truong Lweng Van Chénh
va S& GD va DT Phu Yén da tdi du.

Téng bién tap Ha Huy Khodi, Phé Tdng bién tap
Nguyén Khéc Minh gidi thiéu v& Tap chi Pi va
tra 101 céc cau hdi ctia nhitng ngudi tham du.
Qua trinh bay cla dai dién BBT Pi, moi ngudi
nhén ra riing, Pi khong chi danh cho THPT hozc
sinh vién, ma c6 ich cho nhiéu dbi tugng, tit hoc
sinh Tiéu hoc dén gido vién Toén. Dic biét, gido
vién va hoc sinh chia sé quan niém cia Pi la:
khong nén dé hét thi gian vang ciia tudi tré cho
mét muc tiéu c6 phin ngin han — 8 dai hoc véi
$6 diém cao. Tudi tré 1a thdi gian quy gid nhit
d€ nudi dudng cho minh long say mé khoa hoc
va séng tao, diéu can thiét cho bit ky ai, d s
lam viéc & linh vyc nao. Lang man la von quy
ma Tao hod ban cho tudi tré, va nhiing ngudi

thanh cong chinh Ia nhitng ngudi giit dugc vén
quy Ay dén tudi gia! Trén tinh thin d6, Pi mong
mubn dua dén cho cac ban tré khong chi nhiing
bai tip hay, ma truéc hét 1a tinh yéu cdi dep
trong Todn hoc va Khoa hoc néi chung.

Budi giao luu s6i ndi hén 1én khi nhitng ngudi
tham gia ciing suy nghi, théo luan d€ lam mot
bai da c6 trong muc Quan Todn.

TBT Ha Huy Khodi va PTTB Nguyén Khdc Minh
tai budi giao luu.

Lanh dao S GD va DT Phii Yén phit biéu nhin
manh réing, Tap chi Pi qué that réit c6 ich cho
hoc sinh va gido vién, va mong muén Pi s& ngay
cang dugc phd bién nhiéu hon trong cdc trudng
phd théng.

Budi giao luu két thic trong khong khi vui vé,
thin mat. Ngudi néi ciing nhu ngudi nghe déu
053 chit bét ngd. Véi ngudi nghe thi: khong nghi
ring Pi c6 thé gin giii, va “d& hiéu” nhu thé. Véi
ngudi n§i: lghéng nghi riing con qua nhiéu nguoi
chua biét dén Pi nhu thé!

Bai hoc cho Ban bién tap Pi: phai di nhidu hon
nita, d€ c6 dip 1am cho moi ngudi hidu hon vé i,
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va d€ hi€u hon vé& nhitng nguyén vong, yéu ciu
ma ddc gid dit ra cho Pi. Pa qua cdi thdi “hitu
Xa tyf nhién huong”. Cin hoc cdi anh chang ma
¢6 cai do mdi cung phai ra ding ngoai dudng,
d€ ¢6 ai hoi vé con lgn chay qua thi tranh thi

khoe! Nhén dip niy, Ban T6 chic Truung D()ng |
ting hon 100 do Pi cho hoc sinh va gido vién, ‘
v6i hy vong nhitng cdi 4o d6 s& 1am nhiéy con
dudng dep thém khi. .. c6 con Ign chay qug!

DAIDIEN BBT PI GAP GO GIAO VIEN, HOC SINH
TRUGONG THPT CHUYEN THAI BINH
VA THPT CHUYEN LE HONG PHONG NAM DINH

Ngay 23/12/2017, Chuong trinh Nudi dudng
nhén tai va Bdo Phu ni¥ Viét Nam dé c6 chuyén
thdm va trao hoc bdng cho hoc sinh gidi quéc
gia tai hai trudng néu trén. Phé Téng bién tap
Tap chi Pi Nguyén Thj Lé& Huong da tham gia
doan, chiing kién 1€ trao hoc bdng tiéng Anh
ciia t8 chiic SUMMIT va tang qua ctia 6 chitc
Education First cho mot s6 hoc sinh gidi quéc
gia cla cic trudng; dy toa dam vé dinh hudng
nghé nghiép va du hoc. Ba Huong di thay mat
BBT Tap chi Pi trao tdng tron bd Tap chi Pi tap
1 ndm 2017 cho thu vién cia cdc trudng; gisi

Thdy Biti Tudn Anh, Phé hiéu trudng phy trdch
truong THPT chuyén Thdi Binh nhdn qua ting
ti dai dién BBT Tap chi Pi.

B S MRS

Tai truong THPT chuyén Thdi Binh.

thiéu vé Tap chi Pi, v& mot sb chuyén muc ciia
tap chi, khuyén khich céc em tham gia giti bai,
gidi todn cling nhu tham gia ky thi Cing Pi gidi
todn sé khdi dong tir thang 1/2018.

Cudc toa dam da givip cdc em hiéu hon va dén
gan v01 Pi hon ciing nhu giip Pi hiéu hdn va
dén gin vé6i doc gia cla Pi hon. Cudc gip &
két thiic v6i su hao huno va nhitng dy dinh ctia
thiy va tro v& mot sb hoat dong sip t6i nhim
tim hiéu va dua Pi vao trong hoat dong day v
hoc & nha trudng

s

Pi vdi ban doc nhd tuéi . ...
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BAN BIEN TAP

Ha Huy Khodi (Téng Bién tap)

Ngd Bao Chau (Phé Tong Bién tip)

Tran Nam Diing (Phé Téng Bién tip)

Nguycn Thj Lé Huong (Pho Tong Bién tap kiém Thu ky Toa soan)
Nguyén Khic Minh (Phé Téng bien tap kiém Trudéng ban Bién tip)

Pham Huy Dién, Nguyén Thanh Nam,
Trin Vin Nhung, Nguyén Duy Thai Son, Chu Cim Tho,
Ngé Viét Trung, Vii Ha Vin, Nguyén Ai Viét, L& Anh Vinh.

CONG TAC VIEN
THUONG XUYEN

Ha Vii Anh, V& Quéc Ba Cin, Pham Ngoc Diép, Nguyén Minh Ha,

Luu Thi Thanh Ha, Pao Thi Thu Ha, Trin Minh Hién, Phan Thanh Hong,
Tran Quang Hung, Ha Duy Hung, D4u Hoang Hung, Vii Thé Khoi,
Nguyen Cim Lg, Nguyen Duy Lién, Pham Vii Lgc, Trin Qudc Luat,
Kiéu Dinh Minh, Nguyén Thi Nhung, béng Vén Son, D6 Hoang Son,
Luu B4 Théng, Do Manh Théng, Nguyén Tt Thu.

TOA SOAN

Thng 7 Thur vién Ta Quang Biru, Trudng Dai hoc Bich khoa Ha Ngi
Duong Dai Co Viét, Phudng Bich khoa, Quan Hai Ba Trung, Ha N¢i

Email giri bai: bbt@pi.edu.vn. Email giao dich: info@pi.edu.vn
Di¢n thoai: (024) 3215.1407 Fax: (024) 3623.1543

Website: www,pi.edu.vn

Ché ban: L& Qubc Tuln
Db hga: Nguyén Trin, Doan Xuin Trudng
Anh bia 1: Téip Mandelbrot (xem bai vé Fractal trang 3). Ngudn danh: Internet
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Gidy phép s6 484/GP-BTTTT ngay 25.10.2016
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