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CHUC MUNG
NAM MO

Nhu mét sur tinh ¢ tuyét voi, Pi ra doi
dé don Mua Xuan.

Xuan Dinh Dau la Mua Xuan dau tién
cuia Pi, vai nhiéu khat khao, ude vong.

Nhung téat ca khat khao, udc vong dé
déu rat gian dj: lam sao ban yéu Toan
hon, dé Toan luon dong hanh cung
ban, du ban & Itra tudi nao, du ban lam
gl, & dau, va dé Toan ngay cang co ich
cho cude song.

Pi xin chuc cac ban Nam Mai 2017 va
Xuan Binh Dau

KHOE MANH, HANH PHUC, THANH CONG!

TAP CHI PI
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Trong s6 nay:

Doi diéu veé Tap chi Pi
Ngé Bdo Chdu

Toan hoc tir c6 dién dén hién dai
Phép bién hinh trong mit phang
Ngé Bdo Chdu

Todn hoc va D&i séng
Ung dung Todn hoc trong mat ma - Nhirng giai phap bat ngo (Phan 1)
Pham Huy Dién

Giai toan cung ban
Phwong phap quy nap: lam an 1én can vay ng nhiéu!
Ha Huy Khodi

Mot s6 bai toan phan tich da thirc
Lwu Bd Thdng

Dinh Iy khong diém t6 hop va rng dung
Vi Thé Khoi

Thach thirc toan hoc

Lich str Toan hoc
Vai nét vé Lich st Toan hoc Viét Nam
Ha Huy Khodi

Pau trwong Toan hoc
Cudc thi toan gitra cac thanh pho
Trdn Nam Diing

Goc STEM
Khoa hoc, tu6i tré va sw din than
Nguyén Thanh Céng

Tram thién van
Tt mot bai trong dé thi quoc té vé thién vian hoc va vat ly thién vin 2016
Pham Vi Loc

Quan Toan
Toan cua Bi

Pai thoai toan hoc

Tro chuyén véi Gido sw Hoang Tuy
Mi Ly thwc hién

Piém sach

Sach Co sé cua Euclid

Ngé Bdo Chdu

Thw ban doc
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Gido sw Ngé Bdo Chdu. Anh: Viét Thanh

Poi diéu vé Tap chi Pi

ba tlr ldu nhiéu nguwoi trong cong déng toan hoc Viét Nam, trong do6 cé tbi, mong wéc cd
mot t& bao pho bién toan hoc, nhw to Kvant ctia Lién X6 cii, t& American Mathematical
Monthly ctia Hoi Todn hoc My, hay t& Todn hoc va tudi tré cia nhirng nim 60-80. Nhirng
trang bao 4y di la ban déng hanh ctia ching toi trong qua trinh hoc tip va trwdng thanh
ngay tir khi dat chan vao con dwdng todn hoc. Sw ra doi ctia Tap chi Pi thé hién sw nd luc
cda cdng dong yéu todn mudn bién mong wéc nay thanh hién thuc.

Trong boi canh khé khin chung ctia bdo gidy, viéc thanh l14p moét to bdo gidy méi bao ham
nhiéu rii ro. Tuy vay, chiing t6i kién tri lam bao gidy, vi mong wéc clia ching t6i 1a nhin
thiy cac em hoc sinh thap thém ch& ngay c6 s6 bdo méi, nhin thiy nhirng s6 bao cii nhau
nat da quan bia nam lin 16c trén ban nwdc & cac phong hop gido vién. Ching toi tin rang
quyét dinh nay sé khong thuin tuy lang man va duy y chi, néu nhw mdi s6 bao véi 64
trang mang dén dwoc cho ban doc nhirng théng tin méi, chon loc, tha vi va bé ich, va c6
kha ning khoi diy niém dam mé toan hoc & cac ban tré. Hy vong rang Tap chi Pi s& dong
hanh lau dai vé&i ban doc yéu toan.

Gido sw Ha Huy Khodi ludn tw nhan minh 13 “lan nhan”. Ong tdm dic véi hoc thuyét cta
lan nhan, d6 la nhit dinh khong méit sirc d€ lam nhirng viéc ma nguwoi khac cé thé lam
dugc. Trong s6 vo van khé khan cho sw ra doi cua Pi, kh6 khan 1én nhat la thuyét phuc
dwoc Gido sw Ha Huy Khodi, & tudi 70, ddm dwong trach nhiém Tong bién tip. C6 1é Gido
sw Ha Huy Khodi cling nhan ra rang, diy chinh 13 viéc ma nguwoi khac khong lam dworc.

Sw ra doi ciia Pi khong hoan toan sudn sé, riéng thu tuc xin phép xuit ban da kéo dai gan
ba nam. Trong luc cho doi gidy phép cho Pi, anh Tran Nam Diing, ngwdi luén thira nang
lwong va nhiét tinh, da cho ra doi Epsilon, m6t chuyén san khong chinh thirc, chi lwu hanh
trén mang. T& Epsilon nay da dwoc muwoi hai s6, moi s6 trén 150 trang da dwoc ban doc
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cling nhw cic cong tac vién chao don rat nong nhiét. Thanh céng ctia Epsilon 1a ngudn co
vii 1&n cho nhém sang l4p Pi. Tién si Tran Nam Diing, véi trach nhiém Pho tong bién tap,
sé phu trach mét s6 chuyén muc quan trong nhat cta Pi, trong d6 c6 Thach thirc toan hoc.
Chung ta déu biét rang ban doc cla t& Pi mong ch& nhit nhirng bai todn mai, hoc bda va
thu vi va do6 chinh 1a n6i dung cia chuyén muc Thach thirc toan hoc.

T6i khéng thé ké hét tén cac thanh vién ctia Ban bién tip & diy, hau hét cic thanh vién
déu phu trach mot trong cac chuyén muc cia Pi. Nhwng sé rit thiéu sét néu téi khong néu
nhitng ca nhén, t6 chirc da giup d& cho sw ra doi cia Pi ngay tir thoi ky thai nghén. Tién si
Nguyén Thanh Nam lu6n 1a nguwoi nhiét tinh ¢6 vii cho cac hoat dong phé bién khoa hoc
va toan hoc, anh da van dong cac Funix mentor xay dwng trang web cho Pi va sé dam
nhiém vai tro Tong bién tip cua trang Pi online. Trung tAm Violympic sé la doi tac giup
phat hanh va hé tro cho Pi t6 chitc cac sy kién. Anh Tran Trong Thanh va cong ty Alezaa
sé giup phat hanh Pi dwéi dinh dang phu hop v&i cac ing dung trén thiét bi di dong. Anh
Do Hoang Son & cong ty Long Minh, ngwoi ddy tAm huyét cho phong trao hoc STEM & Viét
Nam sé& phu trach mét chuyén muc STEM cho Pi. Tién si Chu CAm Tho sé phu trach
chuyén muc Todn ctia Bi, danh riéng cho hoc sinh nhitng nidm cudi tiéu hoc va trung hoc
co s¢ va cung Pi to chirc cac hoat dong c6 dong niém dam mé toan hoc & cic bé. Cong ty
Sputnik, cho dén rit gan day, la déi tac chién lwoc ctia Pi, véi kinh nghiém ctia minh trong
viéc lam sach toan, c6 thé gidp Pi trong viéc 1én trang va in 4n. Anh Lé Thong Nhat, nguoi
c6 nhiéu kinh nghiém trong viéc xay Todn tudi tho da c6 nhiéu gan bé véi Pi trong thoi ky
thai nghén.

Man phép thay mat cho cong dong toan hoc, téi xin ghi nhan sw déng gop ctia cac anh chi,
cac to chirc néi trén cho sw ra doi ciia Pi va xin cam on.

Cam on ban doc d3 don chao Pi rat nhiét tinh.

Ng6 Bao Chau
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TOAN HOC TU’ O DIEN DEN HIEN DAI

PHEP BIEN HINH TRONG MAT PHANG

= NGO BAO CHAU

Déi twong cda hinh hoc Euclid la diém, dwong thang, dwong tron trén mdt phang va vi tri
twong doi cia ching. Vao cudi thé ky 19, hinh hoc trdi qua mot cudc 16t xdc sdu sdc cd vé
hinh thirc ldn néi dung dwdéi dnh hwéng ctia tw tuwdng cdch mang cia F. Klein, B. Riemann,
H. Poincaré... D6i twong cta hinh hoc khéng con la diém va dwong nita ma la nhém cdc
phép bién hinh va nhirng dai lwong bdt bién ctia né.

Trong gido trinh todn cao cdp, ngwoi ta thwong bé qua méi lién hé giita nhitng bai todn
quen thudc vé dwong thang, dwdong tron trong hinh hoc Euclid va nhitng bai todn vé cdc
phép bién hinh. Muc dich ctia bai viét nay la gidi thich méi lién hé do.

Dbé hiéu bai viét nay, ban doc cdn dwoc trang bi mét sé khdi niém co sé cia dai sé tuyén tinh

va biét dinh nghia ciia nhom.

1. Phép bién hinh affine

Mait phang cta hinh hoc Euclid sé& dwgc mé
hinh nhw khéng gian vector hai chiéu R2
trén truong cac s6 thwc. Moi diém P cla
mit phang duoc xac dinh bdi toa do (x, y)
cta no véi x, y 1a hai s6 thuc. Goc toa do sé
dwoc ky hiéu 1a 0. Puong thang twong Gng
véi tap con cua R2, xac dinh béi mot
phwong trinh c6 dang ax +by = ¢, v&i a,b, ¢
1a cac s6 thwc nao d6. Pwong thing co
phwong trinh ax+by = ¢ chay qua géc toa
do khi va chi khi c = 0.

Phép bién hinh ma ching ta quan tim sé la
mot song anh f: R2 - R2 bién duwong thang
thanh dwong thang. Cac phép bién hinh
lap thanh mo6t nhom vi ta ¢6 hop thanh fo
g cda hai phép bién hinh fva g cho truéec.

Theo dinh nghia, hai dwong thing song
song thi khéng cdt nhau, vi vy anh cla
ching qua mot phép bién hinh van 1a hai
duong thang song song. Ciing vi vy ma

moi phép bién hinh sé bién mot hinh binh
hanh thanh mot hinh binh hanh khac. Néu
f ¢ dinh goc toa do nghia la f{0) = O, f sé
phai 13 mot bién déi tuyén tinh ciua Rz
Bién d0i tuyén tinh ctia R2 c6 dang:

x\ (a b\ [(x\ [ax+by

y] “\¢ d)\»] \ex+dy
véi a,b, ¢,d 1a cic sO thuc thod man ad -bc
# 0.

T4p cac ma trin vubéng c& 2 x 2 vé&i hé s6
ab, ¢d € R nhw & trén 1ap thanh nhém
GL2(R). Hop thanh cua hai phép bién hinh
twong &wng v&i tich ctia hai ma tran.

Mot phép bién hinh f: R2 —» R2, khong nhat
thiét c6 dinh gbc toa d0, sé 1a hop thanh
ctia mét anh xa tuyén tinh véi mot ma tran
vuong a,b, c,d nhw & trén va mot phép tinh
ti€n theo vector (e, f) € R2 nao do:
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Nhuw vay, mdt phép bién hinh f'sé duoc xac
dinh b&i mot ma tran g € GL2(R) va mot
vector u € R2 theo cong thirc:

flv) = gv+u
v&i moiv € R2,

Vi vay, tip A cic phép bién hinh chi don
gidn la tich trwc ti€p GL2(R) x R2. Chu y
rang phép hgp thanh thi phic tap hon
chut it: néu fi(v) = giv+ui va f2(v) = g2v+uz
thi ta co

fi0of2(v) =gi1gz2(v) +ui +giuz.

Cong thirc trén cho thiy nhom A cic phép
bién hinh affine la tich nira truc tiép

A =GLy(R) x R,

ma moi phan tir 1a mot cap (gu) voi G €
GL2(R) va u € R2 va luat hop thanh cho béi
cong thire (g1,ui)(gzuz) = (9192u1 +giuz).

Cac dinh ly trong hinh hoc phang chi c6
diém, dwong thang, dwong thing song
song nhu dinh ly Thales, Ceva, Melenaus ...
c6 thé quy vé ciu tric ctia nhém cac phép
bién hinh affine A.

O trong bai nay, chiing ta bé qua phin nay
dé di tiép dén phan thu vi hon ctia hinh
hoc phang v&i sw hién dién cua goc va
dwong tron. Sy hién dién cua géc va

dwong tron twong rng véi nhém con cua A
bao gdbm cac phép bién hinh bao giac.

2. Phép bién hinh bdo giac cla mjt
phang

Hinh hoc phang tré nén thwc sw thu vi khi
c6 thém khai niém khoang cach. Khoang
cach tlr diém P = (x, y) dén goc toa do O
dwoc cho béi cong thirc ctia Pythagore:

OP = /x2 +y2.

Bén canh toa do Descartes P = (x, y) ta con
c6 thé xac dinh mot diém P # O trén mat
phang bang toa dé cuc (r,@) v&i r = OP va
@ € [0,2m) la goc dinh hwéng tir tia Ox dén
tia OP. D€ chuyén tir toa d6 cuwc sang toa
do Descartes ta c6 cong thirc:

(x,y) =r(cosp,sinp)

Phép bién hinh f € A c6 dinh géc toa do,
bao toan khoang cach, va géc dinh hwéng,
bat budc phai 1a phép quay quanh gdc toa
do. Phép quay quanh goc toa dd pe véi goc
quay 0 la bién d6i tuyén tinh:

x\ [ cos® sin@) [x
y) ~\—sin® cos@) \y
[ xcos6 +ysin®
~ \—xsin@ +ycos O
Ta c6 thé suy cac dang thirc lwong giac
quen thudc:
cos(8 +8') = cosBcosB’' —sinBsin’

sin(@ +0') = cosBsin O’ +sinb cosH’

tlr cong thirc hop thanh cua phép quay
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Pe°pPe = Po+e’

(xcosf) — vsinf,xsinf + vcosf))

(x,v)
(—sinf,cos )

(cosf,sind)

bang cach thwc hién phép nhin ma tran.
Nhém cac ma tran quay ps dwoc ky hiéu la
S02(R), dang cdu v&i nhéom S? cac diém
trén dwong tron don vi.

Tong quat hon, phép bién hinh f € A c6
dinh g6c toa d6 va bdo toan gbéc cé dinh
hwéng, s€ 1a hop thanh cia mot phép quay
po va mot phép vi tw véi ti s6 vi tw 1a mot
s6 thwc dwong r € R.. Ta thiy nhém cac
phép bién hinh bao gidc va c6 dinh géc toa
doé la

1 ;
5 xRy

Tac déng cua cac phép bién hinh bao giac
1én mit phang c6 thé dwgc md td mot cach
tién loi nho vao cc s6 phirc. Ta dong nhat
mit phang thuc R2 véi tAp cac sd phirc C
bang cach gan diém c6 toa do (x, y) € R2
véi s6 phirc z = x+iy. Khi d6 tip cac phép
bién hinh bao giac va c6 dinh goc toa do la

5 xRy=C%,

trong d6 phép quay quanh goc toa do pe
véi goc quay **0 twong rng véi s6 phirc
ei, phép vi ty ti s6 r € R. twong &ng véi sO
thyc r € Cx va hop thanh cda ching twong
trng v&i sO phirc rei. Tac dong ciia Cx trén
C dwoc cho bdi phép nhan s6 phic (a,z)
+— az. Ta thdy nhom B tit ca cic phép bién
hinh bao giac la nhom

@]
2

B =

X A 2 i — \ « e h 7 A

M&i phan tir & = (@:6) € ©7 3T 40 qong
l1én C theo cong thirc g(z) = az+b.
Sau khi dong nhit mit phang Euclid véi
tdp s6 phtrc C, nhom cac phép bién hinh
bdo gidc v&i nhom B=C"x '::, ta c6 thé
xem lai cac tinh chit co ban trong hinh hoc
phang qua lang kinh ctia ly thuyét bt bién.
Pai lwgng bat bién co ban déi véi tac dong
cia Blén Clatiso don

21—

(z1322,23) = ——
7S S ~.3
That vay, véi moi g € B, st dung cong thirc
g(z) = az+b ta dé thay

(g21:822,823) = (21:22,23).

Cac tinh chat co ban vé dwong va diém c6
thé biéu dat gon gang nho vao ti s6 don:
e 73,7323 12 ba diém thang hang khi va

chi khi ti s6 don (z1;z223) 1a mét s6
thuec:

(z1,22,23) € R.

e Hai tia z1z2 va z;z3 tao thanh mot goc
vuong khi va chi khi ti s6 don (z;: z2:
z3) la mét sé thuan o:

(z1,22,23) € IR.

e Ba diém z1,z2z3 1a dinh cia mot tam
giac déu sap xép theo chiéu kim dong
ho khi va chi khi

(21,22,23) = -J

v&i j = e?in/3 13 can bac ba nguyén thuy cua
don vi. Dé thdy diéu nay twong duwong voi

Z1+ JZ2+ J?z3 = 0.

Ta c6 thé thir nghiém ng dung cic quan
sat nay dé chirng minh mét sé dinh Iy hinh
hoc don gian bang s6 phirc. Mot vi du tiéu

Tap 1 S6 1 Thang 1.2017

Tap chi Pi 7



bi€u 1a dinh ly vé duwong thang Euler chay
qua truc tam, trong tam va tam dwdng
tron ngoai ti€p ciia mot tam gidc. S& dung
phép bién hinh ta cé thé gia st ba dinh cta
tam gidc 1a ba s6 phtc z1,z2z3 nam trén
dwong tron don vi. Khi d6 tam dwong tron
ngoai ti€p sé la s6 phirc 0 € C. Trong tim
cla tam giac sé la so phirc (z1 +z2 +z3)/3.
Str dung tiéu chuin ti s6 don cho goc
vudng, ta thiy rang trwc tAm cua tam giac
sé la s6 phirc z; +2z2 +z3. Ta nhan thiy trong
tdm, truc tam va tam dwdng tron ngoai
ti€p 1a ba diém thang hang, trong tAm nam
gitra tAm dwong tron ngoai ti€p va truc
tam theo tilé 1: 2.

3. Ti s6 chéo
Con quan trong hon ti s6 don 1a khai niém
ti s6 chéo, tirc 1a ti s6 gitra hai ti s6 don:

I —-z3)z2—za)  (21523,24)

(21.22:23:24)

C(m—u)z2—-)  (2:23,2)
C6 thé chitrng minh dwoc rang ti sd chéo
(21,22;23,2z4) 1a mOt sO thwc khi va chi khi
bén diém z1,z2,z32z4 hodc thiang hang, hoic
cung nam trén mot dwong tron. That vay,
tuy vao zzzz; nam cung phia hay nam hai
phia so v&i duwong thing chay qua z3 va zy,
tiéu chuln ti s6 chéo twong dwong véi viée
gbc nhin tir z; va zz xudng doan thang z3z4
1a hai goc bang nhau hay 13 hai géc déi
nhau.

Néu hoan vi 4 diém z1,22,23,24, ti s6 chéo A =
(21,22;23,24) sé bién thanh mot trong 6 s6
phitc ALA1,1 - A1 -A)1,1 - AL,(1 - A1) -1
. R0 rang néu mot trong sau sd nay la so
thwc thi cd ndm sé con lai cling 1a nhitng
s6 thwc. Tuy nhan xét nay rat tim thuwong,
ban doc nén lwu y rang mot meo kha phé
bién trong cac bai toan hinh hoc phang la
st dung diu hiéu nhin biét t&x gidc noi tiép
cho cac cap goc khac nhau. Meo nay twong
trng véi viéc tinh ti s6 kép sau khi hoan déi
vi tri cac diém.

Ti s6 chéo bat bién d6i véi nhirng phép
bién hinh tdng quat hon cac bién hinh bao
gidc clia mat phang, dién hinh 13 cac phép
nghich ddo trong hinh hoc so cip. Cac
phép nghich ddo bién dwong tron thanh
dwong tron hodc dwong thang, va vi thé no
la mot cong cu kha thua vi trong hinh hoc
so cAp. MOt dac thu cia phép nghich déo la
né bién tdm cta phép nghich ddo thanh
diém & vo han. Anh xa z — z-11a mot phép
nghich ddo dién hinh.

Cac phép nghich dao la phan tr cia nhom
G cic phép bién hinh Moebius. Nhém nay
tic dong 1én dwong thing xa anh phirc
P1(C) (C) = Cu{oo}. Nhom G chira B=C*x C
nhw nhém con cic phan tr g € G c6 dinh
diém oo trong P1(C) va nhw viy B tac dong
l1én C nhw chiing ta da biét.

Ta hiéu mét diém cta P1(C) nhw mét
khoéng gian vector con moét chiéu trong
khéng gian vector hai chiéu C2 trén trueong
s& phitc. Mdi dwong thidng phirc nhw vay
dwoc sinh béi mot vector (x, y) € C2 khac
khong. Nhw viy mot diém caa P1(C) cé thé
xem nhw mot 16p twong dwong trong cac
vector (x, y) € Cz - {(0,0)} theo quan hé
twong dwong: (x1, y1) B (xz yz) khi va chi
khi ton tai t € C* sao cho x; = tx; va y: = ty1.
Ta ky hiéu 16p twong dwong nay la

(x:y) e PY(C).

Néutoaddy#0,tacéd (x,y)~(xy1,1)vavi
vdy moi diém cta P1(C) véi toa do y # 0
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twong &ng véi ding mot s6 phirc z = xy-1 €
C. Di€ém con lai 1a diém véi toa d6 y = 0 ma
ta ky hiéu la diém oo.

Nhém cac bién doi tuyén tinh cta C2? 1a

N

nhém cic ma trdn kha nghich véi hé sé

phtrc
(" b) € GL,(C)
¢ d

Nhém nay tac dong lén P1(C) theo cong
thirc

((1 b) (x:y) = (ax+by:cx+dy).

Do cdc ma tran & dang

a 0
0 a
véi a € Cx tic dong tidm thwong trén

P1(C), nhém cac bién hinh Moebius la
nhém

G =PGL,(C) =GL,(C)/C

Nhém con cta G c6 dinh diém oo twong
trng v&i cic ma tran c6C= 0 va vi thé né
chinh 1la nhém B =Cx o C. Nhém G =
PGL2(C) 1a nhém céc bién déi bao giac cla
dudng thing xa anh phirc P1(C).

4. Két luan

Céc bai toan hinh hoc trén mat phang déu
c6 thé phat biéu lai thanh mét bai todn vé
ti sO0 don, dai lwong bat bién cia nhém B
cac bién ddi bio giac cta dwong thang
phitc C, hoic vé ti so chéo, dai lwong bat
bién ctia nhém G cac bién doi bao giac cua
dwong thiang xa anh phttc P1(C). Trén
nguyén tic moi bai toan hinh hoc déu cé
thé chuyén vé mot bai toan trong ly thuyét
bat bién, va gidi quyét dwoc trong ly
thuyét bat bién bang thuit toan. Loi gidi
doi khi don gidan hon, nhung thwdng thi
cong kénh hon, it tha vi hon so véi 1oi giai
hinh hoc. Thwc ra cé thé phién dich cac loi
gidi hinh hoc so cip sang ly thuyét bat
bién va ban dich sé la mét day nhirng tinh
toan bat bién it nhiéu lat 1éo. Loi giai nhw
thé tit nhién c6 thé sé gon gang hon so véi
loi gidi may moéc bang thuit toan. Tuy
nhién viéc ton tai mot thuat todn may mac
dé giai quyét tit ca cac bai toan hinh hoc
so cap lam chuyén nganh nay mait di sic
cuén hit ma né von co.

Hinh hoc hién dai nghién cru nhiéu hon
vé cac nhom Lie, nhw nhom PGL2(C), va
cac khoéng gian thudn nhit, nhw dwong
thing xa anh phirc P1(C), vdi tac dong bac
cau ctia nhém Lie.
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TOAN HOC VA P01 SONG

il |

(NG DUNG TOAN HOC TRONG MAT MA VA NHU’NG GIAI PHAP BAT

NGO
= PHAM HUY PIEN

Sw hién dién cta cdc céng cu todn hoc trong ky thudt mdt md khéng chi giip gidi quyét
dworc vdn dé héc buia ton tai trong suét hon 2 ngan ndm lich stt ctia né, ma con mang lai khd
ndng dwong ddu mét cdch hiéu qud véi nhitng thdch thirc hoan toan méi chwa tirng cé
trwdc day, va ddc biét dd mang lai nhirng trng dung ddc ddo khéng ngo toi.

PHAN 1: NHO’'NG VAN PE KHO CUA AN TOAN THONG TIN VA GIAI PHAP TU

TOAN HOC

Nhirng van dé nan gidi cia an toan théng tin ngay nay

Chuyén chia khéa m3 - van dé nan giai ngan
nam cua cac hé ma bi mat

V&i cac hé ma bi mat truyén thong thi viéc
1ap ma va giai ma dwoc thwe hién véi cing
mot chia khéa ma hoac la 2 chia "lién
théng"” v&i nhau. Piéu nay lam nay sinh
vin dé nan giai 1a phai chuyén chia khéa
ma tir ngwdi lap ma dén cho nguwoi giai ma.
Khé khian 1a & chdé con dwong trung
chuyén thwong rat khéng an toan (vé
nguyén tic: néu cé dwoc con dudng an
toan thi cé thé dung né dé chuyén théng
tin, ha tit cin dén mat ma!!!). Van dé nay
da khién gi¢i lam mit ma dau dau suét
hon 2 ngan nam qua, va thwong chi dwoc
giai quyét bang nhirng giai phap mang tinh
riéng ré, nhit thoi cho tirng vu viéc (voi
cai gia phai tra thwong 1a rat dat). Nguoi ta
rat cAn mot gidi phap x ly tong quat cho
van dé nay.

Van dé toan ven théng tin va ky van ban
dién tr

Thong tin trén gidy khong dé dang tiy x6a
(ma kKhong 16 diu vét), cho nén moi y do
"chinh stra, bép méo" dé dang bi phat hién.
Trong khi do, viéc chinh stra van ban dién
tr lai khong hé dé lai dau vét, cho nén ndi
dung vin ban dé dang bi thay d&i va lam
sai léch. Lam sao dé nguwoi ta cé thé phat
hién ra?

Chi ky tay trén mot van ban gidy la khong
thé tach roi ra khoi van ban, cho nén no la
nhan t6 khang dinh chi quyén clia nguwoi
ky d6i v&i van ban d6. Nguoc lai, véi van
ban dién tir thi moi thanh phin c6 thé
dwoc sao chép, cit dan mot cach dé dang
tlr vdn ban nay sang van ban khac. Lam
sao xac dinh dwoc ai 1a ngwoi da ky mot
van ban dién t, va liéu ndi dung ctia né c6
bi thay déi sau khi ky hay khong?
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Van dé "Ai 1a ai?" trong mang thong tin
dién tlr

Khi giao ti€p qua mang may tinh, nguoi ta
khong truc ti€p bat tay nhau, va ciing
khéng thé dung hinh dnh mit ngwdoi hay
diu van tay dé nhan dién nhau (vi ching
dé dang dwoc sao chép, chinh sira). Trong
bdi cadnh 4y, lam sao c6 thé xac dinh dwoc
chinh xac "ai la ai" qua mang?

Nhirng doi héi méi tir thuc tién hién tai

Hién nay, nhirtng vin dé vé an toan thong
tin dién t&r khong chi la cua riéng gi¢i
chuyén mon mat ma, ma la cia moi ngudi
dan. Cac giai phap phuc vu cho cong dong
luon dwoc doi hoi phai c6 tinh céng khai,
dai ching va don gidn trong sw dung.
Nhitng yéu cau nay la chwa tirng c6 doi véi
cac gidi phap truéc day (vén né chi danh
cho cac déi twong c6 nghiép vu co yéu).

Nhuw vay, cong tac an toan thong tin thoi
nay khong chi la viéc che gidu thong tin
(bang cac thuat todn ma ngay cang manh),
ma la bao gom tit ca cac vin dé datra &
trén. Chinh cac yéu cau nay budc nguoi ta
phai thay doi cach lam truyén théng dé
tim dén v&i cac phwong phap hoan toan
méi, va trén thuc té€ da tim dwoc sw ho tro
dac lwc ctia Toan hoc.

Mot so bai toan khé trong S6 hoc
Bai todn phan tich ra thira sé nguyén td

bay 1a bai toan kinh dién va c6 mot quy
trinh kha don gian vé mit y twéng dé thuc
hién viéc nay: chi viéc lay s6 n can phan
tich dem chia cho cic s6 nguyén t6 nho
hon vn (cé trong sang O-ra-to-xten). Tuy
nhién, khi n 1a mot s6 1én thi cdch lam nay
la khéng kha thi. D€ hinh dung ra dwoc
phan nao tinh phirc tap cia van dé, ta xem
bang dwéi diy dé biét khodng thoi gian
can thiét cho viéc phan tich mét s6 nguyén
n ra thira s6 nguyén td bang thuit toan
nhanh nhat dwoc biét dén hién nay (véi

may tinh c6 téc d6 1 triéu phép tinh trong
1 giay.)

So chit sb thap phan  Thoi gian
75 104 ngay
100 74 nam
200 3.8 ti nam

N6i chung, bai toan phan tich mét sé ra cac
thira s6 nguyén t6 cho dén hién nay van la
mot bai toan hét sirc kho khan.

Bai toan tinh logarit roi rac va "khai can"
roi rac

V&i a,m 1a nhirng sé tw nhién cho trwdc thi
viéc tinh

k=d" modm (x)

d6i véi moi s6 tw nhién n, 1a kha thi va
cling kha nhanh (cho du cac s6 nay c6 thé
la rat 16m). Nhuwng bai toan ngwoec lai, cho
trwdrc sO tw nhién k va phai tim sé tw nhién
n théa man (*), lai la mét bai toan vo cung
kho, va dwoc goi la tinh logarit roi rac. Ta
biét rang viéc tinh logarit thong thwdng
(véi s6 thwe) thi khong dwoc xem la kho
(va lu6én kha thi véi ngay cad may tinh cam
tay), thé nhuwng viéc tinh logrit roi rac thi
hoan toan khac han. Mot trong nhiing
nguyén nhan lam nén tinh khé giai cua bai
toan nay 1a & chd "ham logarit roi rac”
bién thién rit that thwong, Kkhién cho
nguoi ta du biét dwoc gia tri cia ham tai
mot diém nao do6 cling chang thé néi gi vé
gid tri cia ham tai nhitng di€m xung
quanh.

Twong tw nhw vay, khi biét trwéc cac sé tw
nhién k va n thi viéc tim s6 a théa man (*)
cling la mdt bai toan vo cung khé, va dwoc
goi la bai todn "khai can roi rac”.

Thong thwong, khi giai dwoc nhitng bai
toan kho thi ngwoi ta thay sung swdng, va
khi giai khong dwoc thi sé thay kho chiu.
Nhung & day c6 mot nghich ly: mot khi
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nhitng bai toan trén con chwa dwoc giai thi
nguwdi ta con thiy sung swong, vi rang tinh
khé gidi cla ching di tré thanh chd dwa
cho mét s6 thuit todn mat ma khéng thé
pha, va tham chi con la gidi phap cho cudc
cach mang trong céng nghé mat ma hién
nay.

Dé cho don gian, trén day ta chi dé cip dén
may bai todn phé théng, con trong thuec té,
ma héa ngay nay phat trién rit xa, dua
trén nhiéu bai toan kho cua toan hoc hién
dai ma ta khong thé trinh bay trong khu6n
kh& mot bai viét ngan.

Thuat todn mat ma dwa trén bai toan
kho

Ma hoa hién dai lam viéc trén cac dir liéu
s6 héa, cho nén viéc ma hoéa dir liéu (bao
gom ca van ban, hinh dnh, 4m thanh,. . .)
déu tré thanh viéc ma hoda cac con sf, va
khi 4y mét "kh6i van ban" cling chinh la
mot con s6 nao do.

Thuat toan ma mii Pohlig — Hellman

Chon trudc p la mot sé nguyén té khong
nhé (khong can git bi mat), va chon mot
sO tw nhién e lam chia khoa, thoa man diéu
kién (e,p -1) = 1 (trc 1a hai s6 nay nguyén
td cung nhau). Khi 4y, mo6t khoi van ban N
dwgc ma thanh khéi C theo cong thikc sau

“=N°mod p.

bé gidi ma, ngwoi ta khong thé "khai cin
roi rac” vi bai todn nay vo cung khé, ma
phdi lam cach khac. Truwéc hét, tinh so
nghich ddo cia e theo mod (p -1) tirc la s6
d thoda man de = 1 mod (p -1) (viéc nay
khong khd, theo thuat toan Euclid mé&
rong), roi sau d6 ap dung dinh ly Fermat
(bé) dé chirarang

C!modp =N

Nhu vay, cong viéc giai ma 1a kha dé dang
khi ta biét s6 ctia e, va cung véiné 1a d. Do
vay, ca hai s6 nay déu phai cung dwoc gitr
bi méat (vi biét s6 nay thi dé dang tim ra s6
kia, tirc la chia khéa lap ma va chia khoa
giai ma "lién thong nhau").

Thuat toan chuyén chia khéa Diffie-
Hellman

Véi cac hé ma hién dai, chia khéa ma ciing
chinh 1a mét con sé nao d6. Ro rang, viéc
chuyén chia khoa ciing twong dwong véi
viéc truyén thong tin cin thiét dé hai bén
cung tinh ra mot con s6 chung lam chia
khéa.

Dé lam viéc nay, ta chon sé nguyén to p du
16 va chon g 1a phdn tir sinh cia nhém cac
thang dw theo mod p. D€ c6 chung chia
khoa cho mot phién giao dich thi A va B
lam nhw sau: A chon ngiu nhién mot sé x
va glti cho B s6 X = gx; dong thoi B cling
chon ngiu nhién mot s y roi gii cho A s6
Y = ¢v. Khi 4y, cd A va B cung tinh dwoc con
s6 chung la

K=Y*— (g)" }.\' . lg\J\ — 3.

Trong khi d6, nguoi ngoai cuéc khong thé
bi€t dwoc gi ngoai cac s6 XY ma tir do
khong thé nao tinh ra dwgc K.

Nhdn xét: Nhw vay, thuat toan Diffie-
Hellman da dem lai mot gidi phap xi ly
tuyét voi cho vin dé nan giai hang ngan
nam qua cua gidi lam mat ma.

Thuat toan ma hoa khéa cong khai RSA

Nhitng kh6 khan trong viéc chuyén chia
khéa ma (d6i v&i cdc hé ma truyén thong)
da khién cho nhitng ngwoi lam mat ma
cubi thé ki XX nghi t&i mot mé hinh hé mdt
md phi d6i xirng véi hai chia khéa riéng
biét cho 2 viéc 1ap ma va giai ma. Mdi ca
thé tham gia vao hé théng nhuw viy sé
dwoc cAp mot cdp chia khoa, trong dé chia
khéa ldp md c6 thé dwgc cong bd cong

Tap 1 S6 1 Thang 1.2017

Tap chi Pi

12



khai cho moi nguwdi biét (nén dwoc goi la
chia céng khati), con chia khéa gidi ma thi
chi mot minh c4 thé dé dwoc biét (nén
dwoc goi la chia bi mat hay chia khéa
riéng). Piéu can lwu y 1a tir chia cong khai
khéng thé tinh ra dwoc chia bi mat. Moi
nguwoi trong hé thdng déu cé thé ma hoa
dir liéu dé€ giri cho mot ca thé ndo do (bang
chia khéa cong khai cta cé thé nay), va chi
mot minh ca thé nay c6 thé gidi ma dwoc
cac tai liéu mat (dwgc ma hoa bang chia
c6ng khai cua minh). Piéu nay ciing giong
nhw 1a moi ngwoi déu c6 thé givi thw mat
cho mot ngudi thong qua ctra khe cia hom
thw bdo dat trwdc ctra nha, va chi cé nguoi
dy médi c6 chia khéa mé thung lay thw ra
doc (& day ctra khe dong vai tro chia khoa
cong khai, con chia khéa bi mat chinh la
chia m& thung thw). HE mat ma nhw vay
con dwgc goi la hé ma c6 chia khoa cong
khai (goi tat 1a hé ma khda céng khai). Hé
ma nay da dwoc "hién thuwc héa" vao
nhirng ndm cu6i cda thip ki bdy mwoi thé
ky trwédc, nho sw thAm nhip cia sé hoc
vao cong nghé ma.

Hé mad khéa céng khai RSA

Hé ma nay lan dau tién dwoc cong bd vao
nam 1978 béi ba nha khoa hoc cta Hoc
vién Cong nghé Massachuset (Hoa Ky) la
R. Rivest, A. Shamir va L. Adleman. Dé xiy
dwng hé m3, nguoi ta chon hai s6 nguyén
to p va q da 1én (c6 do dai vao c& 150 chir
s6 thip phan) va tinh cicsé n = p.q, ¢ = (p
-1).(q - 1). Sau d6, chon so tw nhién e thda
man (e,@) = 1 va tinh s6 d = e mod @
bang thuit toan Euclid m& rong.

Dung bd sé (en) lam chia khéa coéng khai,
ngudi ta m3 hod moi khdi vdn bdn P theo
cong thirc

C = P mod n.

va s0 C dwoc goi la khoi vdan bdn md twong
ng voi P.

Dé giadi ma khoi vdn bdn md C, nguwoi ta ap
dung dinh ly Euler (m¢& rong dinh 1i nho
clia Fermat) va chi ra rang

C!modn=P

Nhw vay, phép gidi ma dwoc tinh twong tw
nhu phép 1dp ma cho nén la kha thi, véi
tdc do kha nhanh. Piém mau chét cua quy
trinh gidi md 1a phai biét dwoc so d = e”!
mod ¢, nén ngwoi ta goi cap hai sé (d,n) la
chia khod gidi md (hay chia bi mat).

RO rang, tir e muon tinh ra d thi phai biét
dwoc ¢ va diéu nay twong dwong véi viéc
phén tich sé n thanh tich p.q, mot diéu ma
cac may tinh manh nhat hién nay khong
thé lam dwoc trong ca ngan nam khi s6 n
c6 chiéu dai khoang 300 chit sé thap phan.

Do an toan cuia hé md RSA

Sau khi Rivest, Shamir va Adleman cdng
b6 phat minh vé hé ma da néu, trén tap chi
Nha khoa hoc My c6 dwa ra loi thach thirc
nguoi doc bé khod mot miu tin nhéd da
dwoc ma hoa véi:

n=1143816257578888676692357799761
466120102182967212423625625618429
357069352457338978305971235639587
05058989075147599290026879543541 .

e= 9007.

Mot mAu tin ngan dudi dang ma (chwa day
mot dong) chi dwoc gidi ma sau 6 nam,
bang mot c¢d gang téng lwc voi viéc s
dung 1600 mday tinh cwc manh tin cong
trong 8 thdng d€ phan tich s6 n néu trén ra
thira s6 nguyén t6. Piéu nay cho thay thuat
toan RSA 1a rat an toan, vi trén thuc té hé
ma RSA tiéu chuin yéu ciu s6 n c¢6 do dai
16n hon hai IAn con sé néu trén, va viéc
phan tich doi hoéi thoi gian kéo dai trong
nhiéu ngan nam.

Phia sau trang lich sir vé RSA
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Thién ha ngay nay déu biét hé ma RSA
dwoc phat minh ra vao nam 1978 béi 3
nha khoa hoc ctia hoc vién MIT (Hoa Ky) la
Rivest, Shamir, va Adleman (trong anh,
theo thir tw tir trai qua phai).

Thé nhwng vao nam 1997, Tong hanh dinh
Thong tin Chinh phtd Anh Quéc (GCGQ) da
tiét 16 sw thit vé viéc cac chuyén gia méit
ma cua ho da phat minh ra thudt todn ma
héa phi déi xirng gibng nhw RSA vao nam
1972 béi Clifford Cocks va giao thirc
chuyén chia khéa kiéu Diffie-Hellman vao
ndam 1975 (bé&i Malcolm Williamson). Ca
hai nguwoi, C. Cocks va M. Williamson, déu
tirng la thanh vién doi tuyén Anh di thi
toan quoc té & Moscow nam 1968 (doat
Huy chwong Bac va Huy chuwong Vang,
theo thi tw), va sau dé ho déu tot nghiép
Pai hoc Cambridge vé chuyén nganh ly
thuy€t s6 roi cung vao lam viéc tai GCHQ.

g oot

M6t diéu khac biét tha vi gitta hai nhom
phat minh néi trén 1a & chd, cac nha khoa
hoc "ldo lang" tim ra gidi phap sau nhiéu
thang ban cidi dén dau dau, trong khi cac
"tan binh" tré tim ra né mot cach kha
nhanh chéng va nhe nhang, dén m&c ho
khong y thirc dwgc tim quan trong cia két
qua tim dworc.

Tuwong lai cta cdc hé ma phi déi xirng

Trén day chi la d6i nét "chdm pha" vé bikc
tranh ma hoéa thong tin thoi nay ma ta cé
thé cdm nhan dwoc tir géc nhin cia toan
phé thong. Nhw da néi, mit ma hién dai da
phat trién rat xa, dwa trén nhiéu thanh twu
ma@i ctia Toan hoc hién dai, trong dé c6 hé
ma phi doi xirng dwa trén dwong cong
elliptic dang dwoc dung ngay cang pho
bién va sé thay thé RSA trong twong lai
khong xa.

biéu bat ngo vé ma hoa phi déi xirng la n6
da gy thit vong 1é6n cho nhitng ngwdi lam
mat ma ngay sau khi ra doi chang bao 14y,
khi ho phat hién ra téc do cta né qua
chdm chap (chdm hon ca ngan lan so véi
cac hé ma doéi xirng véi cung cidp dbé bao
mat). Va diéu bat ngo hon thi 1a chinh né
lai tré thanh cong cu dic luc cho viéc gii
quyét cac van dé hoc bua cia an toan
thong tin hién dai ma ta da néu ra & trén,
nhw sé thay trong phan tiép theo cua bai
viét nay.

British teant for the Muthematical Ofysnpiad in 1968 in Mosco

Tap 1 S6 1 Thang 1.2017 Tap chi Pi 14



GIAI TOAN CUNG BAN
¢ é
¢

=18
)

PHU'ONG PHAP QUY NAP: LAM AN LON CAN VAY NO' NHIEU!

m HA HUY KHOAI

Ta thir lam bai toan sau day:

Chirng minh rdng, véi moi n nguyén dwong, ton tai sé hiru ty r khéng biéu dién dwoc dwdi

dang sau:

r:b—i-ii

i—1 i

trong do b la sé nguyén, a; la cdc s6 nguyén khdc 0.

V&i moi n. Thé thi chic 1a dung quy nap sé 6n?

V&in =1 : cr 14y s6 hitu ty nam gitra 1/2 va 1/3 1a dwoc. Gia st két luan dung vdi n, cin
chirng minh ding v&i n+1. Nhwng xem ra chwa c6 cach gi ré rang d€ di tir n sang n+1. Lam

sao day?

MAau chét cta phwong phap quy nap la &
chd: ban gia st két luan ding véi n (hoic
v&i cac s6 khéng qua n), chirng minh ding
véi n+1. Nhw vay, ban da "vay két luin véi
n" dé hy vong thu dwoc "1ai" 1a két ludn véi
n+1.

bén day thi mét "chan ly" trong kinh
doanh c6 thé c6 ich: lam &n 1én, cdn vay ng
nhiéu!

Néu & bai trén diy, minh chi vay cai két
luin "t6n tai s6 httu ty. .. " thi it qua! Xem
lai tredrng hop n = 1: rd rang moi sé hiru ty
trong khoang (1/2,1/3) déu thoda man.
biéu nay goi y cho ta vay nhiéu hon, cu thé
1a ta chirng minh khang dinh sau day
(manh hon nhiéu so véi bai ra):

Chitng minh rdng, véi moi n nguyén dwong,
ton tai cdc s6 pn < qn Sao cho moi sé hiru ty r
trong khodng (pnqn) déu khéng biéu dién
dwoc dwdi dang sau:

n I

trong dé b la sé nguyén, ai la cdc s nguyén
khdc 0.

RO rang két ludn diung véi n = 1. Gid st két
lun ddng véi n, cin chirng minh ding véi
n + 1. Khi bai todn "manh" 1én, thi gia thiét
quy nap ciling manh Ién theo. N6i cach
khac, ta vay von nhiéu hon trwéc. Hy vong
s€ c6 1ai to hon! Nhw vay, gia str da c6 pn <
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qn sao cho moi s6 hitu ty r trong kKhoang
(pnqn), déu khong biéu dién dwoc dudi
dang:

r _[)+Z—

1 a;

trong do6 b 1a s6 nguyén, a; 1a cac s6 nguyén
khac 0.

Ta hy vong néu thu hep doan nay chut nira
thi trong d6 moi s6 hitru ty déu khong biéu
dién duoc dang da néu, véi n thay béin +
1. Hon nira, néu tim dwoc Kkhoang
(Pn+1,qn+1) ma trong d6 chi cé hitu han
diém hiru ty bi€u dién dwoc dang trén, thi
dé thu hep khoang d6 hon nira dé khéng
ton tai s6 hiru ty ndo cé dang da néu dwoc
chira trong khoang.

Ta tht thu hep khoang (pnqs,) mot cach
don gidn bang cach dat:

d d
qn — i

d =qn—Pns Pn+1 = PnT 5 3 s gn+1 =

Can chirng minh trong Khoang (pn+1,qn+1)
chi c6 hitu han s6 hitu ty r c6 thé biéu dién
dang:

l_b+Z—

& ](1,

trong do6 b l1a s6 nguyén, a;,i = 1,2, ,n+1, 1a

cac s6 nguyén khac 0.

Gia st r 1a mot s6 c6 dang nhuw trén. D€ st

dung gia thiét quy nap, ro rang can bét di
1

mot s6 hang dang ¢ & v& phai. Gia st 12

s6 nguyén tuy y, 1 <1< n+1. Xét so:

Theo gia thiét quy nap, s6 4l khéng

thudc khoang (pn,qn). Tat nhién c6 thé xem
Pnqn VO ty, va ta c6 mot trong hai trweong

1
r— (-) o qn
Al hoac
(&) <
r—1=—"1 %:Pn
ol . Truéc tién, gia sw

. Do cach xay dung g+, ta

| ; d d

Z <Ir—@qn < (.(In — ?’ —qn — _-?-

Nhuw viy, -al 1a s6 nguyén dwong khong

vuot qua d tie 13 al chi c6 thé nhan hitu
han gia tri. Ly luan twong tw cho truwong

T (i) < Pn
hop 2 ta thdy rang, voi
mobi 1 < | < n+1, chi ton tai hitu han s6
hitu ty c6 dang da néu va thudc khoang
(Pn+1,qn+1). Nhw vy, chi ton tai hitu han s6
hitu ty r trong khoang (pn+1,qu+1) cé dang:

n+1 1
r=b+ —.
i=1 4i

trong dé b la s6 nguyén va a; la cac s6
nguyén khac 0.
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MOT BAI TOAN PHAN TiCH PA THU'C

= LU'U BA THANG

Bai toan 1. (Ky thi hoc sinh gidi qudc gia,
Japan, 1999) Cho sé nguyén dwong n.
Chitng minh rdng da thirc

{.\'2 + 13)[.'«‘2 s 23) ‘e ['.\'3' + 113) +1
khéng phan tich dwoc thanh tich cua hai da
thitc v&i hé sé nguyén cé bdc lén hon hay
bdng 1.

Chitng minh. Dat f{x) = (x2 + 12)(x2 +22 )--(x2

+ n2) + 1. Gia st f(x) = g(x)h(x) voi g(x),
h(x) € Z|x] va degg(x) = 1,degh(x) = 1.

Do f(x) la da thirc c6 hé s6 bac cao nhat
bang 1 nén ta c6 thé gia st hé s6 bac cao
nhit cua g(x),h(x) cling bang 1.

Do f(ki) =1 v&i k= -n,-n+1,...,-1,1,...,n va
i 12 s6 phirc don vi nén g(ki)h(ki) = 1 véi k
=-n,-n+l,..-1,1,2,.,n.

Chu y rang g(ki) va h(ki) 1a cac s6 c6 dang
a + bi v&i a,b € Z nén tw g(ki)h(ki) = 1 ta
suy ra (g(ki),h(ki)) €
{(-1,-1),(1,1),(i,-1),(-i,0)}. Do do g(ki) =
h(ki),h(ki) 1a lién hop caa h(ki), véi moi k =
-n,—n+1,..,n.

Ta cé h(ki) = h(ki) = h(=ki) nén g(ki) =
h(-ki). Ttr d6, da thirc k(x) = g(x) - h(-x) la
da thirc c6 hé s6 nguyén va c6 bac nhé hon
2n, nhan 2n phan t& phan biét -ni(-n+
1)i...,~i,i,2i,..,ni lam nghiém nén k(x) = 0
hay g(x) = h(-x) v&i moi x. Suy ra g(0) =
h(0). Va do dé f(0) = g(0)? 1la s6 chinh
phwong. Ma f(0) = (n!)? +1 nén (n!)? +1 la
s6 chinh phwong (mau thuan). Vay ta c6
diéu phai chirng minh.

T bai toan trén ta dat cau hoi
Bai toan 2. Cho sé nguyén dwong n. Pa

thirc

(x + ]2)(_\._22)___['.\.+”2) +1

co phdn tich dwoc thanh tich cua hai da
thirc vai hé s6 nguyén cé bdc lon hon hay
bang 1 hay khéng?

Chirng minh. Cau tra loi la da thirc trén
khéng phan tich dwoc thanh tich cta hai
da thirc v&i hé sé nguyén c6 bac 1é6n hon
hay bang 1. That vay, dit f(x) = (x+12
)(x+22 )-+(x+n? ) +1.

Gia st f{x) = g(x)h(x) vo6i g(x),h(x) € Z[x]
va degg(x) = 1,degh(x) = 1. Do f{x) la da
thirc c6 hé sd bac cao nhit bang 1 nén ta
c6 thé gid siv hé s6 bic cao nhit cla
g(x),h(x) cling bang 1.

Do f(-k?) = 1 nén g(-k? )h(-k?) = 1 v&i k =
1,2..,n.

Do g(-k? ),h(-k?) € Z nén ta suy ra g(-k?) =
h(-k?) = 1 hoac -1. Do do6 da thirc k(x) =
g(x) - h(x) 1a da thiirc cé hé s6 nguyén va
c6 bac nhd hon n, nhin n phén t& phin
biét -12 ,-22 ,..,-n2 lam nghiém nén k(x) =
0 hay g(x) = h(-x) v&i moi x. Suy ra g(0) =
h(0). Va do d6 f{0) = g(0)2 la s6 chinh
phwong. Ma f{0) = (n!)2 +1 nén (n!)2 +1 la
s& chinh phwong (mau thuan).

Tiép tuc ta lai dat ra ciu hoi

Bai toan 3. Cho sé nguyén dwong n. Pa
thirc

(x* + 12)[3«'4 + 22') sl ”2-) +1
co phdn tich dwoc thanh tich cua hai da
thirc vai hé s6 nguyén cé bdc lon hon hay
bang 1 hay khéng?

R0 rang v&i cach ti€p can nhu cach gidi hai
bai toan 1 va 2, chiung ta dwong nhw sé
khong thé tréa loi cho bai toan trén. Liéu c6
mot cach tiép can khac? Tinh co ching téi
phat hién ra mot B6 dé, dé l1a bai toan thi

Tap 1 S6 1 Thang 1.2017

Tap chi Pi 17



chon do6i tuyén IMO cua Romania
nam2003. NOi dung cua bai toan nhu sau.

Bé dé 1 (TST Romania,?003.) Cho f{x) la da
thirc véi hé s6 nguyén vdi deg f(x) = 1, c6 hé
s6 bdc cao nhdt bang 1, khéng phdn tich
dwoc thanh tich ctia hai da thirc véi hé sé
nguyén cé bdc 1én hon hay bang 1. Gid st
rdng f(0) la sé khéng chinh phwong. Khi dé
f(x?) cling khéng phdn tich dwoc thanh tich
cta hai da thirc voi hé sé nguyén cé bdc lén
hon hay bdng 1.

Chirng minh. Gia st f(x?) = g(x)h(x) véi
g(x),h(x) € Z[x] va degg(x) = 1,degh(x) = 1.
Do f(x) 1a da thirc c6 hé s6 bac cao nhat
bang 1 nén ta c6 thé gia st hé s6 bac cao
nhit cua g(x),h(x) cling bang 1.

Ta co f(x? ) = g(-x)h(-x) nén
g(x)g(—x)h(x)h(—x) = f(x

2

)%
Do g(x)g(-x) va h(x)h(-x) 1a cac ham chan
nén chung la cac da thirc khong cé hang tir
bic 1é, suy ra ton tai r(x),s(x) € Z[x] sao

cho r(x? ) = g(x)g(-x),s(x? ) = h(x)h(-x). Suy
ra:

f(x)? =r(x)s(x)

va do dé f(x) = r(x) = s(x) véi moi x hodc
~f(x) = r(x) = s(x) v&i moi x. Tr d6 suy ra
s(x) = r(x), vé¢i moi x hay g(x)g(-x) =
h(x)h(-x) v&i moi x.

Do d6 g(0)? = h(0)?, nén f{0) = h(0)2 la so
chinh phwong (mau thuan). Vay diéu gia
st 1a sai va ta c6 diéu phai chirng minh.

Chu y rang diéu kién f{0) 1a s6 khong chinh
phwong la chat ché vi néu f{0) 1a sé chinh
phuwong thi ta ¢6 phan vi du cho thiy Bo dé
la khéng dung. Vi du f(x) = x2 +4 khoéng
phan tich dwoc thanh tich cua hai da thic
vGi hé s6 nguyén c6 bac 16n hon hay bang
1 nhung da thirc f(x2) =x 4 + 4 = (x2 +2)2 -
4x2 = (x2 -2x+2)(x? +2x+2).

Tw BO dé trén, két hop véi Bai toan 2, ta
suy ra Bai to4n 1 va Bai todn 3 bang cach
xét da thic f{x) = (x + 12 )(x +22 )-(x + n2) +
1. Tr cach ti€p cin nay ching ta cé dinh ly
sau:

Pinh ly. Véi méi s6 nguyén dwong n va sé
tw nhién k, da thirc

(_\.3‘; 1), 12 )(_\.2": AL 22] - (_‘.2'( + ”2) L ]
khéng phdn tich dwoc thanh tich cta hai da
thirc voi hé sé nguyén cé bdac lon hon hay

bang 1.

Qua cac phan tich trén, ching ta thiy rang
mot bai todn cé thé c6 nhiéu cach ti€p cin
khac nhau. Mdi cach cho ching ta mot trai
nghiém va kham pha thua vi. Hi vong bai
viét nay sé giup cac thiy cd va cic em
trong viéc giang day va hoc Toan so cip
mot cach khoa hoc va nang dong hon.
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PINH LY KHONG DIEM TO HOP VA ’'NG DUNG

m VU THE KHOI

1. Pinh li khéng diém t6 hop

Phwong phdp Dai s6 dd dwoc st dung
thanh coéng trong viéc nghién cttu nhiéu bai
todn té hop lién quan dén cdu tric s hoc
hodc hinh hoc. Dinh ly Khéng diém Té hop
(KDTH) la mét vi du dién hinh vé ttng dung
ctia cdc da thitc nhiéu bién trong té horp.

Trong khuén khé bai viét nay, chiing toi
trinh bay vé dinh ly KDTH va mét sé trng
dung trong viéc chitrng minh cdc bai tdp so
cdp ciing nhw cdc dinh ly quan trong trong
T6 hop. Bai viét khong chira két qud nao
méi ma chi téng hop va trinh bay lai cdc
két qud trong cdc tai liéu tham khdo [1-5].

Chuing ta xét cac da thirc véi hé sb trong
trwong K = R- cac s§ thuc hodc K = 7, =
{0,1,..., p - 1} - hé thing dw modulo mot s6
nguyén t§ p > 2. Ky hidu K [x1,..., x,] 12 tap
cac da thtee n bién véi hé s trong K. véi
mdt da thie f € K [X1,.., Xn] ta dinh nghia
bdc cua f1a bac 1én nhit cia mét don thirc

trong f, trong d6 bac cia mot don thirc
AT o S S
“172  “n bang (ki + k2 ++++ kn).

Ky hiéu bac ctua da thirc f1a deg(f). Ta cling
c6 thé xét bic cia da thirc theo tirng bién,
ky hiéu 1a degsi(f). Chd y rang ta quy woc la
bAc ctia da thitc 0 bang —oo.

Gia st I = {f1, f2,.., fi} 1a tap cac da thirc. Ta
goi tap nghiém cua hé phwong trinh
{fi(x1,, xn) = 0,..., fx(x1,.., Xn) = 0} 1a tdp
khéng diém cda I va ky hiéu bai Z(I). Cac
dinh ly Khong diém noi chung chi ra moi
lién hé:

Tinh chat hinh hoc cia Z(I) «— tinh chat
dai sO ctia tip L

Véi cac tng dung trong té hop, ching ta
xét moi lién hé trong trweong hop don gian
nhat.

Luc lwong cua Z(I) «<— bac cua cac da thirc
trong I.

Trong trwong hop da thirc mot bién ching
ta da biét két qua quen thudc sau:

Dinh Ii 1. Mgt da thirc bdc n trong K[x] co
khéng qud n nghiém (tinh cad béi) trong K.

Chitng minh. Ta quy nap theo bac n.
Truwong hop n = 1 hién nhién ding. Gia st
két ludn dung véi moi da thire bic nho hon
n. V&i mot da thirc fcod bacn > 1, gid st fcod
nhiéu hon n nghiém. Chon 1 nghiém x = g,
dung thuat toan chia Euclid cho cac da
thikc ta c6 thé viét f(x) = (x-a)g(x). Khi d6
da thwc g(x) c6 bac (n-1) nhung lai co
nhiéu hon (n-1) nghiém, trai véi gia thiét
quy nap.

Ta ciing c6 thé phat biéu Dinh ly 1 theo
mot s6 dang twong dwong ma tir d6 dé mé
rong két qua cho cac da thirc nhiéu bién.

Pinh Iy 1'. Gid s S ¢ K 1a mét tdp véi S =
t + 1 va fla da thitc bdc n < t trong K [x]
sao cho fla) =0 véimoia €S. Khido f= 0.

Pinh Iy 1”. Gid st S ¢ K |a mét tap véi S =
t + 1 va fla da thirc bdc t trong K[x]. Khi
do ludn ton tai a €S, sao cho f(a) # 0.

Pinh ly 1’ ¢6 thé mé& rong moét cach tw
nhién cho cac da thirc nhiéu bién nhuw sau.
Pinh Iy 2. Cho f € K[xi x5, xif
la mét da thikc n bién théa mdn degx(f) < di
véimoii=12,.n.ChoSic¥,i=12.n la
cdc tdp voi Si = d; +1. Khi dé néu flaj,..,an) =

n :
0 véi moi (ai,...an) € [Tiz1 5i thi f= 0.
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Chirng minh. Quy nap theo s6é bién n.
Trwong hop n =1 chinh la Pinh 1y 1°.

Ta viét

. \ " .
flxg,...,: Xn) = Xit0 [i(xtyeee s Xn—1)xn
trong d6 moi f; 1a mot da thic theo xi,...,
Xn-1 Va degxi(fj)) < divéii=1,..,n-1vaj=
0,1,...dn

Véi méi (@1 dn-1) En?tl] Si ¢6 dinh
thi da thirc theo bién x,, f{a,....an-1, Xn) c6
d» +1 nghiém do do6 phai dong nhit bang 0.

Ta c6 fi(ai,...an-1) = O V0’1 moi j = 0,..dn va
lat, ... an—1) €ITZ Theo gid thiét
quy nap voi (n - 1) blen, ta co fi = 0 voi
moij=0,.dn Vay f= 0.

Mot m@ rong cua Pinh ly 1" sang trueong
hop da th&c nhiéu bién dwoc dwa ra boi
Alon (1999) va dwoc goi la dinh ly Khéng
diém T4 hop.

Pinh Iy KDTH. Cho f € K [x;, x;,., xn] la mét da thirc voi deg(f) = d. Gia st f chira mét don

. 1 .
thire ¥17%2
+ 1. Khi d6 ton tai (412--+>¢n)
Chitng minh (cdch 1). Y twéng chirng
minh 14 s& dung Dinh ly 2. D€ lam viy ta
phai thay déi fthanh / sao cho deg.i( /) <
ti va gia tri caa fva f trung nhau trén tap

I,

S' s s Y e ~ =2 2
=177 Chu y rang ta c6 thé gid sir S = ¢

+1.
Vé&i moi i = 1,..,n, ta c6 da thitc [Jaasi (Xi -
S.
a) € [x1, X2,0en) xn] bang 0 trén [T ".Ta
A it = | J BRY
nhan dwoc * i trén *Y=1"" trong

do h; la da thuzc chi phu thudc bién x; va
deg(h;) < ti. Do d6, trong da thirc f ban dau
ta c6 thé thay thé cac liiy thira ctia x; v&i s6
mi lén hon t; bang da thitc c6 bac nhé hon
ma khong lam thay d6i gia tri cta f trén

[T Si

Sau khi thwc hién qua trinh thay thé trén,
ta nhan dwoc mot da thirc J macé bac
theo moi bién x; khong vuot qua t;.

4 I .
C\ 1 ..‘\'xl

Nhan xét rang thanh phin
trong f van khong thay d6i trong qua trinh
thay thé trén vi n6 khong chira s6 mii nao
qua lon can thay thé. Hon nira, néu mot so
hang ¥ = C.\'I;].\'gz VO k>t véi k>
tj can phai thay thé thi phai c6 mét ki < t;

. xin a1 oA AN , \ n = I . \ , A ;.
Yn véi hé so khac 0 va Yioti=d. Cho S; C K ,i=12,..,nla cdc tdp voi Si 2 ti
€Il Si sao cho f(ajy,...,an) # 0.

(do bac cta f bing ¢ = Li-11), Vay khi
thay u bang da thitrc c6 bic nhd hon thi bac
theo x; luén nhoé hon ¢ vi qua trinh thay
thé khong lam ting bac cia mét bién nao.

11,12 Iy
XA s X0

Do d6 hé s6 ctia don thirc ’ 172 77 trong
J vAn khéng déivala € # 0.

Gia st trai lai f{ai..,an) = 0 v&i moi
(a1,..., an) € IT215i, Theo cach xay
dung / thi f= f tren i1 Si , Vi vy ta
cling cé f(‘” """ an) =0 4 moi

[T

(a,...,an) €

Cling theo cach xay dumg, degxi( f) < ti Ap
dung dinh ly 4 cho / ta nhan duorc f =

0. biéu nay mau thuan véi viéc f van

, vy
chtta s6 hang Cx{\x3 ==X 6 hé s6 C # 0.

Ta nhan dwoc diéu phai chirng minh.

Ta cling c6 thé chirng minh dinh ly Khong
diém T& hop bang quy nap mdt cach ngan
gon hon.

Chirng minh (cdch 2). Quy nap theo d.
Truwong hop d = 1 dinh ly 1a tdm thuwong.
Gia str d > 1, theo gia thiét quy nap thi dinh
ly ding vé&i moi da thirc cé bac nhé hon d.
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Gid s f thoa min gid thiét cta Dinh ly
nhwng f{ai,...a,) = 0 v&i moi (ay,..,an) €

[TmSi

Khong mat tong quat, gia st t; > 0, ta co
dinh a; € S1. Coi f nhw da thirc mot bién
theo x1, ta c6 thé viét: f= (x1 — a1)g + h
trong doé deg(g) = deg(f) - 1 va degxi(h) <
0.

Theo gid thiét g phai chita don thic

A I\.t: Ssitn
“1 22 yéi hé s6 khac 0.

Ta nhén thay h(ajaz,....an)=0, V(az,..,an) €

n :

i=25, Tuy nhién do h khong phu thudc
vao x1 nén ta suy ra h(aaz..a,) = 0;
Y(aj,ay,..., a) € [T Si

T d6 két ludn rang V(aiaz..an) € (S1

S ..
{a})x Hli=2"1 ta c6 g(asaz,..,an) = 0. Diéu
nay trai vi gia thiét quy nap.

2. Ung dung

Trong muc nay chdng t6i trinh bay mét so
trng dung ctia Pinh ly KDTH dé dwa ra loi
giai ngan gon cho céc bai tip kho, hay duwa
ra chirng minh méi cho cac dinh ly quen
thuoc.

¢ (Russian 2007) Tai mdi dinh cia mot da
gidc déu 100 canh ta viét 2 sO phan biét.
Chirng minh rang tai méi dinh c6 thé bé di
mot s6 sao cho cac sé con lai khong c6 hai
s6 nao & hai dinh k& nhau ma bang nhau.

Lo gidi. Goi A;i = 1,2,---,100 la cac tap hai
s6 tai cac dinh da giac. Xét da thirc

= (x1 —x2)(x2 —x3)- -~ (x99 — X100) (X100 — X1 ).

Ta thay deg(P) = 100 va P chira don thic
X1X2 ++ X100 v&i hé s8 bang 2. Nhw vay theo
DPinh Iy KDTH phai ton tai (c1, ¢2,*+, c100) €
A1 x Az x +++ x A100 sao cho P(c1,++, c100) # 0.

¢ (IMO 2007) Cho n la s6 nguyén dwong.
Xét tap

S={Exy.2)

x,»z € {0,1,..., n}
véi (x, y,z) # (0,0,0)} gobm (n+1)3 - 1 diém.

Tim s6 nhé nhit cdc mit phang trong R3
ma hop cua chiung chtra tdp S nhung
khéng chira gbc toa do.

Loi gidi. Ta thdy c6 3n mat phang x =
1,..,n, y = 1,.,n,z = 1,.,n théa méan diéu
kién diu bai. Ta chirng min 3n la sé nho
nhit thoa min diu bai. Gia s cdé k mat
phang xac dinh b&i
ax+biy+ciz—di=0,i=1,..., k

cling théa man dau bai v&i k < 3n. Ta dit

k
A(x,y,2) = I_I(a,-.\' +biy+ciz—di)
i=1

Ta thay hé s8 clia x"ynz trong A bang 0 con
trong B bang 1. Do d6 néu

A(0,0,0)

P(x,y,z) =A(x,y,2) — B(0,0,0)

B(x.y,z),

thi P(x, y,z) = 0 v&i moi x, y,z € {0,1,..,n} va
hé s6 cda xynzn trong P khac 0. Diéu nay
mau thuan véi Dinh ly KPTH.

¢ (Pinh ly Cauchy-Davenport) Vé&i A,B C
Z, ky hiéu

A+B:={a+b modplacAbecB}CZ,.

Khids A +B| > min(p,|A|+ |B| —1).

Chirng  minh Trwong hop
L |A|+|B| = p+1. Khi d6, véi moi x € Zj,
tapx-B:={x-b mod p b € B} va A la hai
tap con cua Zp thoa man x-B+A > Zp. Ta
suyra (x-B)NA#0,trclax=a+bvbdia€
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A, b € B. Ta nhian dwoc A + B = Zp, két luin
cua dinh ly ddng.

Trwong hop II: A + B < p. Gia si trai voi
két ludn A+B < A+B - 1. Khi d6 toén tai C c
Zy, voi C = A+B-2 va A+B c (. Ta dat
fx,¥) =eecx +y—c) € Z,[x,y].. Nhu
vy fla mét da thirc bic A+B -2 va hé s6

) A|-1_|B]—1
cua X )

A|+1B|-2\ _,
( Al1 ) #0 mod p.

bang

Theo Pinh ly KDTH thitontaia € 4, b € B
sao cho f{a,b) # 0. Diéu ndy maiu thuan v&i
cach xay dwng cua f.

¢ (Dinh ly Chevalley-Warning) Cho
f] f: aeia .fm € Zp-_.\'] ...... Xn| 13 cic da

m Aol ) < oL,
thirc thoa man Li~ydeg(fi) < ™ Khi dé
néu cac da thirc nay c6 mot nghiém chung
(c1,..., cn) thi n6é phai c6 thém nghiém chung
khac.

o n ( pp—1 \
Chirng minh. patA = § e 1_(fi —1) A
B=T((xi—ci)?~' —1).

Gia st cac da thirc f; chi c6 nghiém chung
duy nhit l1a (ci,.., ¢n). Theo dinh ly Fermat
nho thi:

A(xi,..., Xn) = B(x1,.., xn) = 0 v&i moi (xj,...,
Xn) z (Cl,..., Cn).

Hon nira A(cj,..., cn) # 0, B(cy,..., cn) # 0.

Ta xay dung da thirc
Alerioos =

prsg = ikl g
B[C] ..... Cn)

Do deg(A) < n(p-1) = deg(B), nén P la da
thirc khong dong nhit bang 0. Tuy nhién
theo cach xay dwng thi P bang 0 trén toan

y b .
bd ¥ va diéu ndy mau thuan véi Dinh ly

KDTH.

3. Cac bai toan khac

Trong phan cudi nay, chung t6i gi¢i thiéu
mot s6 Pinh ly va bai tdp ma nguwoi doc co
thé tw chirng minh bang phwong phap
twong tw nhw trong cac bai toan & muc
trueére. Hy vong qua cac bai toan nay, nguoi
doc cdm nhan dwogc strc manh ctia phwong
phap da thirc trong t6 hop.

1. (Erdos-Heilbronn) Cho A la tap con cta
Zp. hé thang duv modulo mot s6 nguyén td
p. bat
S={a+d modpla.d €A,a# u’}_

Chiéng minh ring |S| > min(p.2|A| —3).

2. Chitng minh mot dang tong quat cda
Pinh ly Chevalley-Warning & trén: Cho
S],SZ,"' ,Sn (@ Zp. Glé Sfl’ ﬁ, ﬁ,..., fm € Zp[X],...,
xn] 1la cac da thiac théa man (p -
DX deg(fi) <XLi(1Sil =1). Kni d6 cac
da thirc nay khong thé cé duy nhit mot
n ;
nghiém chung trong * *i=1 Si-
3. St dung bai 2 dé dwa ra mot chirng
minh ngin gon cho Dinh ly Erdos-
Ginzburg-Ziv (trwong hop p nguyén to):

Cho p la s6 nguyén td va az - ,am la mot
day cac s6 nguyén. Chirng minh rang néu
m > 2p-1 thi tén tai mot day con a1 ,aiz
,aip théa man ai; +-+aijp = 0 mod p.

4. (Alon-Friedland-Kalai) Cho p la mét s6
nguyén t6 va G la dé thi cé it nhat 2p-1
dinh. Chirng minh rang ton tai mot tip con
U cac dinh sao cho so cac canh chira it nhat
1 dinh trong U chia hét cho p.

5. (Alon-Furedi) Cho m phuwong trinh

A 1X1 +ai2xy+ - Qjpxyp = bj,i=1,2,...m,

véi aipbi € R Gid st moi bo (x1,..., Xn) #
(0,--,0) véi x; € {0,1} déu la nghiém cua it
nhit mét phwong trinh nao d6 trong s6 m
phuwong trinh trén. Chitng minh rang m >
n.
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6. Cho ajzaz - ,ax 1a cac sO0 (khong nhat
thiét phan biét) thudc Z,. Chitng minh rang
v&i moi bd s6 déi mot phan biét by, by, bk
thudc Z,, ton tai mot hoan vi o sao cho cac
cac s6
ay + bgi1),a2 + bg 2y, sk + bk doi
mot phan biét.

Tai liéu tham khao

1. N. Alon, Combinatorial
Nullstellensatz. Combi-  natorics,
Probability and Computing, (8): 7-29,
1999.

2. Evan Chen, Combinatorial
Nullstellensatz, http://db.tt/G4xx3fd]

Andrei Frimu and Marcel Teleuca,
Applica- tions of Combinatorial
Nullstellensatz, Gazeta Matematica,
ANUL CXVInr. 11, 2011.

Michatek, Mateusz, A short proof of
Combinato- rial Nullstellensatz, The

American  Mathematical Monthly
117.9 (2010): 821-823.

Titu Andreescu and Gabriel
Dospinescu, Prob- lems from the
book.
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LTS. Thdch thitc todn hoc sé la chuyén muc dinh ky ctia Tap chi Pi. Mdi s6, Ban bién tdp sé
tuyén chon twr cdc bai todn dé xudt ra 10 bai todn, trong dé cé 4 bai todn danh cho cdp
THCS va 6 bai todn danh cho cdp THPT. Thoi han nhdn bai gidi: trong vong mét thdng ké tur
ngay ddang dé. Nhirng 1oi gidi hay sé dwoc chon ddng trong s6 bdo ctua thdng tiép theo (tirc

la sau 2 thang).

Bai toan dé xuit cho chuyén muc cin dwoc néu ré la bai sdng tac hay bai swu tim. Bai
toan dé xult va bai gidi xin gri vé Toa soan theo cac cach sau:

1) Thw dién t giri vé: bbt@pi.edu.vn

2) Thw gri qua Bwu dién theo dia chi: Toa soan Tap chi Pi, phong 705- B8, ting 7, Thuw
vién Ta Quang Btru, Trwong Pai hoc Bach khoa Ha N6i. S6 1 Pai Co Viét, Ha Noi.

Thach thirc ki nay
Danh cho cap THCS

P 11. V&i n 1a mot s6 nguyén dwong, goi
P(n) 1a téng luy thira bic n cia n s6 nguyén
lién tiép.

a) Chirng minh rang P(5) chia hét cho 25.

b) Tim tit ca cac s6 nguyén dwong n > 1
sao cho P(n) chia hét cho n2.

(Lé Qudc Han, Nghé An)

P 12. Cho hai diém M, N twong rng nam
trén cac canh AC, AB cua tam giac ABC. Gia
stt BM, CN cat nhau tai P. Biét dién tich cac
tam giac BPN, BPC, CPM lan lwot bang 3, 4,
5 (don vi dién tich). Hay tinh dién tich tam
giac ABC.

(Ngb Van Minh, Ha Noi)

P 13. Tim tat ca cac bd 3 s6 hiru ty dwong

1 1 1
a+—.b+—- c+—
(a, b, ¢) sao cho ¢ vi a

déu la cac s6 nguyén.
(Nguyén T4t Thu, Dong Nai)

P 14. C6 100 qua béng den va 100 qua
béng trang dé trong mot chiéc hop kin. Ta
b6c ra ngau nhién 3 qua béng, va phu
thudc vao mau cda cac qua bong béc dwoc,
ta sé bo tr¢ lai hop mot s6 qua béng theo
qui tac dudi day:

Béng boc ra Bong bo tré lai

3 qua den 1 qua den
2 quaden, 1 quatring 1 quaden, 1 qua trang
1 quaden, 2 qua trdng 2 qua trang

3 qua trang 1 qua tring

M6t ngwoi da lam nhw vdy cho dén Kkhi
trong hdp chi con lai 2 qua béng. Nguoi
nay khong néi cho ching ta biét qua trinh
dién ra nhw thé nao. By gio ta can bdc ra
mot qua béng ttr hop, nhwng truwedc dé can
doan mau ctia qua bdéng c6 thé dwoc béc
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ra. Hoi ta nén doan qua béong dé mau gi?
Giai thich ro cau tra loi.

(Cudc thi thach thic Toan hoc quéc té
mang tén Paul Erdos ndam 2016 - 2017)

Danh cho cap THPT

P 15. Mot diém trén mat phang toa do
dwoc goi 1a diém nguyén néu ca hoanh do
va tung do cua n6 déu la sO nguyén. Mot
diém nguyén dwoc goi la diém nguyén so
néu doan thang ndi né vdi gbc toa do
khéng chira diém nguyén nao khéc.

Cho A 1a mot hinh 16i chira gbc toa do O.
Dat tén cac diém nguyén so nam trong A
lan lwot theo chiéu kim dong hé, nhin ttr
goc toa do, bdi X1,Xz,.... Xét hinh 16i B chira
A va c6 duy nhit diém nguyén so, goi la v,
nam gitra X1 va Xz, nhin tw goc toa do.

Chrng minh rang oY = OX' T OX’

(Ngd Bao Chau, Chicago, My)

P 16. Cho t& giac ABCD ndi ti€p dwong
tron (0) va c6 hai dwong chéo AC va BD
vuong goc nhau. Goi P l1a giao cia AD va
BC. Ké duwong kinh PQ cia (PCD). Goi M va
N lan lwot 1a diém chinh gitra cung CD
khéng chta P va cung CD chira P cua
(PCD). Biét QM giao BD, CD lan lwot tai E, F.
Con QN giao AC, CD lan lwot tai K, L. Chirng
minh rang (EDF) ti€p xuc véi (KCL).

(Nguyén Vian Linh, Ha Noi)

P 17. Cho tam gidc nhon ABC ndi tiép
dwong tron (0). Gia st 04, OB, OC cat BC,
CA, AB Ian lwot tai D,EF va cit EF, FD, DE
lan lwot tai X, Y, Z. Goi U, V, W theo thir tw
1a hinh chiéu cta X Y, Z 1én BC, CA, AB.
Chirng minh rang AU, BV, CW dong quy
trén duwong thang Euler ctia tam giac ABC.

(Tran Quang Hung, Ha N6i)

P 18. Cho P(x) la da thirc bic n v&i hé sb
thuwc va cho s6 thwc a = 3. Chirng minh
rang ta c6 bat dang thirc

max |a' — P(i)
0<i<n+1

A E—EX"
= ‘ 2 ’

(Theo y twdng dé thi Hungary - Israel
2007)

P 19. Cho p 1a mot s6 nguyén to thoa man
p =11 (mod 12). bat M ={1, 2, .., p-1} va
p—1
l1ay S 1a mot tip con bat ky cia M c6 2
phan ti&. Ta ky hiéu AS la thiang dw khong

Ms— II s
Am bé nhit ctia <%  s€M\S  theo modulo
p, tirc la
Ag—ns— I_I s (mod p).
&5 seM\S va 0 <A<
p-1
A = {AgsScM,s| = ’ﬁ—‘} ,
bat = J . Ching
1
minh rang Al =5

(Pham Tién Kha, TP.H6 Chi Minh)

P 20. Hai nguoi, A va B, choi tro "rét bia"
nhuw sau. C6 ba cai coc dung tich mét lit.
Ban dau mdi cdc chira a lit bia. Hai ngwoi
ludn phién nhau rét bia tir c6c nay sang
cac cbc kia. O lwot choi ctia minh, mbi
nguoi sé chon ra mot coc bia tuy y va san
mot it phan bia tir cdc nay sang hai coc con
lai mot cach tuy y. A 1a nguwoi dau tién rét
bia va muon lam tran bia & moét c6¢c nao
do; ngwoc lai, B ludn tim cach ngan can A
thuwc hién ¥y mudn cia minh. A dwoc coi la
nguwdi thang cudc néu & lwot choi ndo do6
cia minh, A 1am mot cdc nao do6 tran bia;
nguoc lai, néu A khong thé l1am bat cir c6c
nao tran bia thi B dwoc coi 1a ngudi thing
cudc. Hoi ai 12 nguoi c6 chién lwoc thang,
néu:

a)a=0,5.

b)a=04.

c) 0 <a <1 batki.

(Lé Hong Quy, Frankfurt, Bic)
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Giai bai ky truéc

Mic du s6 bdo diu tién dwoc phat hanh
vao thang 1/2017 nhwng dé chuin bi cho
s6 bao nay ching t6i da cong bo dé bai
Thach thic todn hoc dau tién tir ngay
15/11/2016 trén trang Facebook cua Pi.
Trong mot thoi gian ngdn, ching toi da
nhin dwoc nhiéu 1o gidi tot tir ban doc.
Trong s6 nay, chung t6i dang loi giadi cla
cac baiso 1, 3, 6, 7, 8 1a nhirng bai c6 nhiéu
ban doc tham gia gidi va giadi ding nhat.
Cac bai 2, 4, 5, 9, 10 chung to6i dang lai dé
bai & day dé ban doc tiép tuc gidi cung véi
cac bai toan cta s6 nay.

P 1. Chitng minh ring véi moi s6 thuc
a,b,c,d ta c6 bat dang thirc

ala+b)(a*+b*) +b(b+c)(b* + )+

cle+d) (P +d*)+d(d+a)(d*+a*) > 0.

(Nguyén Dtrc T4n, TP.H6 Chi Minh)

Loi giai 1. (Cta ban Nguyén Vin Diing,
Lép 11A14, THPT Ngoc Tao, Phic Tho, Ha
N6i).

Vil 4 4 4 4
Ky hiéu Z_u =a +b " +c +d Vi Ki
hiéu (*) 1a bat ding thirc ciAn chrng minh.
Ta cé

(%) & 2(14 - Z’a:b2 +Z’ab{"u2 — bz) =0
= Z’(_a4 +2a26% + b +2 Z’ub(a2 +b3) =0

&Y @+ +2Y ab(a®+5%) >0

&Y (a+b)*(@+b) =0.
B4t dang thirc cudi cung hién nhién dung
nén bat dang thirc dé bai dung. DAu bang
xay rakhivachikhia=b=c=d=0.

Loi giai 2. Ta c6 danh gia

2a% +2ab
u[u+b):;

2
-+ (a+b)? _ a*—b*
= =
2 i 2
Tir d6 suy ra
2 — b2
) \ / 74 (¢ e 2
ala+ b)(u2 + b2 ) = ~ (a7 -b”)
B a—
o 7

P

Hoan toan twong ty, ta cé

b(b+c)(b* +%) = ;C
4_ 4

.52 £} o) ) —-1

C(C+(/‘)(C"+(1‘)_:._?;:C 7(
. . 1-—'1_ 4
d(d+a) [‘d2 +a? ) = a = &

—

Cong cac bat dang thirc trén, vé theo vé, ta
c6 diéu phai chirng minh.

Dau "="xdyrakhivachikhia=b=c=d=
0.

Nhan xét. Do a,b, ¢d la cic s6 thuwc bat ky
nén nghi dén viéc phan tich vé trai thanh
tong cac binh phwong nhw 1o giai 1 1a kha
tw nhién. Ban V6 Tién Diing, hoc sinh 16p
10 chuyén toan trwong THPT Nguyén
Thwong Hién TP.H6 Chi Minh di néu ra
hang dang thirc

3 " 5 14_,4 1*‘)2[2*2
b(b+c¢)(b”+c°)— : " _ k) ’(_’7 C ).

L ~

vira lién quan dén phén tich tdong binh
phwong & cach 1, vira lién quan dén danh
gia & cach 2.

Nguyén Dirc Tan
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P 3. Cho cac s6 nguyén dwong a,b, c,d thoa
man diéu kién a? +1 = bc, ¢? +1 = da.

a+d b+c

a) Chirng minh rang c a 13
mot sO nguyén.

b) Tim tat ca cac gia tri c6 thé co cia P.
(V6 Quéc B4 Can, Ha No6i)

Loi giai. (Cta ban Pham Hoang Minh, 1&p
11 toan, treong PTNK DPHQG TP.HCM)

a) Taco
_a+d b+c
T ¢ a

2 2
a-+da+bec+c*

ac
2 2
2a+2c=+2

ac

bé chitng minh P nguyén, ta sé ching
minh a2 +c2 +1 i ac. That vay, tir gia thiét
débaitacoa?+1ic,c2+1ia.Suyra (a?+
1)(c2+ 1) iac; tlr @6, a? + c2 +1 i ac.

b) Theo ly ludn & ciu a) ta thdy rang néu
cac sO0 nguyén dwong a, b, ¢, d théa man
diéu kién a2 +1 = bc va ¢2 +1 = da thi a? +
c2 +1 i ac. Ngwoce lai, néu a, la cdc s6
nguyén dwong sao cho a2 +c2 +1 i ac thi ré
rang a? + 1 chia hét cho c va c? + 1 chia hét
cho a, suy ra ton tai cdc sé nguyén dwong b,
d théa mdn diéu kién a2+ 1 =bcvac2+1 =
da*.

Ttr d6, bai todn quy vé viéc tim tit ca cac
s6 nguyén dwong Kk sao cho tbn tai cac s6
nguyén dwong a, ¢ théa man diéu kién a2 +
cz+ 1 =kac.

Gid st k la s6 nguyén dwong sao cho
phwong trinh

u2 - C2 + 1 =kac (1)

c6 nghiém nguyén dwong (a, c). Trong cac
nghiém cua (1), ta chon nghiém (ao, co) sao

cho ao + co nho nhit. Khong mat tinh tong
quat, c6 thé gid st ao = co. Xét phwong
trinh bac hai

Phwong trinh nay c6 mot nghiém la ao nén
theo dinh ly Viete, n6 con c6 mot nghiém
nita la

.\‘2 —keopx + (‘8 +1=0.

Tl bi€éu thirc clia ai, ta thiy ai la s
nguyén dwong, nghia la (ai;, cg) cling la
nghiém nguyén dwong ctua (1). T cach
chon (ao, co) ta suy ra ai > ao. Do d6

N ag _k
kcog—ag = ag = — < —.
€y - 2
Vi vay
ap Cq 1 k
k:—(*i+ < —+1+1.
co ap apcy 2

Tw day suy ra k < 4. Ngoai ra, dé thiy k > 2.
Véik=3tacébo (a c)=(1,1) théoa man.

Voi k = 4, ta c6 phuwong trinh nghiém
nguyén

a* —4ca +C2 +1=0.

Ta co

2 2

A =4t _2_1=32-1 = 2(mod 3).

Do d6 A’ khong la s6 chinh phwong. Vi vay
phwong trinh (1) khong cé nghiém
nguyeén.

Vay gia tri duy nhat ma P c6 thé nhén la 6,
ng véi k = 3.

Nhan xét. Phwong phap ma ban Minh st
dung trong viéc tim s6 nguyén dwong k
sao cho phwong trinh a2 + ¢ +1 = kac c6
nghiém nguyén dwong a, ¢ dwoc goi la
phwong phdp bwdéc nhdy Viete. Phwong
phap nay cé thé ap dung hiéu qua trong
viéc tim cac gia tri cia tham s6 dé mot
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phwong trinh Diophant bac? theo cac 4n c6
nghiém nguyén dwong. Y twdng co ban la
dung nguyén ly cuc han (chon nghiém nhéd
nhit theo mot nghia nao dé), dung quy tic
sinh nghiém nho dinh ly Viéete dé€ tao ra
mot danh gid cho tham s6. Chang han cac
ban cé thé ap dung cach lam twong tu dé
giai cac bai toan sau:

1. Tim tit ca cic sO nguyén dwong Kk sao
cho phwong trinh x2 + y2 + 6 = kxy c6
nghiém nguyén dwong.

2. Tim tit ca cac s6 nguyén dwong k sao
cho phwong trinh x2 + y2 + z2 = kxyz c6
nghiém nguyén dwong.

Phuwong trinh & bai todn 2 dwoc dé cap
dén trong mot bai bdo cia vién si
A.AMarkov, vi thé nhitng phwong trinh
Diophant dang nay (bac? theo cac 4n) con
dwoc goi la phwong trinh dang Markov.

Tran Nam Diing

P 6. Cho tam giac ABC ngoai tiép dwong
tron (I) va c6 truc tdm H. Goi D, E, F lan
lwot 1a tiép diém cua BC, CA, AB véi (I). Gia
st M, N twong &ng la diém doi xing cla
trung diém AH, BH qua FE, FD. Ching
minh rang MN di qua truc tAm cda tam
giac DEF.

(Tran Minh Ngoc, TP.H6 Chi Minh)

Loi giai. (Cda ban Trdn Minh Nguyén, 16p
11 chuyén toan truwong PTNK, DHQG
TPHCM).

Trwéc hét ta chirng minh bé dé sau:

Bd dé. Cho tam gidc ABC noi ti€p dwong
tron tim (0) va ngoai ti€p dwong tron tim
(D). Pwong tron tdm (I) ti€p xic cac canh
BC, CA, AB lan lwot tai D, E, F. Goi K 1a truc
tAm tam gidc DEF. Khi d6 O, I, K thang
hang.

IA;-TA =TB; -IB=1C;-IC = r*.
Xét phép nghich dao I
tich r2:

tam I, phwong

A1 —A.B1—B.Ci—=C

= (AA(BCy — AABC).

Goi 0’ la tdm dwong tron ngoai tiép
Iy

AA1B:C1. Ta c6
thang hang.

: 0 > 0nénl O, O

Mat khac vi A1, Bi, C1 lan lwot 1 trung
diém EF, FD, DE cho nén (0’) 1a dwong tron
Euler ctia tam giac DEF. Suy ra O’ l1a trung
diém IK; do d6 I, 0’, K thang hang.

T hai diéu trén ta c¢6 O, I, K thing hang
hay OI di qua K. B6 dé dwgc chirng minh.

Tré lai bai toan, goi S, T lan lwot la trung
diém AH, BH. Lay L, R 1an lwot d6i xirng véi
I qua FE, FD. Ta c6 IFLE la hinh thoi, do dé

FL || IE g FL | AE
FI|LE | EL|AF
nén L la tryc tam tam giac AEF. Tam giac

AEF noi tiép dwong tron dwong kinh Al
cho nén

) AL .
Goi A1, B1, C1 1an lwot 1a trung diém EF, FD, Vo cos(/FAE). (2)
DE va rla ban kinh dwong tron (I). Ta co
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Vi H la truc tam tam giac ABC va tam giac
ABC nbi ti€p dwong tron duong kinh 204
nén

AS  JAH  AH
A0 1(240) 240

—=cos(ZBAC). (3)

Tw (2) va (3) ta duoc

AL _AS AL Al

sainp= oS G el (4)
Al A0 AS A0

D& thdy 20AB = £HAC, do d6
Z/OAI = /SAL. (5)

T (4) va (5) ta c6 AOAI ~ ASAL, dan dén
£SLA = £AIO.

Lay M’ trén Ol sao cho SM’ L EF. Ta c6 £SLI
= LAIM’, do d6 ILSM’ 1a hinh thang can c6
truc d6i xirng EF; dan dén M’ d6i x(rng voi
S qua FE.Vay M’ = M, nghia 1a O, M, I thang
hang. Chitrng minh twong tw ta c6 O, N, |
thang hang. Vay O, I, M, N thang hang.

Ap dung bd dé, ta c6 0, I, K thang hang. Vay
M, N, K thang hang hay MN di qua trwc tAm
cua tam gidc DEF.

Nhin xét. K&t luin ctia b6 dé 1a mot sw
kién quen thudc trong hinh hoc tam giac.

Ta con c6 thé ndi ngan gon: OI la dwong
thang Euler ciia tam gidc DEF. Ngoai cach
chitng minh bang cich s dung phép
nghich dao nhw trong 1oi giai da trinh bay,
ta con cé thé chirng minh tinh chit nay
nhu sau:

Gia st Al, BI, CI cat (0) tai diém th hai 1a
A, B,C.ViB’A=B’l, CA=C(Cl tasuyraB(C’
la dwdng trung trwc cua Al Do dé AT L
B’C’. Chitng minh twong tw thi B’1 L CA".
Twr do, I 1a tryc tam tam giac A’B’C’. Ngoai
ra, diéu do6 con dan dén cé phép vi tu bién
truc tAm I va tdim dwong tron ngoai tiép O
cua tam giac A’B’C’ thanh tryc tam K, tam
dwong tron ngoai ti€p I cia tam gidc DEF.
Suy ra I, O, K thing hang. Do d6 IK = 0I 1a
dwong thang Euler ctia tam giac DEF.

Ngoai ban Trdn Minh Nguyén con c6 cac
ban Nguyén Trdn Hiru Thinh, 16p 12
chuyén toan trwong THPT chuyén Ly Tw
Trong Can Tho va Trdn Vi Duy TP.H6 Chi
Minh ciling c6 1oi giai twong d6i tot. Tuy
nhién trong l1&i gidi cia ban Thinh va ban
Duy con c6 nhiéu chd ghi dé thdy, cin
trinh bay ro rang hon.

Tran Minh Ngoc

P 7. Cho tam gidc ABC néi tiép dwong tron
(0). Phan giac goc BAC cat (0) tai D khac A.
Goi P 1a mot diém nam trén doan OD. Trén
cac canh CA, AB lan lwot 13y cac diém E, F
sao cho PE song song v&i DC, PF song song
véi DB. Ly Q trén (0) sao cho £QAB =
£PAC. Chirng minh rang QE = QF.

(Tran Quang Hung, Ha N6i)

Loi giai 1. Khong mat tinh tong quat, ta
gid str cac diém c6 vi tri nhw hinh vé.
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© p R
Trén doan thang DC 14y K va trén doan
thang DB 13y L sao cho PK || AC va PL || AB.
Ta co

ZKPL = /BAC = /BAC = 180° — 4ZBDC
= 180° — KDL,

do d6 t& giac PKDL noi tiép.

Dé thdy tam gidc DBC can tai D va OD la
trung trwc BC. Suy ra DP la phan giac
£KDL. Ma tx giac PKDL noi tiép nén PL =
PK. Twr cac hinh binh hanh PLBF va PKCE
ta c6 BF = PL = PK = CE. Do BF = CE nén
dwong tron (AEF) di qua trung diém S cta
cung BC chita A cta (0). Dé thdy P nam
trén (AEF) do 4EPF = «BDC = 180-
-£BAC.

Goi T la giao diém khac A ctia AQ va (AEF).
Do £QAB = £PAC nén EFTP la hinh thang
cin. Ta cAn chitng minh QT = QP thi Q sé
thudc truc d6i xirng ctia hinh thang ciing la
trung truwc EF, tr d6 QF = QF. That vay, goi
R 1a giao diém khac A ctia AP va (0). Do Sla
trung diém cung BC chita A cua (0) va
cung EF chtra A cta (AEF) nén SQ = SR va
ST = SP; hon nita, dé thdy 2TQS = 2PRS.

Vay ASTQ = ASPR (c.g.c); suy ra QT = PR =
QP. Bai toan duoc chirng minh.

Loi gidi 2. (Cia ban Nguyén Tién Hoang
l6p 10 Toan, trwong PTNK, DHQG
TPHCM).

Khong mat tinh téng quat, gid st cac diém
c6 vi tri nhw hinh vé.

S

LI_]

N

 p

Goi DS 1a duwong kinh cua (0). Ta c6 £AFP
= £ABD = 180° - £ASD nén F nam trén
(APS). Chirng minh twong tw E cling nam
trén (APS). Goi T la giao diém khac A cua
AQ va (AEF). Dé thdy DS 1a trung truc BC
nén SB = SC, kéo theo ASFB = ASEC (g.g);
suy ra SE = SF. Vi £TAF = £PAE nén PT ||
EF, do d6 ST = SP.

Ta thdy £ATP = 1800 —-£ASP = £AQD nén
TP || @QD; ma @D 1 QS do DS la duwong kinh
cta (0) nén SQ L TP. Két hop véi ST = SP
ta suy ra QT = QP. Bai toan dwgc chirng
minh.

Nhin xét. Mot s6 ban doc gop y rang dé
bai nén stta lai 1a “Idy Q thudc (0) sao cho
AD la phdn giac BPAQ” thi méi chat che,
tac gia bai toan da cong nhan gép y nay va
chan thanh cdm on gop y ctia cac ban. Loi
gidi cia da sé cac ban giong trinh tw loi
gidi th nhit la di chirng minh BF = CE
truwede roi maéi suy ra dwong tron (AEF) di
qua trung diém S cua cung BC khong chira
A.

Tap 1 S6 1 Thang 1.2017

Tap chi Pi 30



Cach giai thir hai ctia ban Hoang va mét so
ban khac c¢6 thu vi hon khi di chitrng minh
cac diém E, F cing nam trén dwdng tron
(ASP) mot so ban cling 1am theo cach nay.
Phan sau da s0 cac ban cho gidi giong
nhau, tuy nhién y twéng trinh bay nhw
trong loi gidi th 2 c6 vé ngan gon hon.
M6t s6 ban c6 st dung lwong giac dé
chirng minh hai doan thang bang nhau.

Cac ban c6 101 giai dung: Nguyén Ngoc Dic,
Lé Anh Purc 16p 10 Toan, THPT Chuyén
Lam Son, Thanh Hoéa. Nguyén Trdn Hiwu
Thinh, 16p 12 Toan, Trweong THPT Chuyén
Ly Tw Trong, Can Tho. Trdn Vii Duy TP.H6
Chi Minh. Nguyén Thi Minh Hdng, 16p 11
Toan, trwong THPT chuyén Lé Hong
Phong, TP.HCM. Nguyén Nguyén, 16p 10
Toan, Trdn Minh Nguyén, Pham Hoadng
Minh 16p 11 Toan, trwong PTNK, PHQG
TPHCM.

Bai todn nay la mé& réng truc tiép cda bai
toan so 3 thi vong 2 cda Iran ndm 2013.

Tran Quang Hung

P 8. Trong khong gian ton tai hay khong
mot tap con S(S © R3) sao cho mdi mit
phing déu chi chita hitu han diém thudc
tap S.

(b6 Minh Khoa, Ha N6i)

Lori gidi. (Cha ban Nguyén Hiru Nhdn, sinh
vién K64 TN Su pham Toan, PHSP Ha No6i).

Ta chon S = (&5, 3, t)t € R. Mt phang (P)
trong khong gian R3 c6 phwong trinh dang

ax+by+cz+d=0
vGi a, b, ¢ khdong dong thoi bang 0. Diém
A(t5, t3, t) € S nam trén mit phang (P) khi
va chi khi

at> +bt> +ct+d =0. (6)

Phwong trinh (6) la phwong trinh da thic
bac 1é, bAc nho hon hodc bang 5, nén
phwong trinh (6) lu6n cé hitu han nghiém
thuc. Do d6 mdéi mat phing déu chi chira
hitu han diém thudc tip S. VAy ton tai tip S
théa man yéu cau bai toan.

Nhin xét Vé&i cach nhin thudn tay hinh
hoc Euclid thi bai nay khé hinh dung.
Nhuwng néu theo cach tiép can hinh hoc toa
do thi giao ctia cac dwdng va cac mat la tap
nghiém cda hé phwong trinh tao béi viéc
ghép cac phwong trinh cua cac dudong va
cac mit do lai. Vi thé, ta sé tim cich xay
dwng hé phuwong trinh c6 hita han nghiém
thwc. Diéu kién hitu han nghiém dan ta
dén y twdng dung da thirc va diéu kién co
nghiém thwc goi ta dén véi da thire bac 1€.
Tinh chat “da thirc bac 1é véi hé s6 thuc
lubén cé it nhit mot nghiém thuc” 1a mot
tinh chit quen thudc, dwoc suy ra tir mot
tinh chat tong quat hon cua 16p ham lién
tuc: Ham lién tuc trén mot doan nhdn moi
gid tri trung gian.

Ngoai ban Nguyén Hiru Nhdn, c6 céac ban:
Nguyén Nguyén va Phan Qudc Vwong 16p
10 Toan trwong PTNK DPHQG TP.HCM ciing
c6 loi giai tét.

Tran Nam Diing

Cdc bai todn sau ddy chwa cé loi gidi. Moi
cdc ban tiép tuc givi loi gidi vé toa soan.

P 2. Cho t& gidc ABCD ngoai tiép dwong
tron. Goi (C1), (C2), (C3), (C4) lan lwot la cac
dwong tron dwong kinh AB,BC,CD,DA.
Chirng minh rang ludn ton tai mot dudong
tron ti€p xtc véi cd 4 dwong tron (Ci),

(C2), (C3), (Ca).
(Nguyén Hung Son, Warsaw)

P 4. C6 100 cht giu vao rirng hai qua. Chu
gau nho nhat hai dwoc 1 qua, chi gau tiép
theo hai dwoc? qua, chi giu thi ba hai
dwoc 3 qua, ct thé cho dén chu gau Ién
nhit hai dwoc 100 qua. Cac chu giu gap
con séi gia. S6i dé xult sé giip chung chia
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qua hai dwoc mot cach “céng bang”. So6i
dwa ra quy trinh nhw sau: Sé6i sé chon hai
chu giu bat ky, gbp s6 qua hai dwoc lai va
chia déu. Nhwng néu cé 1 qua 1é thi soi sé
an qua doé. Séi sé lam nhw vay cho dén khi
tdt cd cac chd gdu déu c6 s6 quad bang
nhau. Hoi séi cé thé dn nhiéu nhat bao
nhiéu qua?

(Theo y twdng bai 5 cua Cudc thi toan gitra
cac thanh phé 2016)

P 5. Xét cac s6 thuwc dwong x, y,z théa min
didu kien VXY + VY2 +vax =L

Tim tit ca cac gia tri cda tham so thuc
dwong m sao cho biéu thirc

, : 1 1 1
Pulx,y,z) =

M-TX+TY MEYTZ

m-+2z+

c6 gia tri 1&n nhat.
(Tran Quoc Luit, Ha Tinh)

P 9. Gia sit m la mot s6 nguyén dwong. Tap
con A cua tip hop cic sO0 nguyén dwong
dwoc goi 1a m diy néu téng cac phin tir
cua A khdng veot qua m va véi méi k = 1,
2, .., m ton tai cdc phan tr phin biét cia A
c6 tong bang k. Vi du 4 = {1,2,3} 1a mot tap
6 day. Chirng minh rang ton tai cac tip m
day khiva chikhim # 2,4,5, 8, 9.

(Ha Huy Khoai, Ha Noi)

P 10. Trong mit phang, cho 7 diém phan
biét. Ngwoi ta mudn vé cic dwong tron
qua dung 4 diém trong 7 diém nay. Hoi c6
thé vé dwoc nhiéu nhat bao nhiéu dwong
tron?

(Lé Phuc Lit, TP.Hb Chi Minh)
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LICH SU TOAN HOC

-<er eI

M—r‘w’ ,"-"t NH.G—V"" L z

VAI NET VE LICH SU TOAN HOC VIET NAM

m HA HUY KHOAI

Cho dén nay, cé rdt it céng trinh nghién ctru vé lich str todn hoc Viét Nam. Phdn Ién cdc
nghién ctru dd céng bo lai thudc vé cdc tdc gia nwéc ngoai. Pd dén liic chiing ta cdn ddu tw
thich ddng cho viéc tim hiéu lich st¥ todn hoc, ciing nhw lich st khoa hoc tw nhién Viét Nam.

Nhitng ai bt tay vao nghién ctru lich st
khoa hoc Viét Nam déu gap phai thach
thirc 16n, chi yéu dén tir sw nghéo nan,
tham chi nhiéu khi thi€u han, cac tai liéu
thanh van. Trong nhitng nguyén nhan cua
su thi€u hut d6, c6 thé ké dén hai suw kién
sau:

1/ Kinh thanh Thang Long bi quéan
Champa dé6t chay vao nam 1371, va phan
16 thw tich ¢o bi thiéu rui trong dam chay
do.

2/ Trong cudc xam lwoc va chiém doéng tir
1413 dén 1427, quan Minh da dot va lay di
nhiéu sach v& cua Viét Nam.

Ngoai ra, nhitng bién dong lén trong lich
st hién dai nhw cai cach rudng dat, chién
tranh cling la mot trong nhirng nguyén
nhén lam that truyén nhiéu tai liéu cé.

Trong hoan canh khé khan dé, ching to6i
chi ddm dwa ra mét vai suy nghi ban dau
vé lich st toan hoc Viét Nam. Hy vong sé
c6 dip tré lai dé tai ndy mot cach sau hon.

I. Todn hoc Viét Nam cd dai

Theo Kham dinh Viét str théng gidm cwong
muc va Dai Viét st ky toan thw, toan hoc da
dwgc dwa vao trong cac ky thi & Quéc tir

giam vao cac nam 1077, 1179, 1261, 1363,
1394, 1437, 1472 va 1505. Nhw vay c6 thé
ndi rang, mon toan dwgc dwa vao thi cr &
Viét Nam kha sém (sém hon vai thap nién
so v&i Nhat Ban). Tiéc rang chwa tim thiy
tai lifu nao ndi vé ndi dung cu thé cia
nhitng ciu hoi vé todn trong cac ky thi do.
Tuy nhién, trong nhitrng nam sau dé, hoan
toan khong c6 thong tin gi vé viéc c6 mon
toan hay khong trong cac ky thi. Phai dén
nim 1762 méi c6 quy dinh vé viéc duwa
mon toan vao trong cac ky thi, nhwng chu
yéu la dé tuyén “lai”, chir khong phai tuyén
“quan”.

Cudn sach Toan diu tién cta tac gia Viét
Nam dwoc biét dén 1a cuén Todn phdp dai
thanh clia Lwong Thé Vinh, viét vao gilra
thé ky 15. Lwong Thé Vinh (1441-1496)
noi tiéng vé tho van, Phat hoc, Am nhac va
toan hoc. Trong cuén siach ctia minh, 6ng
trinh bay mét sé thuit toan gidi phwong
trinh nghiém nguyén va mot s6 bai toan
hinh hoc.

Il. Todn hoc hién dai Viéet Nam
1. Lé Vdn Thiém ngwoi khéi ddu cia todn
hoc Viét Nam hién dai.

C6 thé noi, lich st toan hoc Viét Nam hién
dai bat dau vao niam 1947, khi nha toan
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hoc Viét Nam dau tién Lé Van Thiém cong
b0 mot cong trinh khoa hoc trén tap chi
quéc té (Beitrag zum Typenproblem der
Riemannschen Flachen; Commentarii
Mathe- matici Helvetici, 20, 1947, pp. 270-
287)x.

Lé Van Thiém sinh nam 1918 & Ha Tinh,
trong mot gia dinh Nho hoc. Sau khi tot
nghiép ti tai mot cach xuit sac, nam 1939,
ong nhin dwgc hoc bong theo hoc tai
trweong Ecole Normale Supérieure & Paris.
Tuy nhién, viéc hoc ctia 6ng bi gian doan
do dai chién th II, va dén ndam 1941 6ng
mo&i dwoc vao trweong. Chi moét nam sau,
ong da nhin bang cr nhan, va bat dau
nghién ctru dwdi sy hwéng dan ciia George
Val- iron, mot trong nhirng nha toan hoc
nodi tiéng nhat thoi dé. Pé tai nghién ctiu
cia Lé Van Thiém la moét trong nhirng
hwéng miii nhon ctia todn hoc thoi dé (va
dén nay van 1a mot huéng nghién ciru
phat trién manh): 1y thuyét phan phdi gia
tri cac ham phan hinh (hay con goi la ly
thuyét Nevanlinna). Ong da c6 déng gop
rat quan trong vao ly thuyét Nevanlinna,
cu thé hon la ngwoi dé xuit phwong phap
dung khong gian Teichmuller dé giai bai
toan nguoc cta ly thuyét Nevanlinna.

Cac két qua trinh bay trong luin an Tién si
(Goettingen, 1945) va Tién si quéc gia
(Paris, 1949) da dwa 6ng lén hang ngl
nhirng nha toan hoc tré xuit sic thoi doé.
Cong trinh cia Lé Van Thiém van dwoc
nhic dén sau nady trong nhitng sach
chuyén khdo vé ly thuyét cac ham phén
hinht.

2. Todn hoc Viét Nam thoi khdng chién
1945- 1954.

Ngay 19 thang 12 nidm 1946, khang chién
toan qudéc bung né, cac co quan Chinh phu
dwoc so tan vé Viét Bac. Tuy vay, mot sO
can bo nhan 1énh kha mudn va phai tuv so
tan, chd yéu 1a vé qué. Gido sw Nguyén
Thic Hao 1a mot trong s6 do.

Gido sw Nguyén Thiic Hao t6t nghiép Dai
hoc & Marseilles (Phap) va tré vé nwéc
niam 1935. [t thang sau ngay toan quédc
khang chién, khi dang & qué nha, Ong nhan
1énh t6 chirc mot 1¢p dai hoc & vung tw do
Lién khu IV. C6 thé xem d6 la diém khéi
dau cda nén gido duc dai hoc Viét Nam
trong Khang chién.

Cudi nam 1949, Gido sw Lé Van Thiém vé
nwéc tham gia khang chién, theo 1o kéu
goi cia Chu tich H6 Chi Minh. Vao thoi ky
do, Giao sw Lé Van Thiém la than twong
ciia nhiéu tri thirc tré Viét Nam, va viéc
Ong tré vé nwéc 1a mot niém khich 18 1én
d6i v&i ho. Nhiéu thanh nién tai nang da
dén Viét Bic, theo hoc Trwong Khoa hoc
co ban do Giao sw Lé Van Thiém lam hiéu
trudng.

Ngay sau khi hoa binh 14p lai, nhiéu hoc
sinh cda Truwong Khoa hoc co ban dwoc
gti di hoc & Lién X0, va ho bao vé thanh
cong ludn an tién si chi sau 2-3 ndm hoc
tap (dac biét Hoang Tuy cong bé 5 bai bao
trén nhirng tap chi hang dau cda Lién X6,
bao vé xuit sic luan an tién si chi sau 20
thang lam viéc).

C6 thé néi, Trwong Pai hoc Khoa hoc da c6
vai tro quan trong khong chi trong viéc
dao tao sinh vién thoi khang chién 1945-
1954, ma con gbép phan xiy dwng nén
nhitrng nhém nghién ctru todn hoc dau tién
cia nwdc Viet Nam sau thoi ky thude dia.

3. Todn hoc Viét Nam 1954-1975.

Vao thoi ky nay, theo chu trrong cua Nha
nwéc, nhiéu nha todn hoc chuyén méi
quan tam t Iy thuyét sang &ng dung:

Hoang Tuy, ngwdi vira bdo vé xuit sic luan
an tién si vé ly thuyét ham thuc, da tré
thanh nguwoi dau tién dwa van tru hoc vao
Viét Nam nam 1961. Cac nha toan hoc Viét
Nam di cd gang giai nhitng bai toan thuc
té trong giao thong van tai, nhw diéu dong
xe thé ndo dé gidm nhirng chuyén xe chay
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khong tai. Nam 1964 Hoang Tuy nhan
dwoc nhitng két qua xult sic trong quy
hoach I6m. Ong dé xuat mot phwong phap
m&i, vé sau ndi tiéng vdi tén goi “nhdt cat
Tuy”. Nho nhitng cong trinh dd, doi khi
nguwoi ta goi Hoang Tuy 1a “cha dé cda téi
wu toan cuc”.

Phan Pinh Diéu, ngwdi nhin bang tién si
khoa hoc tai Matxcova vé todn hoc kién
thiét, d3 chuyén méi quan tim cla minh
sang khoa hoc may tinh.

Lé Van Thiém, mo6t chuyén gia ndi tiéng
trong ly thuyét ham phirc, chuyén sang
nghién ctru vin dé chuyén dong cia nwéc
thdm dwéi cac cong trinh thuy loi. Ong néi
tiéng voi loi gidi twong minh cho bai toan
thdm qua hai 16p dit véi hé s6 thdm khac
nhau. Lé Van Thiém da cung nhiéu hoc tro
ciia minh 4p dung ham bién phic trong no
min dinh hwéng d€ nao vét kénh Nha Lé
thoi chién tranh, va lam dwong chién lwoc
trong rirng.

'

Hang ddu tir trdi qua phdi: Hoang Tuy, Vé Nguyén Gidp, Phan Pinh Diéu, Lé Vin Thiém

Ndam 1964, chién tranh lan rong ra mién
Bac Viét Nam v¢&i nhitng trAn ném bom
cua khong quan M§. Cac tredng dai hoc va
vién nghién ctru so tan vé vung néng thén
va mién ndi. Tuy vay, cong dong toan hoc
Viét Nam van tiép tuc nhitng hoat dong
cua minh. Hoi todn hoc Viét Nam, thanh
1ap ndm 1965, t6 chic cac sinh hoat, héi
thdo hang thang vé toi wu, giai tich ham,
gidi tich phtrc, dai s6, giai tich sé.

Trong thoi ky chién tranh, nhiéu nha toan
hoc néi tiéng dén tham va gidng bai tai
Viét Nam: A. Grothendieck (Giai thuwdng
Fields), L. Schwartz (Giai thwong Fields),
Ch. Davis, A. Martineau, B. Malgrange. . .

Tré vé sau chuyén tham Viét Nam 1967,
Grothendieck da viét mét bai twong thuit
dwoc lan truyén rong rai trong cac treong
dai hoc Phwong Tay. Ong thuat lai doi
song toan hoc cua Viét Nam ngay trong
hoan canh khé khan va ac liét cia chién
tranh, va két luan: “Téi da ching minh
dinh ly vé sw ton tai nén toan hoc Viét

”n

Nam”.

Ngay trong nhitng nim chién tranh, moi
nam Nha nuwéc cir khoang 100-150 sinh
vién va khodng 20 nghién cttu sinh theo
hoc nganh toan Lién X6 va Péng Au. Tré
vé nuwéec, ho tré thanh nhitng hat nhan caa
cac nhém nghién ctru trong cac trueong dai

T4p 1 S6 1 Thang 1.2017

Tap chi Pi 35



hoc. Vao thoi ky nay, Viét Nam da xay
dwng duoc nhitng nhém nghién ctru manh
vé T6i wu (do Hoang Tuy lanh dao), ly
thuyét ky di (véi sw hwdng dan va giap do
cda cac nha toan hoc Viét kiéu F. Pham, Lé
Diling Trang), giai tich phtrc (Lé Van Thiém
va cac hoc tro), phwong trinh dao ham
riéng. ..

Viéc thanh 1ap Ban Toan truc thudc Uy ban
Khoa hoc va Ky thuat Nha nwéc nam 1966
(va nam 1970 thanh 1ap Vién Todan hoc) la
sw kién quan trong thic diy suw phat trién
cia todn hoc Viét Nam. Ngay trong nhirng
nam chién tranh, nhiéu céng trinh nghién
clru cua cac nha toan hoc Viét Nam da
dwgc cong bo trén nhirng tap chi quoc té
danh tiéng. Pac biét, hai tap chi nghién
citu la Acta Mathematica Vietnamica va
Vietnam Journal of Mathematics da ra doi
trong thoi ky nay. Cho dén truwéc ngay
théng nhat dit nwéc nam 1975, & mién
Nam Viét Nam c6 nhém nghién ctru manh
vé Phwong trinh dao ham riéng do Pang
Pinh Ang lanh dao.

4. Todn hoc Viét Nam twr sau 1975.

Sau ngay thong nhat dat nwéc 30/4/1975,
Toan hoc Viét Nam cé nhitng diéu kién
thuin loi méi dé phat trién. Pic biét, sw
hop tac véi cong dong toan hoc quéc té tré
nén dé dang hon. Nhiéu nha toan hoc tré
da c6 co hoi hoc tap khong chi & Lién X6
va bong Au, ma con & nhitng nwéc cé6 nén
toan hoc phat trién khiac nhw Phap, Dic,
[talia, Nhat. ..

Tuy nhién, todn hoc Viét Nam trong giai
doan nay lai gap phai thach thic moi:

khodng 1985 kinh té Viét Nam budc vao
giai doan khing hoang, va tir ddu nhirng
nam 1990, chuyén sang kinh té thi trwong.
Nhiéu nha todn hoc di phai roi bo chuyén
mén cia minh dé lam nghé khac kiém
s6ng. Trong bai viét dang trén to thong tin
cua Hoi toan hoc Phap Gazete de Mathé-
matiques, F. Pham lo ngai rang, todn hoc
Viét Nam sé bién mat vao nam 2000.

Toan hoc Viét Nam van ton tai va phat
trién qua giai doan kh6 khan, truwéc hét
nho & y chi “sinh nghé t& nghiép” cla
nhiéu nha toan hoc. Mat khac, thoi ky nay
toan hoc Viét Nam nhan dwoc sy giup do
quy bau ctia cong dong todn hoc thé gidi.
C6 thé ké dén Chwong trinh hop tac Phap-
Viét (ForMath Vietnam), Quy hoc béng
Alexander-von-Humboldt (CHLB bDic),
JSPS (Nhat), ICTP (Italia). . .

Tt gitra nhitng nam 1990, Viét Nam dan
dan bwéc ra khoi khung hodng kinh té, va
toan hoc Viét Nam lai c6 nhirng diéu kién
thuin loi va co hoi méi. Néu nhu trudéc
day, sinh vién, nghién ctru sinh va nhirng
nha toan hoc chi c6 thé di hoc tip, trao doi
& nwdc ngoai véi sy tai tro cua bén ngoai,
thi ngay nay, Nha nwéc da co6 nhirng
chuwong trinh gtti sinh vién dao tao dai han
& nudc ngoai (ching han Chwong trinh
322, Chuwong trinh 911), va Quy hd tro
nghién ctru khoa hoc (Nafosted).

Véi suw kién Ngé Bao Chau dwoc trao Giai
thwdng Fields va Vién nghién cttru cao cip
vé Toan dwoc thanh lip, toan hoc Viét
Nam bwéc sang mot giai doan phat trién
méi day trién vong.
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PAU TRUONG TOAN HOC

LTS. Véi bé day lich st trdi qua 3 thé ky, cdc cudc thi todn qudc té, khu vic va dia phwong
dd c6 nhirng sw phdt trién manh mé vé s6 lwong, quy mé va chdt lwong. Cdc cudc thi todn
déng mét vai tro quan trong trong viéc khuyén khich, déng vién phong trao day va hoc todn
& cdc cdp hoc, gop phdn phdt hién va bdi dwéng cdc tai ndng todn hoc, gitip cdc em hoc sinh
mot bé phdng dé vwon Ién nhitng tdm cao méi. Du c6 hang trdm, hang ngan cudc thi khdc
nhau v&i cing mot diém chung la thi ddu todn hoc, chon ra nhitng ngwoi xudt sdc nhdt dat
gidi (thuwong dwoc goi la huy chwong), nhung moi mét cudc thi lai cé nhitng muc tiéu riéng
khdc nhau, hinh thitc thi khdc nhau, néi dung thi khdc nhau. Méi mét hoc sinh, méi mét
trwong hoc, vi thé, cling cdn phdi xdc dinh dwoc muc tiéu cia minh dé lwa chon tham gia
cdc cudc thi phu hop, trdnh tinh trang tham gia qud nhiéu cudc thi vira mdt stec, vira thiéu
hiéu qud ldu dai. Nhdm gitip ban doc hiéu thém vé cdc cudc thi, cé dinh hwéng ré rang hon
trong ma trdn cdc cudc thi & cdc cdp, chuyén muc Pdu trwong todn hoc sé dinh ky gidi thiéu
vé cdc cudc thi trong nwéc, qudc té€ va khu vuc. Trong méi gidi thiéu nhw vdy, ndi dung
chinh sé la lich str hinh thanh, muc tiéu, ndi dung va hinh thirc thi, quy mé cudc thi, nhdn xét
va ddnh gid vé cudc thi, cdc cdu chuyén thi vi xoay quanh ky thi.

DPdu trwong todn hoc sé 1 cua Pi xin dwoc gidi thiéu vé Cudc thi todn gitka cdc thanh phd
(International Tournament of the Towns - ITOT), mdt cudc thi todn tdm qudc té vai lich st
gdn 40 ndm.

CUOC THI TOAN GIU’A CAC THANH PHO
TRAN NAM DUNG

Trong s6 cac cudc thi todn, Cudc thi toan
gitra cac thanh phd la mot hién twong dac
biét. Puwoc khéi xuwdng b&i
N.N.Constantinov, AK.Tolpygo va
A.Adzans vao nam 1980 mot cach khiém
ton nhw “Olympic giita 3 thanh phé”, cudc
thi da khong ngirng phat trién va ké tw
nim 1991 tr& thanh cudc thi quéc té.
Trong nhitng nam gan day, cé rat nhiéu
cuéc thi dwoc hinh thanh va t6 chitc.
Nhwng Cudc thi todn gitra cic thanh pho
van c6 mot chd ding dic biét - ké ca vé
quy cach thi 1an cac bai toan. Thitr nhit,
quy cach thi dac biét cho phép st dung

nhitng bai todn ma cac cudc thi khac sé
loai di do tinh “bdt dinh thé thao” cua
ching, tirc 1a nhirng bai toan c6 nhiéu tinh
nghién ctvru hon la tinh thi ddu Olympic.
Thtr hai 1a vai tro cua N.B.Vasiliev, nguoi
nhiéu ndm lanh dao viéc bién soan dé thi.
Két qua la & Cudc thi todn gitra cac thanh
phd da hinh thanh va gin gitt dwoc truyén
thdng tuyén chon cac bai toan sing tac véi
ndi dung todn hoc va hinh thirc thé hién
phong phu. Trong cac bai toan cua cudc thi
c6 ca nhitng bai toan v&i nhitng 1o giai
ngan gon, dep dé, lai c6 nhirng bai toan
can dén sw nghién ctru nghiém tuc. Hau
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nhuw trong bai toan nao ciing c6 diéu gi doé
doc dao: Dé bai va loi gidi chivra dung
nhiéu diéu hon 1a thoat nhin ban dau. bé
c6 thé 1a mot cau tra loi dep, mot két qua
manh, hay mét diéu gi d6 vuot qua mic
dd toan hoc dwoc ghi trong dé bai.

bé thi 1a nhirng bai todn danh cho hoc sinh
16p 8-12. Pac di€ém ctia Cudc thi todn gitra
cac thanh pho 1a n6 khong hwéng hoc sinh
téi viéc thi diu, canh tranh huy chuwong,
ma hwéng hoc sinh téi viéc lam viéc
chuyén sau v&i cac bai toan, tirc la phat
trién cac t6 chat cin thiét cho cong viéc
nghién ctru sau nay.

Cudc thi dworc to chirc hang nam K€ tir nam
1980 va tir nam hoc 1982/1983 dwoc to
chirc thanh 2 vong - vong mua thu va vong
mua xun, moi vong lai c6 2 dé - dé co ban
va dé nang cao. Dé ning cao cda cudc thi
c6 mirc d6 ngang bang vdi dé thi vo dich
Nga (ARO) va vé6 dich toan qudc té (IMO),
dé co ban c6 phan dé hon (con goi 1a dé
luyén tap hay dé khéi dong). Viéc tham gia
vao vong thi nao, dé thi nao khong phu
thudc vao vong thi hay dé thi khac, néi
cach khac la hoan toan déc lap. bé thi chia
thanh 2 nhém riéng cho nhém nhé (8-9)
va nhém lén (10-12). Moi hoc sinh (moi
16p) c6 thé tham gia cudc thi & nhom lép
cua minh hoac cao hon.

Cudc thi ITOT dwoc td chirc bdi cac ban t6
chirc dia phwong tai hon 100 thanh pho &
hon 25 quéc gia & chau Au, chau A, Nam
My, Bic My, Uc va New Zealand. Moi diém
dan cw déu cé thé tham dw Cudc thi. Viét
Nam bat dau tham gia tir nim 2015 véi
diém thi Ha No6i va nguwoi dai dién la
PGS.TS Lé Anh Vinh thudc treong Pai hoc
Gido duc, Pai hoc quoc gia Ha Noi.

bé c6 thé dwoc dirng ra to chirc ITOT, mot
ca nhan hoac tip thé c6 thé gki thu dé
xuit vé cho Ban t6 chitrc. Néu & diém dan
cw d6 chwa cé ai t6 chirc va Ban to chirc
xét thiy c4a nhin hodc tip thé dé c6 kha

nang to chirc cudc thi, ho sé dwoc trao
quyén t6 chirc ITOT va sé dwoc cung cip
moi thong tin cin thiét dé€ t6 chirc cudc thi.

Ngay truéc ngay thi dé thi (bang tiéng Nga
va tiéng Anh) sé dwoc giti cho cac Ban t6
chtrc dia phwong va sau dé la loi giai va
thang diém, cadc quy dinh chdm thi. Ban t6
chirc dia phwong c6 thé tw chdm bai hoic
glri vé Moskva dé chidm. Ban t0 chirc
khuyén khich chidm tai ch6é dé c6 thé cho
hoc sinh biét két qua so bd. Sau d6 nhirng
bai lam t6t nhit dwoc gri vé Moskva dé
chim (trong pham vi quota dwgc ghi trong
quy dinh).

Trong moi dé thi, s& c6 8 bai toan dwoc dé
xudt (c6 ghi ro di€ém cia tirng bai hay tirng
y) lam trong 5 tiéng dong h6 nhwng chi
tinh diém cua 3 bai c6 diém s6 cao nhat.
Thi sinh c6 diém cao trong mot dé thi cua
mot vong thi ndo d6 sé dwoc nhan bang
khen ctia Cudc thi. Cdc ban t6 chirc dia
phuwong cé quyén trao giai cho céc thi sinh
c6 diém thip hon.

Téc gia cla cac bai thi tét nhat cta cac 1ép
9-11 (& Nga la 9-10, vi hé théng gido duc
Nga chi c6 dén l16p 11) sé dwoc moi tham
dy Hoi nghi mua he cta Cudc thi toan giira
cac thanh ph6. Pay la mot hoat dong doc
dao ctia cudc thi ma ching t6i sé giai thich
ré ngay dudi day.

“Hoi nghj” ctia Cudc thi ITOT khéng giéng
nhuw cac hoi nghi khoa hoc véi nghia thong
thuwong. O day khong c6 cac “bdo cdo todan
thé ”, “lam viéc & tiéu ban”, chwong trinh
chinh thitc. Pay ding hon la mot cudc gap
mat cua cac hoc sinh - nhitng nguoi da
chién thang trong cudc thi ITOT va cac
gido vién dan doan.

Mot trong nhitng muc tiéu cia Hoi nghi la
gitp cac hoc sinh c6 nang khiéu lam quen
véi viéc gidi cac bai todn mang tinh nghién
ctru. V&i muc tiéu nay, cac nha té chirc dwa
ra cho cac hoc sinh cac bai toan khd, thu vi,
do6i khi dan dén cac bai toan mé. D& gidi
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thiéu dé bai mot bai todn nhuw vy c6 khi
cin cad mot bai gidng. Vi thé phin trinh bay
dé todn thwong chiém it nhit mot ngay
lam viéc cua hoi nghi.

Loi gidi nhitng bai todn nhw vay doi hoi
nhiéu thoi gian va tri lyc. Vi thé quy trinh
giai toan dwoc thwc hién theo cach thirc
rat tw do: Hoc sinh dwoc cho nhiéu thoi
gian (mot vai ngay), loi gidi cé thé 1a ca
nhén, ciing c6 thé la tip thé, tirc 1a chip
nhén loi gidi tir bat c@ mot nhém hoc sinh
nao. Va nhém, tip thé khong nhit thiét
phai 1a cic “déi” dén tir cung mot thanh
phé. Ban gidm khao sé dwa ra thoi han nop
bai, va theo truyén thong sé c6 hai lan nhw
vay, dwoc goi la “dich dén so b§” va “dich
dén chung cudc”. Cac bai thi dwoc ndp sé
dwgc kiém tra, danh gia mirc do tién xa
cua thi sinh trong tirng bai toan. Sau do sé
thdo luin cac bai toan da giai dwoc. Mot s6
bai toan hay y nhé cua bai toan sau khi
thdo luan & dich dén so b6 sé dwoc bé ra.
Va doi khi lai b6 sung thém mét sé bai
toan mé&i. Viéc danh gia thanh tich cda thi
sinh cling khac véi cac cudc thi khac:
Thanh tich cta thi sinh dwoc tinh theo sw
tién trién xa nhat trong mot bai toan. Co
nghia 13 gidng nhw cung mot luc dién ra
vai cudc thi (theo tirng bai toan). Trong
mot HoOi nghi, c6 khoang 4-5 bai toan
(ding hon la mot van dé dwoc phan ra
thanh chudi cac bai todn) dwoc dé xuAt.
Hoc sinh chi can tip trung vao mét bai
toan nhu thé la di. Nhung trong thuc té
thi hoc sinh thwong sé khong dirng lai &
mot bai ma giadi cung ldc vai bai toan. No6i
chung la tit cd nhitng ngwoi tham gia Hoi
nghi, ké ca hoc sinh va gido vién sé c6 co
hoi dwoc nghi ngoi, 1am viéc sang tao véi
cuwong dé cao va cé nhitng cudc giao lru
b ich va hap dan.

C6 thé thiy rat ré tinh than tw do, vo tu,
khong ndng thanh tich qua cach thirc to
chirc ctia cudc thi ITOT va H6i nghi mua
hé. Ngoai viéc chdm tip trung nhirng bai
c6 diém t6t nhit, ban t6 chic dia phwong

dwgc toan quyén trong viéc té chirc thi,
chidm thi, stra bai cho hoc sinh, trao giai.
Thoi gian lam bai dwoc cho dd nhiéu va
cac dé thi c6 thé loai phong pht, hidp dan
v&i nhiéu dd mirc d6 khé dé khac nhau tao
ra sw hirng thu va thach thirc cho hoc sinh.
Théng qua viéc giadi cac bai toan, hoc sinh
tap théi quen lam viéc nghiém tuic, suy
nghi sang tao va siu sic, 1ap luan chat ché,
khoa hoc. Cac bai toan va 1¢i giai cling gioi
thiéu dén hoc sinh nhitng ky thuat, nhirng
phwong phap, nhitng y twéng va ca nhirng
noi dung toan hoc mai.

DE két thuc bai gi¢i thiéu, nham minh hoa
cho nhitng danh gia ctia ching t6i vé dé thi
cta ITOT, ching t6i xin gi¢i thiéu dén ban
doc mot s6 bai toan dwoc chon tir nhirng
dé thi ITOT qua cadc nam. Mot cach day dua
hon, cac dé thi ITOT ciing nhw dé toan cta
Ho6i nghi mua he qua cac nam sé dwoc gidi
thiéu trong cac s6 bao sau.

(ITOT 2011-2012) Cho p la s6 nguyén té.
B6 gom p + 2 s6 nguyén dwong (khong
nhat thiét phan biét) dwoc goi la “thu vi”
néu téng cua p s6 bit ky trong ching chia
hét cho mdi s6 trong hai s§ con lai. Hay
tim tit ca cac bo so6 “thu vi”.

(ITOT 2011-2012) Trong tam gidc déu
ABC ké duong cao AH. Goi I 1a tdam duong
tron noi ti€p tam giac ABH va L, K, ] lan
lrot la tAm dwong tron ndi ti€p cac tam
giac ABI, BCI va CAI. Hay tinh goéc KJL.

ITOT 2011-2012) Kostya c6 mdt dong soi
gdom 100 vién. Moi mot bwdc thuwc hién,
ciu ta chia mot déng so6i nao dé thanh hai
déng nho hon cho dén khi thu dwgc 100
d6ng s6i, moi déng 1 vién. Chirng minh
rang:

a) C6 mot thoi diém nao do6 trong 30 dong
s6i nao do6 co tdéng cong 60 vién soi.

b) C6 mot thoi diém nao dé trong 20 dong
s6i nao dé co téng cong 60 vién soi.

Tap 1 S6 1 Thang 1.2017

Tap chi Pi 39



c) Kostya c6 thé tién hanh viéc chia s6i sao
cho khong c6 mot thoi di€m nao ton tai 19
déng soi co tdng cong 60 vién soi.

(ITOT 2013-2014) ba thirc P(x) théa man
diéu kién P(0) = 1, (P(x)2 =1 + x +
x100Q(x) véi Q(x) la mdt da thirc nao doé.
Chirng minh rang hé s6 ctia x%° trong da
thirc (P(x) +1)100 bang 0.

(ITOT 2014-2015) Vao phia trong mot
tam gidc vuong ta vé hai dwong tron,
dwong tron thir nhit tiép xic véi mot canh
goc vuobng va canh huyén, dwong tron thi
hai tié€p canh gbéc vudng con lai va canh
huyén, ngoai ra hai dwong tron nay tiép
xuc véi nhau. Goi M va N la diém tiép xdc
cda hai dwong tron véi canh huyén. Chirng
minh rang trung diém cta MN nam trén
duwong phan giac ké tir dinh gbéc vudng ctuia
tam giac.

(ITOT 2014-2015) Mang nhén c6 dang
lwdi 6 vuong 100x100 nut (noi cach khac,
day la bang vuong 99x99 6). C6 mot con

nhén dang ngéi & mot géc nao do, con &
100 nat lwdi nao dé c6 100 con rudi bi
dinh vao. Moi mot buéc di, con nhén co6
thé di chuyén dén niat bén canh. Héi con
nhén c6 thé ddm bado chic chan an hét
dwgc tit cd cac con rudéi ma khong di
chuyén qua

a) 2100 budérc?
b) 2000 budc?

(ITOT 2015-2016) Cé6 N hoc sinh xép
thanh mot hang ngang. Cac hoc sinh cé
chiéu cao khac nhau. Phan cac hoc sinh
nay thanh cac nhom hoc sinh ding canh
nhau, trong moi nhém c6 nhiéu cao ting
dan tlr trai sang phai sao cho s6 nhém la it
nhit (c6 thé c6 nhdom chi c6 moét nguoi).
Sau d6 trong mdi nhém ta ddi chd cac hoc
sinh theo chiéu cao thiap din tir trdi sang
phai. Chirng minh rang sau N -1 buéc lam
nhuw thé, cac hoc sinh sé dirng theo thir tw
thip dan tir trai sang phai.
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LTS. Gido duc STEM ngay cang phd bién & cdc trwong phd théng trén thé gidi, véi muc tiéu
tich hop cdc mén Khoa hoc (Science), Cong nghé (Technology), Ky thudt (Engineering) va
Todn hoc (Mathematics) thanh mét chwong trinh théng nhdt hwdng dén tvng dung vao
thwc tién. Pi danh chuyén muc Qudn STEM dé gidi thiéu véi ban doc vé phwong huéng dé.

KHOA HOC, TUOI TRE VA SU’ DAN THAN

a NGUYEN THANH CONG

Pé minh ching cho kha nidng tiém tang
cia hoc sinh trong nghién ctu khoa hoc,
xin dugc dan ra day ciu chuyén vé Jack
Thomas An- draka, mot hoc sinh 15 tudi &
Maryland, Hoa Ky - bang dé tai nghién ctru
cda minh di m& ra mét trién vong xét
nghiém chin doan sém ung thu tuyén tuy,
va dat gidi dac biét trong cudc thi Intel
ISEF* 2012 vé&i phan thwéong 1én téi
75.000 do la My.

Khi Jack 13 tuéi, mét ngwoi thin cia ciu
qua doi vi ung thw tuyén tuy. Sw &m anh vé
cin bénh khién ciu quyét dinh tim hiéu
cian bénh nay. Qua mang internet ciu thay
cac thong ké “hon 85%bénh nhan ung thuw
tuyén tuy dwoc chin dodn mudn, vao thoi
diém ho cé it hon 2% co hoi song”. Nhiéu
cau hoéi dwoc cau dat ra: tai sao con ngudi
qué yéu kém trong viéc phat hién sém ung
thw tuyén tuy? tai sao van phai dung cac
ky thuit tir 60 nam trwdc vira dat do vira
kém hiéu qua va khi phat hién ra bénh
dong nghia vdi viéc cAm chic cai chét?
Jack quyét dinh dat cho minh mot nhiém
vu gan nhw khéng twéng: xay dwng bo kit
chin dodn sém ung thw tuyén tuy véi yéu
cau: ré, nhay, chon loc va han ché to6i da
phau thuit. CAu bat dau lam viéc véi hai
ngwdi ban cia minh la . . . google va
wikipedia dé tim kiém cac dau hiéu dic

trung cho ung thw tuyén tuy. Jack nhin
thiy c6 t&i 8000 protein khac nhau dwoc
tim thdy trong mau ciia mot nguwoi bi cian
bénh nay.

Viéc dau tién, Jack doc théng tin sinh hoc
cta 8000 protein nay (cé bao nhiéu ngudi
diing cdm nhw ciu?) dé tim ra loai protein
dac thu cho can bénh ma cau quan tam.
Sau 4000 lan tht, Jack tim ra protein d6
v&i tén goi la mesothelin, loai protein xuat
hién v&i néng dd cao trong mau cia cac
bénh nhan ung thw tuyén tuy tir giai doan
rat sém. Jack nghi: “Phdi tim cdch tao ra
thiét bi phdt hién nhanh protein nay!”

Mot y twdng l6e 1én trong diu ciu vé mot
cdu tric nanocarbon (mét dang Ong
carbon dwoc ciu thanh tir cdc nguyén tir
carbon lién két véi nhau) dwoc gan thém
cac phan tir khdng thé dac hiéu (mot dang
protein chi phdn &ng véi 1 chit khac theo
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note:

nguyén ly chia khoa - 6 khéa). Ciu tric
nay chi nhan dién mesothelin ma théi. Jack
tim cach “tao ra bé chdn dodn lam bdng
gidy” theo quy trinh: “v&i mét it nwéc,
thém vao vai 6ng nanocarbon, thém khdng
thé, tron lén, Idy mdnh gidy, nhiing vao,
dem phoi khé va thé la ban dd cé thé phdt
hién ung thuw!”

Jack hdo hirc gri dé tai ciia minh téi 200
gido sw, tat cd nhirng ai c6 cac nghién ciru
vé ung thw va mong ch& phan hoi. Nhwng
roi c6 téi 199 1oi tir choi, chi duy nhat mot
gido sw doc hét trinh bay cta Jack, 6ng con
chi ra nhirng sai IAm trong moi bwéc cua
quy trinh.

Ong sap xép mot cudc gip mit véi hoi
dong 20 tién si khac dé thim van... ciu bé
14 tudi. Cubi cung, Jack cling qua bai
phdng vin va dwoc lam viéc tai phong thi
nghiém. Quda trinh nghién cttu da chi ra
quy trinh ban dau cé rat nhiéu sai sét, Jack
mit 7 thang d€ khiac phuc chdng. Cudi
cung, bd kit chidn doan sém ung thw tuyén
tuy ra doi véi gia 3 cent (khoang 600
VND), cho két qua sau 5 phat, c6 nghia la
nhanh hon 168 1an, ré hon 26.000 lan va

nhay hon 400 ldn so véi phwong phap
truyén théng. N6 rat chinh xac, c6 thé phat
hién ung thw tuyén tuy & giai doan sé'm téi
mirc ngwdi bénh cé co hoi séng 100%.
Quan trong hon, nghién ctru da mé ra mot
hwéng dé chin doan cac cin bénh khac
nhw ung thw bubng trirng, ung thw phai. . .
va xa hon nira, bang viéc thay thé& céc
khang thé dic hiéu (cac chia khoda khac)
trén dng nanocarbon, cé thé tim ra va chan
dodan sém hang loat cac can bénh khac
nira.

15 YEAR OLD INVENTS
== NEW TEST FOR EARLY.
RELIABLE DETECTION

OF PANCREATIC CANCER

“168 Time s FRSTER

" 260,000 Times LESS EXPENSIVE

“ 400 Times MORE SENSITIVE THAN THE
CurRENT STRNDARD OF DETECTION

Bay gi¢r chdc ban da nhan thiy, mbi hoc
sinh déu c6 thé tw xay dwng cho minh mot
dé tai nghién cu cé tinh &ng dung cao
nho long say mé va y chi dan than vao
khoa hoc.
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TRAM THIEN VAN

LTS. Tir thud so khai, con ngwoi luén khdt khao tim hiéu vii tru quanh minh. Trong cudc tim
kiém dé, Todn hoc luén déng hanh cung Thién vdn hoc. Vi thé, Pi cdn ¢6 mét Tram Thién
vdn, noi cdc ban nhin 1én bdu troi, noi nudi dwéng niém say mé khoa hoc va khdt khao hiéu

biét.

TU MOT BAI TOAN TRONG DE THI QUOC TE VE THIEN VAN HOC VA

VAT LY THIEN VAN 2016
m PHAM VU LOC

Ky thi qudc té vé thién van hoc va vt ly
thién van (I0OAA) nim 2016 dién ra tir
ngay 9 dén 19 thang 12 nam 2016 vé&i sy
tham dv ctia 48 doi thi thudc 42 quoc gia
vira két thic. Poan Viét Nam lan dau tién
cr d6i tham dw, v&i 5 thi sinh dén tir Ha
Noi, da gianh dwoc 1 huy chwong bac va 4
gidi kKhuyén khich. Trong diéu kién mon
thién van hoc va vat ly thién van chwa
dwoc gidang day sau rong trong chuwong
trinh phé thong, day la thanh tich rit dang
khich 1&, mang dau an tién phong trong
viéc pho bién mén hoc con méi la nhwng
vO cung thu vi nay & nwérce ta.

Trong s6 bdo dau tién nay, t6i xin gidi
thiéu mot bai todn nhé nhwng lai goi nhiéu
kién thirc tht vi vé thién van hoc trong dé
thi nam nay.

Pé bai nhv sau:

Mot ngwoi quan sdt & bdn cdu Bdc thdy
mét cdy coc thang ditng cao 1 mét dé béng
ngdn nhdt la 1,732 m va dai nhdt la 5,671
m trong mét ngay. Tim vi dj cta ngwoi do
va xich vi ctia Mdt Trod hém dé, gid s rdng
Mat Troi la mét ngudn diém va bé qua sw
khtic xa ctia khi quyén.

Néu coi toan bau troi 1a mot mit cau 1on
c6 ban kinh v6 han (goi la thién cdu) thi &
mat cau doé, ta c6 thé 4p dung hé toa do
giong nhw trén mat dat. Goi giao tuyén cta
mit phang chttra Xich dao Trai DAt voi
thién cau la Xich dao troi, c6 vi @6 troi (goi
12 xich vi 8) bang 0. Ban thién ciu Bac sé
c6 xich vi dwong va nguoc lai Ban thién
cau Nam c6 xich vi 4m. Pia truc di qua hai
dia cwc sé& cat thién cau & hai Thién cuc,
Biac va Nam. Mit khac, vi Trai Pat quay
quanh Mat Troi nén dieng trén Trai Pat ta
sé thiy Mat Troi di chuyén trén thién ciu
tron mot dwdng mdi ndm, goi 1a Hoang
dao. Mat phang chita Hoang dao chinh la
mit phang quy dao Trai DAt DPia truc
nghiéng véi mat phang nay mot goc
khoang 23,5 - , nén Hoang dao nghiéng so
voi Xich dao troi 23,5 ¢

Hé qua 1a Mat Troi di chuyén trén Hoang
dao trong mot nam nén xich vi cua no thay
doéi tir -23,5 ° vao ngay Pong chi, t&i 0 -
vao ngay Xuan phan, dat 23,5 - vao ngay
Ha chi va lai gidam vé 0° vao ngay Thu
phan.
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Thu phan

Mt Tron
trong nadm

Xich dao trn

Daéng chi

Hodng
dao

Thién cye nam

Thién cye bc

Dja
tryc

chi

(+)

Xich vi

Xuan phan

Hinh 1

Ta da biét, cang di xa xich dao vé phia Bic
(tdng vi do) thi thién cwc Bac cang cao trén
bau troi (cang xa mat dat). Va ta cling co
thé nhan ra rang cao dé (khoang cach goc
so v&i chan troi) cla thién cwc Bac tai moi
noi bang vi dd ¢ tai noi dé. Trong mot
ngay, chuyén déng ty quay cta Trai Dat
lam ta drng trén d6 thay thién ciu quay tir

bong sang Tay mot vong quanh dia truc,
goi la nhdt déng (nhat & day nghia la
ngay). Thién cau kéo theo Mat Troi va
toan bo cac tinh ti (dwoc coi nhw dinh
trén dd) quay theo, moc bén Pong, lan bén
Tay. Puwdng di nhat dong cia Mat Troi sé
la mét dwong tron doc theo vi tuyén troi
vuong goc voi dia truc (hinh 2).

Hinh 2

Cay coc cam trén Trai D4t duwoc coi nhw
nam trén dia truc va mat phang xich dao
Trai Pat khi khodng cach cua ching la
khéng dang ké so véi ban kinh vé han cta

thién ciu. Do do, tia ning tr d6 truyén t&i
di€m diu coc vé 1én trong khéng gian mot
mat noén. Mat dat tai noi quan sat hirng
béng nang chinh 12 moét cat dién clia mat
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non doé. Chi riéng khi Mat Troi di qua Xich
dao troi vao ngay Xuan phan va Thu phan
thi n6 va diu coc dong phang, mit nén tré

Mat dit ¢ cac vi
do khéac nhau

J |

thanh mot dia tron. Giao tuyén cta né véi
mit dit 1 mot duong thang ding theo
phwong bong-Tay.

S Mat Tr(n

Béng coc sé& ngan nhit vao gitra trra. Néu
duwong chan troi tai mot noi cat dwong
nhit dong ctia Mat Troi trén thién ciu thi
Mat Troi sé moc va lan trong ngay, bong
coc 1a moét duwong hyperbol, bong coc dai
vO han khi Mat Troi dang ldn. Néu hai
duwong trén khong cat nhau thi Mat Troi sé
khong bao gior moc hoac lan, chinh la hién
twong ngay trang va dém trang & vung han
d&i. Va néu 1a ngay trang thi bong coc la
mot elip, dai nhat vao lac “nira dém”.

Quy tich cac diém dau bong Mit Troi trong
nam cho phép nguwoi ta ché tao ra dong ho
Mat Troi tuy theo noi dat.

T dé bai, ta c6 thé dé dang tinh ra dwoc
bang lwong gidc géc nghiéng cha bong

\, gilta trua

\

\

! e

i [hién

—= cye
Chn 1~ bic

h .

/

tron ~
' Pudng nhat

djng cua

Mt Troi

nang so v&i mat dat (tic 1a cao do clia Mt
Troi) ldc bong ngdn nhit 1a 61 = 30 va
dai nhit 1a 62 = 10 = va noi quan sat phai
c6 vi d0 han déi dé do dai bong c6 cuc dai.
Mat Troi tai hai thoi diém gitra trea va
“nira dém” nay doi xing hai bén dia truc
va do d6 1a hai bén thién cwc Bic. Mit
khac, nhw da néi, xich vi Mat Troi khong
thé qua 23,5 » nén hai Mat Troi nay khong
thé gin thién cwc qua 66,5°. Hé qua la
ching ciing phai ddi xirng qua truc thang
dirng noi quan sat nhw hinh 4. Tw day co
thé dé dang tinh dwoc cao dd thién cuc bac
(valavidd)la @ =80 - vaxich vi Mat Troi
lag=20-.
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Cac Mac hoc toan
Pam Thanh Son

Trong l&i gidi thiéu ban nam 1885 cua
cuon “Chéng Duhrinh”, Ang-ghen c6 viét:

Nhwng ttr khi Cdc Mdc qua doi, thoi gior ctia
téi phdi ngtrng cong viéc nghién ctru cua toi
lai. Lic bdy gi¢r toi danh tam bang long véi
nhitng phdc thdo da dwa ra trong sdch nay
va dgi sau nay co dip thi sé tdp hgp va céng
bd nhirng két qud dd thu nhdn dworc, co thé
la cing mét Iic voi nhitng bdn thdo
todn hoc rdt quan trong do Mdc dé€ lai.

Doan t6i nh4n manh bang chit ddm & trén
lién quan dén mot diéu chic it ai biét: Cac
Mac luc vé gia bo rat nhiéu thoi gian hoc
toan, chu yéu la mén giai tich. C6 1é Mac
cam thay cin thém cong cu toan hoc dé
nghién ctru kinh té. Cac ghi chép ctia Mac
vé toan cudi cung phai doi gan 50 nam sau
khi Ang-ghen viét nhitng l&i trén méi
dwoc cong bé. Co6 thé doc nhirng ghi chép
nay (da dich sang tiéng Anh) & day:

http://www.marxists.org/archive/marx/
works/1881/mathematical-manuscripts/

Pay la mot trang trong ban thao “On the
Dif- ferential”.

RO rang Cac Méac biét tinh dao ham ham s6
xm,

go=x*+ ax?,
so that

dx = 4x*dx , ds = (3x? + 2ax)dx ,

as was proved earlier for equations with only one dependent
variable, These values of du, dr arc brought into equation A),
so that
dv E ) F 32 3,
A) ZFaxrs axx)“’f,ff + xa(ﬁ.ggf{f#

T g P ; and then

dy
d—‘I = (x®+ ax?)dx* + x*(3x? + 2ax) :
therefore

dy = [(x* + ax? )4 + x*(3x® + 2ax)| dx .

The expression in brackets is the first derivative of us: since,
however, uz = f(x) , its derivative is = f{x): we now substitute
the Jatter im place of the algebraic function, and so:

dy = flx)dx .

We have aiready obtained the same result from an arbitrary
equation with only onc variable. For example:

» o= x™,

d
2w mx = fix)

dx
dy = f{x}dx .

In general swe have: if ¥ = fx), whether this function of x is
now an original function in x or contains a dependent variable,
then always dy —~ dfix) and &f(x) = f(x)dx, and so:

B) dy = f{x)dx is the most generally valid form of the
differential of y. This would be demonstrable immediately also
if the given f{x) were f{x,z), that is a function of two murually
independent variables. For our purposes, howewer, this would be
superfluous.

Poc qua ban thdo thi c6 1é khong c6 kién
thirc gi mai, va co 1é cling khong c6 gi madi
so v&i nhitng gi nguwoi ta biét thoi do.
Nhung mot nguwoi da & tudi ngoai 50 ma
cham chi hoc toan nhw vay c6 1é cling la
hiém.
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Pi di mua dat
Chu Quan

1. Mot ngudi di mua khodnh dit hinh chir
nhit, xung quanh trong cau. Cac ciy cau
dugc trong cach déu nhau, bén goc c6 bén
cay. Ong ban dat néi: “Tdi ban cho anh
manh nay 200 triéu. Ré diy anh ban a,
manh kia dién tich chi bdng moét nira manh
nay ma hom no té6i ban nhirng 120 triéu
day”.

Ong khach thdy manh bén kia ciing hinh
chit nhat, ciing trong cau bao quanh, bén
goc cling c6 bon cay, khodng cich cac ciy
cling nhuw bén nay. Anh ta dém thi thay so
cay trén chiéu dai ctia thira dit chitr nhat
phia bén kia gip 5 lan s6 ciy & chiéu rong,
ma s6 cidy & hai manh 13 nhu nhau (moi
chiéu chi dwgc dém mot cay & goc, moi cay
& goc chi dwoc tinh cho mot chiéu).

Ong khach cwdi noi véi chu nha: "Ong sai
roi! Dién tich manh nay chwa bang hai lan
dién tich manh kia”.

Cha nha tron mat, khong hiéu sao khach
khong sang do ma biét dwoc. Chi nha dau
c6 ngd khach la ban doc thwong xuyén ctia
Pi, nén may bai toan thwc té thé nay, anh
ta sanh 1am.

2. Néu "xa thuwc té" mot chiat, xem ciy cau
c6 thé "nho tuy y", dé trén chu vi manh dat
trong dwoc "d0 nhiéu ciy", van voi gia
thiét twong tw nhw trén, thi ty 1é gitra s6
cdy trong trén hai chiéu ctia manh dat bé it
nhit phai bang bao nhiéu, mai tin dwoc la

dién tich cta n6é bang 1/2 manh dang
"dam phan"?

3. Anh chang Pi nay ngay cang nghi xa
thwc té, dén mirc anh ta noéi véi 6ng chu
dat: "Toi biét chinh xac ty 1é tdi thiéu can
thiét ctia hai chiéu manh dit kia sao cho
dién tich ctia né dung bang 1/2 dién tich
manh nay. S6 tdi thi€u 4y 16m hon 5,8 mét
chut, nhwng lai nhé hon 5,9. Tuy nhién,
ngay ca khi dién tich cta n6 ding bang
nra manh nay, 6ng ciing khong thé nao
trong cay ma ty 1é s cdy trén hai chiéu dat
dwoc sb toi thiéu d6 dau. Nhwng cai nay
ma&i 1a quan trong: khi dién tich ddng bang
modt nira manh nay, 6ng cé thé tréong sao
cho dat dwoc ty 1é gin sé6 toi thiéu do6 bao
nhiéu tuy y".

Ong chi dat tr6 mat ngac nhién. Pic biét
khéng hiéu sao cé thé lam dwoc dé ty 1é
"gan bao nhiéu tuy y" so v&i cai s6 toi
thiéu.

LOT CHU QUAN: Khi chii quan bay moén
hang dau tién (gan véi muc 1), cdé ngay
may ban vao mua, va ché mén hang ché
bién don gidn qua. Ong chd quan giat
minh. T4t nhién ai ciing c6 khi sai, dic biét
la cai 6ng chi quan hay dang tri nay (cé
ldn con dé mat tién & quan diy). Bi ché,
ong chli quan cdm on, va ché bién lai cho
tinh té. By gi¢ thi ban thiy diy, ngoai géi
1 gi4 rat hoi, hai goi con lai dat ddy, khong
dé mua. Dac biét 1a phan cudi cta goi 3: hai
chiéu miéng dat déu c6 s6 do nguyén
(tréng dwoc cdy cach déu nhau), dién tich
bang nira ma chu vi bang chu vi miéng Kkia,
da thé lai con phai c6 ty 1é s6 ciy trén hai
chiéu “gan bao nhiéu tuy y” mét s6 nao do
(nam khoang gitra 5,8 va 5,9, ma nghe ndi
la khong bao gior dat dworc!).
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C6 vd han sd Fermat khong la sé nguyén t6?

Chu Quan

Pang ngdi choi game, Pi giat thot nguwoi
khi Lan Sinh reo 1én:

- A! Em chitng minh dwoc la c6 vo s so
Fermat khong phai 1a s6 nguyén t6! C6 khi
sap duoc Giai thwdng Fields roi 4y ch!

- N6i nghe xem nao!

- Em chirng minh sw kién con téng quat
hon:

Vé&i sé k nguyén 1é tuy y, cé vo han sé n sao
cho L, = 22n + k la hop s6. Thé thi thay k=1
la xong chrr gi.

Kiosque Violympic

Nay nhé, em 14y s6 n tuy y. Néu Ln 1a hop
s6 thi tot qua roi, khi d6 lai chon n lén
hon. Néu n6 1a nguyén t6, chang han 22» +
k = p thi do 2¢(-1) = 1 (mod) p (& day ky
hiéu ¢ dung dé chi phi-ham Euler) nén

22n+e(p-1) + k = 22n + k mod p.

Nhuw vay thi 22n+e(-1) + k chia hét cho p, va
né 1a hop sé chit con gi nira. Vay la em tim
dwoc Ly 16n tuy y ma 1a hop s6!

DPén day thi Pi vo diu bt tai. Ban hay giup
Pi giai thich nhé! Va néu dwegc thi phat
bi€u lai cho chinh xac (néu cén) dinh ly
ctia Lan Sinh, va cho luén chirng minh nhé.

Cac ban hay dung cac ki hiéu cong [+], trir [-], nhan [*], chia [/] va 2 ddu ngoac don () dé

tao thanh cac dang thirc:

3353 5=0 55555=4 355535==2 353355=30
335355 =1 333 ¥D=3 3535355=9 55555=40
33355 =2 35555=6 35555=10 55555=50
3535 5§=3 Y N= 33335:5=20 3D 3D =60
Tap 1 S6 1 Thang 1.2017 Tap chi Pi 48



Tai sao lai la Pai hoc Kinh té qudc dan?

Phan Thanh Héng va Nguyén Thi Nhung (swu tim)

M6t anh chang sinh vién song & Nga Tw
S&, gdn mot bén xe buyt. Anh chang c6 hai
cd ban gai, m6t nang & Ky tic xa Pai hoc
Kinh té quéc dan, mét nang & Ky tic xa bai
hoc Sw pham. D€ dén choi véi c6 ban & Dai
hoc Kinh t€ qudc dan, anh chang bat xe
buyt xubi xuéng Pai hoc Kinh té qudc dan,
dé dén tham c6é ban & DPai hoc Sw pham,
anh lai bat xe buyt ngwoc 1én. Vi anh chang
thich hai c¢6 gai nhw nhau nén ctt dén chiéu
th bdy hang tuin, anh chang ra bén xe
mot cach ngiu nhién gip xe ndo truwdc thi
di xe dé. Cac tuyén xe buyt dén Dai hoc
Kinh té qu6c dan va Pai hoc Sw pham c
déu din 15 phut lai c6 mot chuyén. Sau
mot thoi gian (kha dai), khéng hiéu vi ly
do gi, anh chang nhén ra riang minh dén
tham c6 ban & Pai hoc Kinh té qudc dan
nhiéu gip d6i c6 ban & Pai hoc Sw pham.
Ban c6 thé dwa ra ly do hop ly nao dé giai
thich diéu nay khong?

PAP AN: Cau tra 161 don gian cho tinh
huéng nay Ia lich trinh ctia xe buyt. Theo
lich trinh, xe buyt di Pai hoc Sw pham tw
bén nay chim sau 5 phut so v&i chuyén di
dén Pai hoc Kinh té quoc dan. Néu anh
chang nay dén bén mot cach ngau nhién
thi co hoi dé gip xe di Pai hoc Sw pham chi
roi vao khoang thoi gian 5 phat, trong khi
co hoi di Pai hoc Kinh té qudc dan lai roi
vao khoang thoi gian 10 phut, va do dé

anh ta thiy minh dén Dai hoc Kinh té quoc
dan nhiéu gip doi so vé&i Pai hoc Sw pham.

NHAN XET CUA PI: Hai ban Phan Thanh
Hong va Nguyén Thi Nhung (gidng vién
Khoa Toan-Tin Pai hoc Thang Long) trwéc
day déu hoc & Dai hoc Sw pham Ha Noj,
nén chac gri dé€n Pi bai nay vi van con c6
chit 4m &c! Pi hét strc vui mirng vi nhin
dwoc rat nhiéu phan hoéi cho bai toan nay,
ké ca tr mdt s6 ban dang & nwdc ngoai.
Chac vi n6 lién quan dén tinh yéu! Nhu da
noi khi dwa ra bai toan, trinh do thich hop
dé giai bai nay la tir I6p mét dén gido su,
tién si. Trén thwc té thi ding nhw vay: c6
ban dwa ra cich giai don gian nhw trén,
ban khac lai dung ly thuyét xac suat dé
dwa ra két qua. TAt nhién, cling cé rat
nhiéu giai thich chwa dung. Pi cam on tat
ca cac ban da quan tam va gui loi giai. Pac
biét, Pi rat 4n twong véi loi gidi ddng cta
ba ban, c6 thé 1a nho tudi nhit trong s6 cac
ban c6 loi giai ding: Bao Long, Khanh Chi,
Quy bang, Lop 7C1 - THCS Archimedes, Ha
No6i. Ngoai ra, nhitng ban sau day cling c6
1o gidi dang, hodc y twdng ding, tuy trinh
bay chwa ré rang: (danh sach theo thir tw
ngﬁu nhién) Dat Le, Thach Bao, Cao Diing,
Bao Binh, Quy Mai, Tai Trin, V6 Tuin Hai,
Vuong Dao Nghe, Due Pham, Pinh Doanh
Doan, Lé Thé, Nguyen Tri,
nguyen.truonghai, Son levanhoang, Khuu
TranVietHung B130, Hoa, Trang Nguyén
DPang, Trwong-Sinh Trang Nguyen, Nguyén
Lam T4, Binh spy, Tung Hiéu Vi, Tién Dat
Nguyén Doan, Thinh Hoang, Chau Thanh
Tri, Paul Massimo, Tran Quang Huy, Trung
Nguyen Huu, Tran Sang, Diing Pinh Hoang,
Cwong Nguyén, Hien Phan, Minh Dic,
bang Hai, Pham Manh, Thai Phat, Nam
Nguyén Minh, Hwng Nguyen, Thanh Chu,
Hoa Pham Thi Xuan, Hoang Cong, Van Tho
Dang, Triet Le, Do Duc Ton, Nguyén Dang
Hai,. ..
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Lo Lem va di ghé

Mo6n hang nay do hai ban Phan Thanh Héng va Nguyén Thi Nhung swu tim, Ky gii.

Ong Chii Quan cé déng géi lai

Mu di ghé doc ac chuln bi cung con gai di
da héi do Hoang tr mdi, giao cho Lo Lem
sau cai chia khoa va bao:

- Tao khéng cAm may di, nhwng phai lam
cho xong viéc nay da. Tao c6 ba cai tl1, moi
td c6 hai ngan. Mot ta thi ca hai ngdn déu
dung hat dé, mot td hai ngan déu dung do
den, t con lai mot ngin d6 den, mot ngin
hat dé. Ba cai nhan ghi ti nao dung loai gi
déu dan sai ché. Tao cho may 6 chiéc chia
khod, mdi chia m& dwgc mot ngan ti. Ma
tao néi trudec, loai khoa nha tao phirc tap
1dm, moi 1An m& mot chia phai mit mot
gio. May mé thé nao thi mé, mién 1a dan
lai nhan cho dung: tu dwng hat dé, td dung
d6 den, ti dwng hat dé+dd den. Dan xong
thi dwoc dén da hoi.

Mu di ghé néi xong, hai me con cwdi khanh
khach, tin chdc Lo Lem lam xong viéc thi
da hoi cling tan.

Hai me con di roi, Lo Lem ngoi khoc. Bong
Pi hién 1én hoi:

- Lam sao ban khoc?

Nghe xong su viéc, Pi bay ngay cho Lo Lem
cach lam dé dan ding nhan thit nhanh.

Néu la ban, ban sé khuyén Lo Lem lam thé
nao?
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T van hoc dan gian dén toan hoc hién dai

Chi Quan

C6 nhiéu van dé 1én cda toan hoc hién dai
thwc ra da xudt hién trong nhitng chuyén
dan gian. Chang han, cAu chuyén vui anh
chong tham dn dwgc ba vo dung soi day
diéu khién, ma hiu nhu nguoi Viét Nam
nao ciing da tirng it nhit mot lan nghe ké,
néu phan tich ki sé thiy la mét bai giang
nhip mén tuyét voi vé Li thuyét thong tin.

Xwa, mOt ba vg c6 anh chong rat tham an.
Tinh tham an cda anh chéng khién chi vo
nhiéu phen xau ho. Chi bén nghi ra mét Kké.
Nhan ngay Tét vé bén ngoai an cb, chi ngdi
dudi bép, budc mét sgi diy vao tay chong
va dan rang, khi nao chi giat diy mot cai
thi mé&i dwoc gap mot miéng. Hom do, moi
nguwoi ngac nhién vi thiy anh chong an
udng rat tir ton. Nao ngo, chi dwoc chirng
ntra bira thi c6 mét chu ga tréng chay qua,
mic chan vao diy. Anh chdng tham an
duwoc thé gip lia lia (theo nhip day chan
cla chu ga)! Meo hay cua chi vg thé 1a bi
hoéng.

Vén dé cua Li thuyét théng tin dit ra trong
ciu chuyén nay la: lam thé nao dé€ muwu ké
cia chi vg thanh cong ngay ca khi khong
may cé chd ga mic vao day? D6 chinh la
mot trong nhitng bai todn khé nhit cla
toan hoc hién dai.

Ta thr hinh dung mot hé thong dién hinh
cda li thuyét théng tin: trwéc hét, ta c6 mot
trung tdm diéu khién, trong trwong hop
nay la chi vo. Sau d6 la mét trung tdm
nhdn théng tin, chinh la chang tham an.
Thong tin dwoc truyén qua mot kénh
truyén tin, chinh 1a soi ddy. Cac thong tin
dwoc truyén qua kénh truyén tin bang cac
tin hiéu, trong trweong hop nay la giat day.
Thong tin ludn dwoc truyén dwdi dang ma
hod, & day chi vg da ma hoa théng tin nhw
sau: gidt mot cdi - gdp mot miéng.

Nhwng, mot kénh truyén tin, du hién dai
dén diu, cling khéng thé tuyét do6i chinh
xac: trung tam thu nhan théng tin khéng
bao gio nhan dwoc hoan toan chinh xac
thong tin ma trung tdm diéu khién truyén
di, ma thwong bi mot nhiéu nao do. Cai
nhiéu ma kénh truyén tin ctia chi vo méic
phai chinh 1a con ga tai hai! Van dé dat ra
cho chi vo, cling nhw cho li thuyét thong
tin 1a: lam thé nao dé ngay cd khi bi nhiéu,
ta van khéng di dén két qud qud toi té? No6i
mot cach “han 14am” 1a: lam thé nao dé tang
dé tin cdy cua kénh truyén tin?

Néu nhw quy dinh cida chi vo khdng phai la
“gidt mot cdi - gdp mét miéng” ma 1a “giat
20 cai - gdp moOt miéng” thi du c6 cai nhiéu
12 con ga, anh chdng chic cling khéng dén
ndi mang tiéng qua tham dn! Lam nhu thé,
trong li thuyét thong tin goi la tdng dé
thira dé bdo ddm dé tin cdy. D6 thira & day
la: 1€ ra chi can gidt day mét lan la du
truyén lénh gap mot miéng, thi ta phai giat
nhitng 20 lan! Néu chi vo qua can thian dén
mtc quy dinh: gidt 100 ldn méi gdp mot
miéng, thi chic anh chdng dwoc tiéng rat
lich sy, nhung cling sé mang bung do6i vé
nha. Van dé nan giai cta li thuyét théng tin
chinh 12 & ch6 d6: néu ting do thira dé
dam bdo dod tin cdy, thi sé bi anh hwdng
dén téc dd truyén tin. Trong thuc té€, mot
thong tin chinh xadc nhwng dén qua mudn
c6 thé 1a mét théng tin vo ich. Vay, chi vo
nén quy dinh gidt bao nhiéu lan thi anh
chdong dwgc gap mot miéng, dé sao cho
anh ta vira no bung, lai vira dwoc ti€ng lich
sw, hay it nhat 1a khéng mang tiéng qua
tham an, ngay ca khi bi chd ga lam nhiéu
kénh truyén tin? D6 chinh la bai toan dién
hinh khong chi cda Ii thuyét théng tin, ma
cia hau hét cac nganh ctia Toan hoc hién
dai: néu xem modi yéu ciu lap thanh mot
mién nao dé, thi phai tim ra dwong bién
gi¢i phan chia cac mién, sao cho moi yéu
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ciu déu dwoc thod min trong mot chirng
muc chip nhin dwoc. (Bai todn nay chic
khong chi kho trong toan hoc, ma ca trong
cudc doi: khong thé hy vong dat dwoc mot
cach cao nhit moi muc tiéu, ma van dé la
phai lam sao cho hai hoa cac muc tiéu do!).

bé giai bai todn dat ra, trong nhitng nam
gan day da xuit hién nhiéu két qua kha
thu vi. Mot trong nhirng phwong phap maéi
la dung cAc md hinh hoc dai sé vao li thuyét
théng tin. Phwong phap nay thuc sw bat
ngo vi xwa nay, hinh hoc dai s6 la nganh
triru twong nhat trong todn hoc, va it ai
nghi lai c6 thé dung né vao moét van dé rat
thuec tién. Viéc dung hinh hoc dai s§ dé tim
ra bién gi¢i thich hop trong li thuyét thong
tin da gép phin xoa di bién gidi gitra toan
hoc li thuyét va toan hoc rng dung.

Con mot diéu nira ma tdi chwa néi dén khi
ké vé hé thong truyén tin cia ba vo noi

Danh ngon toan hoc

“Do not worry about your difficulties in
Mathematics. I can assure you mine are still
greater”.

Dirng lo lang néu ban thdy Todn khé. Téi c6
thé khdang dinh rdng téi con thdy khé hon.

Albert Einstein

trén, d6 1a vdn dé bdo mdt. Néu c6 anh
chang nao dé biét dwoc diéu giao hen cta
vy chéng nha kia va mudn pha vé hanh
phtc cta ho, hay it ra chi 1a dé tréu choc
thoi, thi anh ta c6 thé giy nhiéu bang cach
giat day that nhanh, dé du ba vo c6 “tang
do thira” dén diu, van khong thé dut bo
dwoc tiéng xiu tham dn cia chong minh.
Vi thé, trong khi truyén tin, nhat thiét phai
dat ra van dé bao mat. Mot 1an nira, toan
hoc hién dai lai c¢6 thé gitup ich cho ba vo
bang cach cung cip nhitng phwong phap
ma hoa hién dai. V& cht dé nay, cac ban c6
thé tim hiéu thém trong bai vé Todn hoc
va mit ma cua Pham Huy Dién, ciing & s6
bao nay.

Kho tang van hoc dan gian vo cung phong
pht. Trén day chi la mot trong rat nhiéu vi
du vé mai lién hé giita vin hoc dan gian va
toan hoc hién dai. Cac ban thit tim thém vi
du Khac nhé!
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Xép nhirng hinh mong manh
Lwu Thanh Ha?

Moi cac ban xem mot sd hinh anh sau:

A A Y
B . ~

Nhitng hinh dnh d6 that hidp dan phai
khoéng nao! Ban c6 biét ching dwoc tao
thanh tir nhitng thanh g6 KAPLA
(Kabouter Plankjes)?

D6 1a nhirng thanh gb védi ti 1é 1:3:15 dwoc
phat minh nam 1987 bé&i Tom van der
Bruggen (ngwoi Ha Lan). Piéu dang néi &
nhitng thanh gé nay l1a sw don gian dén
mikc t6i gidn nhwng cé thé xay dung duwoc
nhiéu kién triic dang kinh ngac. Chung gan
két véi nhau chi bang lwc hip dan va sw
cAn bang, khong keo dan, khong &c vit,
khong chinh stra kich thuéec.

Sau day, ban doc sé dwoc tim hiéu mét
phan “ki diéu” ctia nhirng thanh g6 KAPLA
thong qua thtt thich vé&i nhitng hinh
“mong manh”.

Mong manh nhw thé nao, tac gia xin gidi
thiéu mot vi du nhw sau:

f Hiwh 1 I Hink 2 | Hik 3

Binh ludn: Quan sat hinh 1, ta thay c6 12
thanh g6 chong 1én nhau theo qui luét
thanh bén trén sé dich chuyén sang phai
mot khodng so véi thanh dwéi ma khoi 12
thanh van cin bang khong bi dé.

Vay chung ta c6 thé xép thém dwoc bao
nhiéu thanh ntra 1én khoi 12 thanh nay?
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note:

Va khi nao khoi sé danh mat trang thai cin
bang?

CAu tra 1oi 12 s6 lwong thanh gd xép thém
phu thudc vao bién dé dich chuyén sang
phai cia moi 1an xé&p. Ta biét rang, mot vat
c6 mat chan dé chi gitr dwoc trang thai can
bang néu gia cha trong lwc phai di qua mat
chin dé hay trong tim roi trén mat chan
dé. O day, mdi lan xép thém maot thanh gb,
trong tdm cda ca khéi lai c6 xu hwdng dich
chuyén 1én cao hon va dich chuyén sang
bén phai. Do d6, néu trong tim roi ra bén
ngoai mat chin dé (chinh la dién tich bé
mit cia thanh go dwdi cung) thi khoi sé
danh mat trang thai can bang.

Quan sat hinh 2, ta thay c6 thém moét khoi
twong tw hinh 1 dwoc x€p ti€p 1én trén
nhwng cac thanh lai dich chuyén sang trai.
Bang cach nay, mic du trong tAm tiép tuc
dwoc dwa lén cao (nghia la kha nang can
bang bi gidm di) nhung trong tAm duogc
kéo tré lai € van roi trén mit chan dé. Ctr
nhw viy, ta c6 thé xép khéi tiép tuc cao
hon (hinh 3) du dién tich mit chan dé nho,
trong tdm cao lam anh hwéng dén sy can
bang ctia khdi. D1 nhién, sw cAn bang con bi
anh hwéng béi chat liéu gd, ngoai lwc bén
ngoai va ké cd sw binh tinh, tip trung,
khéo 1éo ctia ngudi x€p.

M6t y twdng méi dat ra la: Néu nang khoi
12 thanh (Hinh 1), dat Ién trén hai thanh
(lam cot chéng) thi khoi cé con gitv dwoc
sw cAn bang?

Danh cho cic ban tir 5 dén 7 tu6i:

Cau tra loi 14 cb. Vi thuc chit mat chan dé
khong thay doi. (Ban doc tw quan sat, tim
hiéu).

Bay gio, ta b6t di 1 thanh chong (nghia la
dién tich chin dé€ giam con rat nho) thi
khdi c6 con can bang? CAu tra 1oi c6 1a c6,
nhwng ciu chuyén da kh6 hon rit nhiéu.
DE gilt dwoc cin bang, trong tAm bat budc
phai roi trén mat chan dé rat nho kia. Va
thé, viéc gitr dwoc cn bang hay khong qua
thyc “mong manh”.

Thir thach cho ban doc

Dung céac thanh g6 KAPLA, ban doc hay
xép lai cac hinh sau va cdm nhén sy “mong
manh” dong thoi thi thach sy tip trung,
kién nhan ctia minh nhé!

Xodn 2 thanh T— Shng tso véd xodn 1 thash

Xoin 1 thanh
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~ Miéy bay va dadiquansat |

Que tinh ky diéu

Vii Anh Tuiant
AN
X

A
2

/

..... BATivi ]

Que tinh hay nhirng vat twong tw (que
tam, diia, manh cui, canh cay, ... ) rat quen
thuoc. Dung nhirng que tinh ching ta c6
thé xép ra dwoc nhirng gi?

Hinh 1, v&i 13 que tinh ching ta xép dwoc
mot con ché. Hinh 2, véi 8 que tinh ching
ta xép dwoc mot con ca. Hinh 3, ching ta
c6 moO hinh moét con tau vii tru véi 16 que
tinh, va & hinh 4, chiéc ti vi dwoc mo
phdng béi 6 que tinh.

Chuing ta cung xem xét mot s6 bai todn thu
Vi sau:

Bai 1:

-
- e P24

" Ngéinha tréncdy 0

a) Co thé xép dwoc 5 tam giac gidng nhau
tlr 5 que tinh hay khong?

b) C6 thé xép dwoc 7 tam gidc gibng nhau
tw 7 que tinh hay khong?

Binh Iudn: Ciu tra 1oi 1a c6, néu ching ta
tinh y quan sat mét chat thi sé thiy hang
ngay, ching ta gap dap an cta cau hoi nay
rit nhiéu, dé chinh I1a hinh ng6i sao 5 canh:

N [ \ 7
e / \ > 4
o / i
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b) Twong tw nhw trén cé thé xép dwoc
ding 7 tam giac giong nhau tir 7 que tinh
(ngoai 7 tam giac trén thi khong c6 tam
giac nao khac).
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Cau hoi dat ra la, véi 7 que tinh, c6 thé xép
ra nhiéu nhat bao nhiéu tam giac giong
nhau? Tac gid da tim dwoc dap an c6 14
tam giac giong nhau nhw hinh vé? Pap an
cua cac ban la bao nhiéu, 14 c6 phai la dap
an cudi cung?

Bai 2: Quan sat hinh vé bén, cé thé thiy
xuat hién 3 hinh vuong.

Di chuyén 6 que tinh, ban c6 thé tao ra 5
hinh vuéng?

Binh Iudn: Chu y rang, dé bai chi yéu cau
xudt hién 5 hinh vuéng ma khéng nhac
dén kich thwdc clia cac hinh nay cé phai
bang nhau hay khong, day chinh 1a diém
gitp ta c6 thé dot pha bai toan nay, néu
chdam chdm xép cac hinh vudng c6 kich
thudc nhw nhau thi sé chi dan dén ngd cut
ma thoi.

Cau d6 cho cac ban:

1) Trong hai y (a) va (b) cua bai 1 & trén,
véi 5 que tinh cé thé xép ra dwoc 5 tam
giac, véi 7 que tinh cé thé xép 7 tam giac
(va nhiéu hon thé nita), vdy s6 que tinh it
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nhit 1a bao nhiéu dé c6 thé xép ra s6 tam
giac bang vdi s6 que tinh?

2) Hinh dwéi mé phong mot chd nguwa
dang dao choi. Di chuyén mot que tinh,
ban c6 thé lam cho chi ngwa quay dau
nhin di hwéng khac?

3) Xép lai hinh con ca & H2, r6i tim cach di
chuyén 2 que tinh dé con ca boi theo
hwéng khac.

4) Ban c6 thé dung 16 que tinh dé mé
phoéng hinh mét chd buédm dang bay?

5) Hinh vuéng sau dwoc xép tir 8 que tinh:

S dung 4 que tinh khac, chia hinh vuéng
thanh hai phan giéng nhau, chd y khéng
dwoc "thira" phin nao cua bat ki que tinh
nao.

Loi gidi xin gwi vé: chuyén muc Todn cla
Bi.
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TRO CHUYEN VO GIAO SU HOANG TUY

m Mi Ly (thuc hién)

Néi danh trong giGi todn hoc thé gii va cé vai tro tién phong xdy dwng todn hoc trong
nwéc, GS Hoang Tuy dwoc chon la nhdn vdt ddu tién trong chudi déi thoai ctia tap chi Pi. O
tudi 90, éng vira ra mdt cuén sdch “Convex Analysis and Global Optimization” (Gidi tich 16
va Téi wu héa toan cuc), viét vé céng trinh quan trong nhdt cuéc doi minh.

Gidi todn hoc thé gidi coi éng la “cha dé cua téi wu toan cuc”, ngwoi mé dwong cho mét
chuyén nganh todn hoc méi va ciing la mét trong nhieng chuyén nganh hiém hoi cé “qué

hwong” la Viét Nam.

Nguwoi ta noi, GS Hoang Tuy ndi danh trong gi¢i todn hoc quéc té€ hon cd & qué nha - noi
van coi todn hoc la mét nganh xa la, phdn nao chi danh cho cdc tri thirc tinh hoa.

Ma3i biét o'n ngu®i anh, nguwdi thay Lé
Van Thiém

Thwa GS Hoang Tuy, khi Ban bién tdp tim
nhdn vdt ddu tién cho chudi bai chdn dung
vé cdc nhdn vdt todn hoc Viét Nam cho tap
chi Pi, GS Ng6 Bdo Chédu néi rang khong cé
Iwa chon nao khdc ngoai 6ng, GS Hoang
Tuy, béi nhitng dong gop to lén ciua éng
cho nén todn hoc nwéc nha. Ong cé suy nght
givé diéu nay?

Trwée hét toi cdm on GS Ngo Bao Chau vi
lwra chon d6. Céng lao xay dung nén toan
hoc Viét Nam, cong dau thudc vé anh Lé
Van Thiém Gido sw, Tién si Khoa hoc dau
tién cua Viét Nam. Anh da xdy dung nén
nén toan hoc Viét Nam tir thoi dat nwéc
con ngheo va lac hau. Toan lai 1a nganh
khoa hoc triru twong con xa la véi thuce té
dat nwée khi do.

Anh Lé Van Thiém la nguén dong vién to
lén cha tit cd chdng toi, 1a thin twong cta
thé hé to6i. Tt khi con hoc trung hoc, toi da
biét tiéng anh va hoc tip dwoc nhiéu twr
anh. Tiéc la cu6c doi anh khong gap may
mén, gdp phai nhiéu bi kich. Nh¢ cong lao
cia anh va cac nha toan hoc thé hé sau,
nén toan hoc Viét Nam da phat trién va dat
dwoc trinh d6 twong xirng voéi sw phat
trién cta dat nwéc nhw hién nay. Todn hoc
Viét Nam da tw khang dinh minh trén thé
gi¢i thong qua cac thanh twu dwoc coéng bo
va nhitng nha toan hoc thanh danh trén
treong quoc té. Ching ta ciing can nhiéu
nha toan hoc thanh danh hon nira.

Céng trinh vé “Téi wu héa toan cuc” cua
ong la mét trong nhitng thanh twu cua todn
hoc Viét Nam dworc thé giéi céng nhdn. Ong
c6 thé chia sé thém vé qud trinh lam nén
thanh twu nay?

"Du khéng hiéu cling can t6n trong gia tri cia Toan
hoc" Hoang Tuy
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Vé mit cong bo quoc té thi anh Lé Vin
Thiém ciling 1a nha toan hoc diu tién cha
Viét Nam lam dwoc diéu dé nam 1947 sau
khi anh bao vé luin an Tién si & Dic vao
nam 1945. Nhwng khi vé nwéc, vi hoan
canh xa hoi khi d6, anh phai lam coéng tac
dao tao can bo va khéng cé nhiéu thoi gian
lam khoa hoc. Con téi, nhitng c6ng bé quéc
té€ dau tién toi viét bang tiéng Nga vao
nhitng nam 1987 - 1988, dang tai trén cac
tap chi cia Lién Xo. Khi do, toan hoc Lién
X0 phat trién hang dau thé gid¢i nén sach
bao Lién X6 déu dwoc dich sang tiéng Anh
va dwoc gidi toan hoc phwong Tay tiép
cin. Ban diu, t6i nghién ctiru vé ham thuec,
mot linh vwc dang trén da di xudng nén it
dwoc chu y. Sau do6, t6i chuyén dan sang ly
thuyét tdi wu, don gidn vi toi nghi rang ly
thuyét nay c6 thé ap dung dwoc & nhirng
nwédc chwa phat trién nhw Viét Nam. Viéc
cébng bo Téi wu ham Iém la kh&i dau cho
T6i wu héa toan cuc. Sang thap nién 1990,
da c6 tap chi riéng vé T6i wu hda toan cuc
trén thé gi¢i. Va tdi cling bat dau viét
nhitng cudn sach tir nam 1990.

GS. Hoang Tuy. Anh: Mi Ly

Ong c6 thé ké mét vai ky niém dep nhdt clia
ong vdi todn hoc?

Toi c6 may man 1a nho theo dudi nganh cé
rng dung thuc té nén cé vi tri trong nén
toan hoc. Ky niém dep nhit trong sw
nghiép cna toi 1a Ian du hoi thao quéc té vé
quy hoach toan hoc & Budapest (Hungary)
vao nam 1976. Lan d6, to6i dwgc moi sang
Phap mot thang va trinh bay bang tiéng
Anh trong chwong trinh hoi thao tai khan
phong kin dac nhitng nha toan hoc tai
nang dén tir khap noi trén thé gidi.

Lic téi bwdc 1én buc dé trinh bay cong
trinh cia minh, ctr toa ciing rit chd y. Chac
han nguwdi ta tdo mo vi mot nha toan hoc &
Viét Nam xa x0i. Lic t6i phat biéu xong,
Tong bién tip mét to tap chi dén gap tbi va
moi téi tham gia Ban bién tap cta to tap
chi. Qua bat ngo va vui swéng, toi nhan loi
luén. D6 qua thuc 1a mot ky niém rat dep
trong ca doi lam toan cua toi.

“Ngwoi thdy trung binh chi biét néi, ngwoi
thdy gidi biét gidi thich, ngwoi thdy xudt
chiing biét minh hoa, ngwoi thdy vi dai biét
cdch truyén cdm hirng.”Cdc hoc tro tirng
ding cdu nay dé ndi vé éng, y chi éng la
nguwoi thdy biét truyén cdm hirng. Khi day,
ong cé y thirc vé viéc truyén cdm hitng cho
hoc tro khéng?

"Trong gi® gidng cba t6i ma hoc tro nglh gat thi
khéng xong réi"

T6i rat yéu nghé day hoc. T khi day &
trung hoc, téi da chu trong truyén niém
say mé toan hoc cho hoc tro chir khong chi
truyén dat kién thirc thong thwong. Khi
giang, néu phat hién hoc tro lo dang véi
bai hoc, toi sé tim moi cach dé dwa suw
hirng tha cta ho quay lai. Trong gio giang
cua toi ma hoc tro ngu gat thi khong xong
roi (cuoi).

T6i c6 nhiéu nguwoi hoc tro dang quy, sau
nay cling thanh cong trong todn hoc nhw
Ha Huy Khoai, Hoang Xuan Phu, Ngo Viét
Trung, Nguyén Minh Chwong. ..
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Nha bdo Héng Thanh Quang tirng nhdn xét
ong rdt “thanh nién”, rdt quan tdm dén cdc
vdn dé cta thoi dai méi, rdt hay gép y dan
ddt cho thé hé di sau vé chuyén mén. Ong
nghi sao vé loi nhdn xét dé?

Loi nhéan xét dé dwoc néi ra cach day 15
nam roi, khi téi 75 tudi. Bay gio toi da 90,
cliing khong con thanh nién nhw thoi dé
nira (cwoi). Nhwng dang 1a ké ca khi da 1én
tudi, toi van rit say swa v&i nhirng cai méi.
Du lam trong nganh todn rng dung, toi rat
quan tim dén toan ly thuyét va tlrng
khuyén khich nhiéu nha todn hoc thé hé
sau theo duéi ly thuyét pham tru.

Con sau nay tudi cao hon, quy thoi gian
cudc doi ciing dan eo hep, toi tré vé voi
mdi quan tdm lén ctia doi minh téi wu héa
toan cuc va chuyén tdm viét cuén sach
méi, do la cudbn “Convex Analysis and
Global Optimization” - Gidi tich 16i va T6i
wu hoa toan cuc.

Gidi todn hoc quy tu nhiéu tri thirc tinh hoa
ctia ddt nwéc, nhwng tinh “tinh hoa” do cé
mdu thudn véi dai chiing, khién dai chiing
nghi rdng todn la mét nganh tinh hoa cua
s6 it ngwoi?

biéu nay khong chi c6 & Viét Nam ma céc
nuwoc cliing vay. Toan hoc luon la mot

nganh tri thirc tinh hoa ma dai ching kho
hi€éu va kho ti€ép cin. Mac du vay, & cac
nuwdc, du khong hiéu nguwoi ta van rit coi
trong toan hoc. Con & Viét Nam, vi khéng
hi€u va khéng tin vao toan hoc nén ching
ta coi thwong. D6 1a mot 16i suy nghi 4u tri.
Ngwoi ta cin tran trong gia tri va vé dep
cua toan hoc.

Xin cdm on gido sw!

Cung voi Gido sw Lé Van Thiém, éng la mot
trong hai ngwoi tién phong xdy dwng nén
todn hoc ctia Viét Nam.

Ndm 2011, GS Hoang Tuy tré thanh nguwoi
ddu tién trén thé gi¢i nhdn Gidi thwdng
todn hoc Con- stantin Caratheodory do Hoi
Té6i wu Toan cuc Quéc té trao tdng. Ong
dwoc coi la cha dé cia ly thuyét toi wu toan
cuc trén toan thé gi¢i. Bén canh dé, GS ciing
tirng dworc trao Gidi thwéng H6 Chi Minh
dot 1 vao ndm 1996 va gidi thwéng Phan
Chau Trinh ndm 2010.

Cudn sdch tiéng Anh “Convex Analysis and
Global Optimization” - Gidi tich 16i va Toi
wu hoa toan cuc, bdn in ldn 2 ctia GS Hodang
Tuy vira dwoc NXB Springer dn hanh vao
cudi ndm 2016.
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DPIEM SACH

i B il

LTS. Pi mong mudn gidi thiéu thwong xuyén dén ddc gid nhivng cubn sdch hay, cé ich cho
moi nguoi. Lwa chon ddu tién cho chuyén muc nay thdt dé dang: dé chi cé thé la “Co sé” cia
Euclid. B&i vi “Theo mét nghia nao dé, Co sé la quyén sdch thudn tuy todn hoc ddu tién clia
nhdn loai va la t¢ gidy khai sinh ra todn hoc nhw mét bé mén déc ldp, tuy van con la mot bo

phdn ctia triét hoc”.

Ciing vi ly do dé ma, nhw cdc ban dd thdy, hinh dnh Euclid dwoc ldy lam dnh bia cho Pi s6

ddu tién.
Sach Co s& cua Euclid
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Euclid viét sich Co s& & Alexandria
khoang 300 nam trwdc Cong nguyén. bay
la thoi ky Hellenistic cta triét hoc c6 dai,
thoi ky ma triét hoc c6 dai da lan tod téi
nhitng vung dat chiu anh hwéng cda van
hod Hy Lap ma tiéu bi€u la thanh
Alexandria bén b& Phi cia Pia Trung Hai.
Nét chung cia triét hoc thoi ky Hellenis-
tic, phan nao thé hién trong sach Co s@, la

tw duy da dat dén mirc tinh tuy, nhwng c6
16 d3a mit di tinh bay bong cta thoi ky
trwdc Socrates va sirc manh tw duy caa
Plato, Socrates.

Nguwoi ta cho rang hau hét ndi dung cla
sach Co s& dwoc truyén lai tir nhitng tién
nhan nhw Pythagoras, Plato, Eudoxus . . .
Tuy nhién, khac véi Pythagoras va Plato,
Euclid loai bé triét dé cac yéu to siéu hinh
dwgc gan cho cac s6 va cac hinh. Cac s6
httu ti khong con dwoc coi 1a minh chirng
cho sw hai hoa cta vii tru, cic khoi déu
trong khong gian khong con dwoc coi la y
niém toan hoc nip dang sau cac pham tru
siéu hinh nhw kim thuy hoa thé. . . Hé
thong suy luin logic xuat phat tir hé tién
dé cua Plato dwoc Euclid st dung mét cach
triét dé, cac chi tiéu vé tinh chat ché cua
chirng minh dwoc ap dung mot cach khong
khoan nhwong. Theo mot nghia nao do, Co
s& la quyén sach thuin tuy toan hoc diu
tién cua nhan loai va la to gidy khai sinh ra
toan hoc nhu mot bd moén doc 14p, tuy van
con 1a mot bd phin cua triét hoc. Cach
Euclid xdy dwng mot hé thong kién thic
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cao vat dwa trén sé it tién dé nén va lay
luat logic lam chat gan két, da 1a hinh mau
cho sw phat trién ctia toan hoc cho dén
ngay hém nay.

Trai qua 2400 nam, cic ménh dé phat biéu
va chirng minh trong sach Co s& van con
twoi tan mot cach dang ngac nhién. T
hinh hoc tam giac ma chung ta hoc nhirng
nam cip hai, cho dén chirng minh tuyét
dep bang phan chirng cho sy ton tai vo
han nhirng s6 nguyén t6, tir thuit toan
Euclid tim wéc s6 chung lén nhit ma
ching ta van phai hoc trong gido trinh co
s& toan hoc trong tin hoc, cho dén chirng
minh khong tén tai kh6i déu nao khac
ngoai nam Kkhéi déu cda Platon, déu la
nhitng néi dung da dwoc trién khai mot
cach day du trong sach Co so.

bay cé 1€ 1a nhirng ly do tai sao Co s& dwoc
coi la mot trong nhitng quyén sach c6 anh

hwdng nhit téi sy phat trién cia van minh
nhan loai. Sach da dwoc tai ban hang ngan
lan, sO lan tai ban c6 1é chi thua Kinh
thanh. Tt thoi ky Phuc Heng cho dén dau
thé ky hai mwoi, sach cia Euclid dwoc coi
la mot trong nhirng quyén sach ma nhirng
ngudi cé hoc phai doc.

Lén lén tir Co s&, Todn hoc da di nhitng
bwdc rat xa. By gio ban c6 thé tim dwoc
v0 s6 sach toan véi nhiéu ndi dung hon,
trinh bay sang sua hon sach cuda Euclid.
Tuy vay, toi van tin rang nguoi c6 hoc van
can doc Euclid vao mét thoi diém nao do6
trong cudc doi minh, van cin c6 Co s& dit
trén gia sach.

Cam on nha xuit ban Tri thic, Alpha
books va nhém dich gia da dem sach Co s&
cia Euclid dén véi dbéc gia Viét Nam.
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THU BAN bOC

LTS. Pi rdt vui vi tuy s6 1 bdy gior mé&i ra mdt, nhwng Pi did nhdn dwoc nhiéu trao déi cia
ban doc. Pdc biét, Pi rdt cdm on nha gido Hoang Quang (Ha Néi) vi da givi cho Pi mét bikc
thw dai, ma Pi trich ddng dwdi dady.

Ngoai ra, ban Phan Dwong Hiéu (gido sw dai hoc Limoge, Phdp) vira hai hwéc, vira khoa hoc
c6 dobi loi vé “bép niic” ctia Pi. Pi cdm nhdn tinh cdm dm dp ctia ban, va ciing xin dwoc ddng
& ddy. “Burc thw” ctia gido sw Phan Dwong Hiéu con c6 thé xem la mét bai todn dé ban doc
tinh todn, suy nghi! Trong “loi binh” vé birc thw do, Gido sw Pam Thanh Son (dai hoc
Chicago, Hoa Ky) c6 ndi rdng, néu sw viéc dién ra “trén mdt cdu, thi cé thé khéng cdn lam
tron”, sao thé nhi?

Thw cua nha giao Hoang Quang
"Kinh chao BBT Tap chi .

T6i la mot gido vién (GV) da nghi hwu, thinh thodng cé giai thich giip mot s6 hoc sinh yéu
thich Toan. Hom trudrc toi cd gi¢i thiéu vadi cac em Tap chi m va khuyén cac em nén la doc
gia tich cuwc ctia Tap chi. Nhan tién ciing gi¢i thiéu véi cac em bai toan PI XE BUYT ma Tap
chi vira dé cap. Téi hom Noel cadc em lai dén choi. Trong cau chuyén tdi c6 héi cac em da
giai xong bai toan chwa. Cadc em bdo da xong va noi rang miu chét 1a & chd khodng thoi
gian (T) tir lic xe khéi hanh di Sw pham dén lic xe ké ti€p khéi hanh di Kinh té€ Quéc dan
12 10 phut. Biét cdc em d3 hiéu dwoc ban chit vAn dé nén to6i chi nhic thém 1a trong cac
bai todn clia cudc sdng ta cAn nam bat va liét ké ra tat ca cic gia thiét (tuy khong néu ro
trong Bai todn, nhwng mic dinh dwoc cong nhin) dé trén co s& dé cé thé chuyén bai toan
cta cudc song thanh mot bai tdp ciia mon Toan.

(D€ dé hiéu toi xin dwoc lwoc ghi cudc thoai)

GV: Chang han, trong bai to4n nay, ta phai mic dinh 1a trong khung thoi gian budi chiéu
xac sudt dé anh sinh vién xuat hién trén bén xe tai moi thoi di€m 1a nhw nhau. Chinh xac
hon, x4c suit d€ anh sinh vién xuit hién trén bén xe trong cac khoang thoi gian bang nhau
phai bang nhau. ...

Em Z: Nguwoi ta chi yéu ciu dwa ra ly do hop ly, tirc 1a chi cdn dwa ra mot mo hinh phin bo
gi®r chay xe, chir khong cAn mé ta tit ca cac mé hinh sao cho xay ra két qua trong bai toan.

Kinh thwa Ban Bién tap,

Bac chau tdi cho rang day 1a bai tip hay, c6 hwong mé dé duoc xét véi nhirng gia thiét
khac nhau. Qua tim hiéu, toi biét rang cadc em da tran tr& ca. . . budi chiéu. Cai kho trong
bai 1a KHUNG THOT GIAN ctia budi chiéu khong dwgc xac dinh. Cac em noéi, néu trong Bai
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toan nay sau cum tir “ Chiéu th 7 hang tudn” c6 thém doan “tlr 14h dén trwérc 15h”, tirc la
khung thoi gian cda budi chiéu dwgc xac dinh, thi ching chau chi can 10 phut.

M6t trong nhirng cai khé ctia cic bai toan thuc té 1a nhirng gia thiét phai dwgc mic nhién
cong nhan chwa dwgc thé hién mot cach ro rang. Day chinh 1a diéu bac chau toi lo 1ang khi
phai tiép xic v&i cac bai toan thwce té trong cac dé thi tuyén sinh. Pay chinh 1a thong diép
ma chiing t6i mudn qua Tap chi gri dén cac thay c6 ra dé thi. Kinh chao Ban Bién tap."

"Thu" ctia GS Phan Dwong Hiéu
RUA, BACK VA PI

"Nghe n6i ho Hoan Kiém cé hinh tron xoe ban kinh R mét, vi & d6 c6 mét chd than Rua.
Bac K nghe diu dang gap rut cho ra to bao Toan, nhwng von lwdi nén muén dung tri khon
dé g gac thoi gian. RG 1a chi ¢6 than Rua 1a hgp véi phan bl cia minh hon cd, nén ngay
cu6i nam bac K dén thinh gido Rua: c6 cach nao lam nhanh dwoc khong? Rua bao: Bac K
khong cin lam gi dau, chi cin tip chay cho khoé, néu chay 1 ngay ma hét vong h6 Hoan
Kiém thi tw khic t& bdo sé hién ra. Bac K bao: toi dai 1an, nhwng ké ra c6 tap chay thi ciing
do hon la cdm cui ngay dém. Nhuwng hom nay tit nién tdi da th roi, chay ca ngay chi
dwoc c6 R mét théi. Strc thé, sao chay dwoc cd vong h6? Rua choi khé qua.

Rua chi doi c6 thé lién rut ngay ra thanh bao kiém trao cho bac K réi néi: bac cim thanh
kiém nay, tir mai sang nam 2017 roi, m6i hom bac sé chay nhanh thém 20.17% so véi
hom trwdc. Bac c ¢ tap, khi ndo thanh chanh qua, ra doi Pi thi hoan lai kiém cho toi.

Bac K nghe noi rit thich, cdm on Rua. Pung ngay Tét dau nam, bac ru vo lirng thirng di bo,
y nhu rang di dwoc 1.2017R mét.

Bac K khon 1dm, nghi: ding ndo moi ngdy minh ciing dwgc than cho chay nhanh 1én
20.17%, toi gi tap luyén, nghi ngoi cho khoé.

Y nhu rang dén ngay thi X*, bac ra vo di dao, hai vg chdng bac dat nhau di litng thing,
dén 23h59’ dém van chua di hét vong hd, bac K lo ling 1am. Nhung bac tin vao tai tinh
nhim cia minh nén ciing chang thém ting téc, qua khong ngd, dén ding giy thi 59 cla
phut cudi cung thi hai vo chong bac bwéc tron ding 1 vong hot. Bong dung luc, to bao Pi
néng hdi roi xudng tay hai bac tir trén Dream Tree (chac do Dream Team gi d6 trong
trom).

Rua hién 1én d6n chao hoan hé, hai bac tra lai thanh bdo kiém va kKhuyén mai thém cho
Rua to bdo Pi dé ting thém tri khon."
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note:
note:

Thé Ié giri bai va dit bao
Ban doc thin mén,

DAay 1a s6 d4u tién, nén nhw cic ban thiy, tic gid phan 1én 1a thanh vién Ban Bién tip, hoac
cOng tac vién thwong xuyén cua Pi. Hy vong tir so ti€p theo, ching t6i sé nhan dwoc nhiéu
hon s ing hd ctia cac ban.

Sau diy la mét s6 diéu can biét khi lam viéc vi Pi.
Thé 1¢ giri bai:

e Bai gtri ding Tap chi cin ghi r6 dw dinh vao chuyén muc gi, hodc khong theo chuyén
muc nao. Cac dé dé xuit can kem theo 101 gidi va goi y trwedre vé khoi 16p.

e  Can ghi rd ho tén tac gia, dia chi, e-mail va dién thoai d€ tién lién hé. Ban dich hay swu
tam can ghi ré nguon. Ban thao gii theo dinh dang latex hodc word, cung véi file dinh
dang pdf. Tap chi chi nhan nhitrng bai chwa dang trén bao trong va ngoai nwéec.

bia chi gri bai:

¢  Qua email: bbt@pi.edu.vn

e Quabuwu dién dén:

Toa soan Tap chi Pi

P705 - B8, Tang 7, Toa nha Thw vién Ta Quang Btru,

Trwong Pai hoc Bach khoa Ha N,

S6 1 Pai Co Viét, Q. Hai Ba Trung Ha Noi.

Thé 1é dat bao:

Ban doc quan tAm c6 thé dit bao theo mot trong cac hinh thirc sau:

e Dat tai tit cd cAc bwu cuc trong cd nwéc. Ma cda Tap chi Pila C057.

e  Dat truc ti€p v&i Toa soan bang cach giri email dén dia chi info@pi.edu.vn véi cac ndi
dung: Ho va tén, Pia chi, Dién thoai, S6 lwgng ky dat, SO lwong bao dat moi ky.

e  Dat tai website www.pi.edu.vn: chon nut Pat tap chi hodc Doc truc tuyén va lam theo
hwéng dan.

Tap 1 S6 1 Thang 1.2017 Tap chi Pi 65



BAN BIEN TAP
Ha Huy Khoai (T6ng Bién tap)
Tran Nam Diing (Ph6 Tong Bién tip)
Nguyén Thi Lé Hwong (Thu ky Toa soan)
Ngd Bao Chau, Pham Huy Dién, Nguyén Khic Minh, Nguyén Thanh Nam, Tran Vin Nhung,

Nguyén Duy Thai Son, Chu C4m Tho, Ngb Viét Trung, Vi Ha Vin, Nguyén Ai Viét, Lé Anh
Vinh.

CONG TAC VIEN THUONG XUYEN

Ha Vii Anh, V6 Quéc Ba Can, Pham Ngoc Piép, Lwu Thi Thanh Ha, Tran Minh Hién, Phan

Thanh Hong, Tran Quang Hung, Ha Duy Hung, PAu Hoang Hung, Nguyén Vian Huyén, Vi

Thé Khoi, Nguyén Duy Lién, Pham Vi Loc, Tran Qudc Luat, Lé Phuc Lit, Kiéu Dinh Minh,

Nguyén Thi Nhung, Pang Can So, Po Hoang Son, Lé Xuan Son, Lwu Ba Thang, Pao Manh
Thang, Nguyén T4t Thu.

TOA SOAN

Tang 7 Thu vién Ta Quang Btru, Trweong Pai hoc Bach khoa Ha Noi
S6 1, bai Co Viét, P. Bach khoa, Quéin Hai Ba Trwng, Ha Noi
Email gtti bai: bbt@pi.edu.vn. Giao dich: info@pi.edu.vn
bién thoai: 04.3215.1407 Fax: 04.36231543
Website: www.pi.edu.vn

Gidy phép s6 484 /GP-BTTTT ngay 25.10.2016 Phu trach Truyén thong va Phat hanh:

In tai: Cong ty In Ha Noi Trung tam Violympic - Pai hoc FPT
Tap chi ra hang thang. Anh bia 1: Euclid. Nguén: Internet.
Gia: 25.000 dong Cac anh va hinh minh hoa khac: ngudn Interne
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