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TOAN HOC TU' cO BIEN DEN HIEN DAl

DONG DU’

Ng6 Bao Chau

DPong du 1a mét khai niém Toan hoc co ban, don gidn va so cap. N6 thuwong duoc gidng day ngay tur
cip THCS. D6 cling la khudn khé dé phat biéu va chirng minh mét trong nhirng dinh ly Todn hoc thuc
sy dau tién ma hoc sinh dwoc hoc, d6 13 dinh ly Fermat nho. Lan d4u tién tdi dwoc nghe giang vé dinh
ly Fermat nho ¢6 |18 1a vao thoi gian hoc |6p 6, d6 cling |a 1an dau tién tdi nhan ra dwoc cai ma ngudi
ta goi la vé dep Toan hoc, mot thi rat khé dinh nghia, nhung cling 1a cdi ma bao nhiéu ngudi van

miét mai, tham lang theo duéi.

Muc dich cta bai viét nhoé nay 1a thuit lai sw
xult hién cta khai niém dong dw tir nén vin
minh co dai, va r6i nhAn manh mét khia canh
ma c6 1& it nguoi dé€ y dén, do 1a tinh xic tac
cda no6 trong sw hinh thanh cac ciu truc dai so6
trong Toan hoc hién dai.

1. Euclid va Sunzi

Chwong VI va IX ctia quyén sach "Co sé" cla
Eudlid c6 nhic dén tinh chat chia hét, khai
niém s6 chan va sé 1&, nhwng chwa phat biéu
twong minh khai niém dong duw.

Hai s6 nguyén as, az dwoc coi la dong dw theo
modulo b néu a: - az chia hét cho b, hay néi
cach khac az va az c6 cing mét phan dw Euclid
trong phép chia cho b. Ta ky hiéu

ai = az (mod b).

Khai niém dong duw xuit hién kha rd nét trong
dinh ly phan dw Trung Hoa. Nguwoi Trung Hoa
goi no6 la bai todn Han Tin diém binh: Mot
nhom khong qua mot tram binh linh x€p hang
bay thi dw ra moét ngwdi, x€p hang nam thi dw
ra ba nguoi, xép hang ba thi khong dw ra ai.

Twdng quan gidi nhdm sé tinh ra rang s6 binh
bang dung bay muwoi tam.

Dua theo tra ctru thi thiy dinh ly nay dwoc
phét biéu lan dau trong sach Toan phap Ton
T& (thé ky th& III - V sau Cong nguyén),
khong lién quan gi dén Binh phap Ton T (thé
ky th& V trwéc Cong nguyén). Vi viy c6 thé
dat ciu hoi gan ghép bai toan dong dw véi tén
clia Han Tin c6é phai 1a m6t nham 14n lich st
hay khong?

DPinh ly phan dw Trung Hoa dwoc phat biéu
v(i ky hiéu hién dai nhw sau:

Cho m la s6 nguyén dwong. Néu ny, nz, ..., nm la

cac s6 nguyén doi mot nguyén to cing nhau

vari, rz .., rmla cic s6 nguyén thod man 0 < r;

<nivéii€ {1, 2, .., m} thi ton tai duy nhit mét
m

0 <r< I_In,-
s6 nguyén r thod man i=1
(mod ni),véimoi i € {1,2,..,m}.

var=ri

Gid thiét quan trong trong dinh ly phin dw
Trung Hoa la gid thiét nguyén td cung nhau.
Hai s6 nguyén a va b dwoc coi la nguyén t6
cung nhau néu nhw wéc sé chung 1én nhit cta
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ching bang 1. Néu a va b 1a hai s6 nguyén
dwong, ta ky hiéu gcd(a,b) 1a wéc s6 chung 1on
nhit cia chung. Nhw viy, a va b 1a nguyén to
cung nhau khi va chi khi ged(a,b) = 1.

Sach Co s& cua Euclid, chwong VI, c6 khao sat
kha ki khai niém nguyén té cung nhau.

Eculid

Ménh dé s6 2 trong chwong VI dwa ra mot
thuit toan hiéu qua cho viéc tim wéc s6 chung
lén nhit cda hai s6 nguyén dwong va doéng
thoi xac dinh xem hai s6 nguyén cho truéc co
nguyén t6 cung nhau hay khéng.

Cho a va b 1a hai s6 nguyén dwong. Xét (x, y) la
mot cdp bién nguyén véi gia tri ban dau la (x,
y) = (a, b). Ta thyc hién phép chia Euclid x =
yq+r, voi qr € Z,0 < r <y. Néur = 0, wéc so
chung 1én nhit cta x va y bang y. Néur > 0, ta
thwc hién vong lap véi gia tri moi (x, y) = (b, r)
thay cho cédp s6 (x, y) = (a, b) ban dau. Thuit
toan dirng khi ma phép chia Euclid khong con
phan dw. Thuit todn hién nhién phai dirng sau
mot sé hiru han bwéc vi b > r va bién y khéng
thé gidm maii trong tip cic s6 nguyén dwong.

Dbé giai thich cho thuit toan Euclid, ta cin
nhan xét rang gcd(a, b) = gcd(b, r), tirc 1a woc
s6 chung 16n nhit cta cdp s6 (a, b) ding bang
wdc s6 chung 1én nhat cda cdp sé (b, r). That
vay, tir quan hé a = bq+r, ta rat ra rang mot s
nguyén d la wdc cua ca a va b khi va chi khi né
12 wérc cta ca b va r. O budce cudi cung, khi ma
phan du bang 0, hién nhién wdc s6 chung lon
nhit clia x va y ddng bang y.

https.//www.facebook.com/letrungkienmath
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M6t nhin xét rit quan trong la trong tién
trinh cta thuit toan Euclid v&i cap sO bién
thién (x, y) = (a, b) & budc thi nhat, réi (x, y) =
(b, r) & budc thir hai, cac gia tri nhan dwogc ctia
x va y ludn la cac t6 hop tuyén tinh nguyén
cda a va b, hay néi cach khac, & moi thoi diém,
gia tri cua x va **y luén c6 dang ma+bn, véi m,
n la nhitng s6 nguyén nao dé. Ta cé thé rit ra
két ludn rang wéc s6 chung 16n nhit ged(a, b)
bat budc phéi c6 dang nay, tic 13 ton tai
nhitng s6 nguyén m, n sao cho

gcd(a,b) = ma + mb (1)

bay ciling chinh la t6 hop tuyén tinh c6 gia tri
tuyét d6i dwong nho nhit cia hai s6 nguyén
dwong a**, b cho trudc. Trong ngén ngit Pai
s6 hién dai, ta sé ndi rang tip hop céc s6 &
dang ma + nb, véi m,n € Z, 1a ideal sinh bédi a
va b. Ideal nay la ideal chinh, né cé phan t&
sinh la wéc s6 chung 16n nhat ged(a, b). Tat
nhién, ngay xwa, Euclid khong cé khai niém
ideal chinh trong hanh trang ly thuyét caa
minh, nhwng khai niém nay da tiém 4n trong
thuat todn ma 6ng nghi ra.

Cling cAn bd sung thém rang chirng minh dinh
ly phan dw Trung Hoa cho hai sé nguyén ni1,n:
nguyén té cung nhau, cé thé qui vé viéc chi ra
hai s6 nguyén mz,mz thod man min: + mznz =
1.

2. Fermat va Euler

Néu p la mot s6 nguyén t6 va a 1a mot sb
nguyén dwong khong chia hét cho p thi ta c6
doéng du thirc

ar-1 =1 (mod p).

Day la phat biéu cia dinh ly Fermat nho, mot
trong nhitng dinh ly quan trong nhéit trong S6
hoc so cap.

Euler mé rong dinh ly cia Fermat cho trwong
hop dong dw modulo mot s6 nguyén khong
nhit thiét nguyén t6. Néu n 1a mot sé6 nguyén
dwong, ta Ky hiéu ¢(n) la s6 cac s6 nguyén a
véi 0 < a < n sao cho (g, n) = 1. V&i mot s6
nguyén té, ta c6 @(p) = p-1. SO @(n) dwoc goi
la chi s6 Euler cia n. Pinh ly Fermat dwoc
Euler m¢& rong ra nhw sau

a®™ =1 (mod n),
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véi moi cap s6 nguyén (a,n) nguyén to cung
nhau.

Fermat

Fermat phat biéu dinh Iy nho trong mét birc
thuw glti cho de Bessy vao nim 1640. Ong néi
rang khong viét ra chirng minh vi né hoi dai.
Euler t6 ra nghi ngd chirng minh ma Fermat
khong cong b6, nhwng 6ng ro rang rat thich
dinh ly nay va cong bo it nhat hai chitrng minh
khac nhau. Chitrng minh dau tién dung cong
thirc nhi thirc Newton, con chi*rng minh th
hai dung tac dong cia nhém (Z/n)* 1én chinh
no6. Chirng minh th hai cta Euler thuc sv di
trudece lich str va ban than ching ta sé phai ti€p
tuc xu6i dong lich st trudc khi quay lai binh
luin vé chirng minh cta Euler.

Euler

3. Disquisitiones ctiia Gauss

Trong chwong IX sach “Co S¢&” ctia Euclid cé it
nhit 5 ménh dé vé cdng va nhan cac s6 chan
1&, vi du nhu tich cta hai so 1é luén 1a sd 1é.
Chwong diu cia quyén Disquisiotiones cua

Gauss cling danh cho viéc chirng minh tap Z/n
cac l6p dong dw modulo n tao thanh mot
vanh. Pang chu y rang, ngudi ta chwa phat
biéu mot cach téng quat thé nao 1a mét vanh
giao hoan vao thdi cua Gauss, nhung ong
hoang cia Todn hoc da biét ro thé nao la mét
vanh, va hiéu tAm quan trong cta viéc 2/n tao
thanh mot vanh.

Ong ciing chitng minh ring vanh B/n 1a mét
trieong khi va chi khi n 1a mot s6 nguyén to.

Dinh ly phin dw Trung Hoa c6 thé duwoc lam
manh lén nhw sau:

m
n= nm.
Néu i=l v&i ni, n2, .. nm la cac sO
nguyén dwong déi mot nguyén td cung nhau,
thi anh xa

Z/n—a»Z/m X"'XZ/"m (2)

1a dang c4u vanh.

Gauss

Pinh ly phin dw Trung Hoa sau nay xuit hién
dwéi nhiéu hinh hai khac nhau trong Toan hoc
hién dai, twong minh nhat la trong dai s6, nhw
trong chwong Mét quyén Cidm nang Dai sé
giao hoan ciia Matsumura, 4n hon trong khai
niém adele cia S6 hoc hién dai.

V&i méi vanh giao hoan R, ta ky hiéu R* 12 tap
con cac phan tir kha nghich cta R: a € R dwoc
goi 1a kha nghich néu tbn tai b € R sao cho ab
= 1. Tap R* la mot nhom giao hoan doi véi
phép nhan. Str dung (1) ta thdy rang 16p dong
duw cda a la mot phan t& kha nghich trong Z/n
khi va chi khi a va n nguyén té cung nhau.
Nhuw vy, chi s6 Euler ¢(n) chinh la s6 phan tr
cda nhom Z/m* cac phan tir kha nghich cia
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Z/n. Thé hién chi s6 Euler nhw sé phén tr kha
nghich ctia vanh Z/n cho phép ta giai thich
nhitng tinh chat co ban cta chi sé Euler.

m

n= Hll,’.
Néu =l v&i ni, nz, .., nm doi mot
nguyén t6 cing nhau, thi tir (2), ta suy ra rang
anh xa

m

@/ny* = T](2/n)*
=1

12 mot dang cAu nhém. Pang ciu nay kéo theo
dang thirc

m

o(n) = [ o(m)
i=1

ding néu cac sé6 nguyén dwong ni, nz, .., n™m
d6i mot nguyén tbé cung nhau.

DPinh ly Fermat nh6 va mé rong ctia né la dinh
ly Euler cling c6 thé suy ra tlr ciu tric nhém
cua (Z/n)*. That vay, véi moi nhom hitu han G
véi m phin tk, véi moi g € G, ta ¢ gm = 1. Day
12 mot hé quad cia dinh ly Lagrange khang
dinh rang s6 phan tr cia moi nhém con H cta
G ludn 1a mot wée s6 cia s6 phin ti cia G. Ap
dung ménh dé nay vao trwong hop cia nhém
con sinh ra b&i mot phan t a € (Z/n)*, ta suy
ra dang thirc a®® = 1 trong vanh (Z/n).

Nhin tir quan diém ciu tric dai s8, dinh Iy nho
cia Fermat va mé rong cta Euler don thuin la
tinh chat don gidn nhit cia nhém (Z/n)* cac
phan t& kha nghich cia vanh (Z/n) cac l6p
dong du mod n. Tuy vay, cin luu y rang
Fermat va Euler dwong nhu khong y thirc vé
diéu nay.

Nén lwu y rang, phai chd dén thoi Galois,
Sylvester thi khai niém vé nhom triru twong
moi hinh thanh. Tra cttu chirng minh th hai
ctia Eu- ler, ta thdy, tuy rang dng chwa c6 khai
niém nhém triru twong nhwng 6ng da biét cho
nhdém (Z/n)* tac dong lén chinh no6 va chirng
minh dinh ly Fermat nhé mé rong dwa vao tac
dong nay. Qua day, ta thdy rang khai niém
nhém tac dong 1én mét tip hop xuat hién
trwedc khai niém nhém trtru twong.

4. Pinh ly nhdm nhan va mat ma

Sylvester di chi ra rang moi nhém Abel hitu
han déu c6 dang
A=Z/dy X Z[dy X -+~ X L/ dy,

vOi didz+++ dm 12 mOt day sO nguyén dwong, s6
sau la boi ctia so trwdc. Day so didz «++dm, hoan
toan dwogc xac dinh boi A, dwgc goi la kiéu cua
A. S6 m 1a s6 toi thi€u cac phan t 1ap thanh
mot hé sinh ciia A. Nhém a dwoc goi 1a nhém
xich néu m = 1, néi cach khac, a c6 mot phan
tw sinh.

Ta c6 thé dit ra ciu hoi xac dinh kiéu cua
nhém nhan (Z/n)*. Pinh ly nhém nhan khang
dinh rang trong truwdmg hop n = p 1a mot sé
nguyén t6 thi (Z/p)* 1a nhém xich.

Gid st (Z/p)*=Z/d1 x Z/d2 x +++ x Z/dm v&i m
> 1 va q la mét wéc nguyén to cla di, dz, ... dm.
Khi dé, c6 dung g™ phan t&r x € (Z/p)* thoa
man x? = 1. Nhitrng phan tr nay la nghiém cua
phwong trinh x?-1 = 0 trong trwong Fp = Z/p.
Vi khéng thé c6 qud g nghiém cta phwong
trinh bac g, taco m=1.

Pinh Iy nhém nhén cé nhiéu rng dung trong
ly thuyét s6 so cdp. Vi du thi nhit lién quan
dén viéc tinh toan ky hiéu Legendre.

Cho a va b 1a hai s6 nguyén nguyén t6 cung
nhau, ta dat

£ s 2
neu dx € Z sao cho x* = a (mod b)

a 1
(E) i {—l néu Fx € Z sao cho x> = a (mod b).

Xét vi du don gidn nhatvéia=-1vab=pla

mot s6 nguyén t6 1é. Do (Z/p)* dang ciu voi

Z/(p-1) nén dé cho -1 la mdt binh phwong,
A A A \ ki \ (_l)az_lzl'

diéu kién canva dula

Vi vay, ta c6 cong thirc

(—1) _ ]

P =
Tong quat hon, Gauss chirng minh luét thuin
nghich bac hai, mét trong nhitng dinh ly quan

trong nhit trong Disquisitiones. Ludt nay co
thé xem nhw mot thuit todn dé tinh ky hiéu

(mod 4)
(mod 4).

neup=1

néu p=-—1
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Le- gendre. Bén canh y nghia thuit toan, né la
kh&i nguon ctia cia mot mach chinh trong sé
hoc hién dai, bao gobm luat thuin nghich Artin,
gid thuyét Langlands. Ching ta sé dé danh chu
dé rong 1én nay cho nhirng bai khac.

U'ng dung thit hai lién quan dén ly thuyé&t mat
ma. Cho n 1a mot s6 tw nhién rit 1on va lay tap
hop Z/n 1lam tap hop cac chir cai. Ma hoa sé la
mot ham s6 & Z/n - Z/n. Ta gia st rang & 1a
mot song anh va goi ham ngwoc &-1 1a giai ma.
Néu n 1a mot s6 1én va € 1a mot hoan vi bat ky,
viéc xac dinh &1 c¢6 d6 phirc tap rat 1om, vuot
ra ngoai kha nang tinh toan cia cac may tinh
hién nay.

Xét treong hop dac biét §(x) = x2 v&i a la mot
s6 nguyén dwong lén hon 1. D€ 4anh xa & Z/n
— Z/n la song anh, diéu kién cin, nhwng
khéng du, 1a n khéng c6 wéc chinh phwong,
tclan = p1 - p2 -+ pm la tich cac s6 nguyén t6é
khac nhau. Trong trwong hop nay, ta c6 thé
suy ra tir dinh ly Euler rang v&i moi s6 nguyén
m thod man m = 1 (mod ¢(n)) ta cé

x™ = x (mod n).

Néu b 1a mot s6 nguyén dwong sao cho ab = 1
(mod @(n)) thi ham &%: Z/n — Z/n cho bé&i x —
xb 1a ham nguwoc cda & Nhw viy dé gidi ma € ta
chi cin tim s6 nguyén dwong b sao cho ab =1

mod @(n). Véi gia thiét a nguyén to cung nhau
voi @(n), dé tim dwoc b, ta c6 thé dung thuit
toan chia Euclid. Néi cach khac, dé€ nghich dao
anh xa € ta chi cin biét chi s Euler ¢(n).

T suy luin nay, ta thdy rang dé ma ho4, ta chi
can biét n va a; trong khi dé dé gidi m3, ta can
biét @(n) va b. Biét ¢(n) gan nhuw twong
dwong véi viéc phan tich n thanh tich cac thira
s6 nguyén t6. Vi phan tich mét sé6 nguyén
dwong 1én thanh tich cac s6 nguyén t6 c6 do
phtrc tap tinh toan cao cho nén trén nguyén
tac, viéc gidi ma 1a rat kho, ngay ca khi viéc
théng tin vé ma hoa c6 thé hoan toan cong
khai.

5. Tham khao

Vé chu dé nay, ban doc cé thé tim doc thém
cubn sach kinh dién “Course in Arithmetic”
cia Serre, hodc cuén “A Computational
Introduc- tion to Number Theory and
Algebra” cua Shoup ciing rat t6t (c6 thé tai vé
hop phap tir trén trang mang cla tac gia). Ban
doc quan tAm dén lich st Toan hoc nén bat
dau tlr Disquisitiones cua Gauss.

Ngudn dnh: Internet
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TOAN HOC VA D01 SONG

NG DUNG TOAN HOC TRONG MAT MA VA NHU’NG GIAI PHAP BAT NGO

(Tiép theo ky truérc)

Pham Huy Dién

Phan IIl. Tién mat ma - Mot san pham cda qua trinh Toan hoc héa mat ma

Tam quan trong dic biét cla chit ky s8, va cling thé hién tinh hon han cla né so vdi chit ky thong
thuong, 1a & chd dam bao duogc sy tin tuwdng gitta cac bén dai tac, ngay ca khi ho hoan toan khong cé
long tin vao nhau. Ta d3 dwoc thay diéu nay trong viéc giam sat hiép wdc han ché viéc thir vii khi hat
nhan gilta Lién X6 va My trudc day, va ta sé con thay diéu nay duwoc thé hién rd nét hon va phd bién
hon vdi sy ra doi ciia mot loai tién dic biét, d6 1a tién mat ma3.

Su ra doi cla tién mat ma

N3m 2008, vu khung hoang nha dit & My dan
dén suy thodi kinh t& toan cau, chau Au ciing
roi vao khing hoang vi n¢ nan, cuc Du triv
Lién bang Hoa Ky (FED) bom tién vao cttu tr¢r
nén kinh t€ My. Trong bdi canh nay, long tin
vao nhirng dong tién ctia chinh phu suy giam
va bat dau ndy sinh nghi vin vé nhirng dong
tién nay. Py chinh la th&i co dé cho mot loai
tién méi xuat hién, véi tham vong dap ng sw
mong doi clia din ching bang nhirng thudc
tinh dac biét:

1. La moét loai “tién trung lap”, khong phu
thudc va khong chiu sw can thiép cta bat
c chinh pht nao, hay mot ngan hang nao
trén thé gioi;

2. Tién dwoc giao dich qua mang mdy tinh
mot cach truc ti€p, 4n danh va khong cin
thong qua cac ngan hang (tic la mot kiéu
tién mat dung trén moi treong mang, hay
c6 thé goi la “tién mat dién tk”).

Thuc ra, nhu ciu vé déng tién véi thudc tinh
th& 2 da xudt hién tir kha 1au roi, do nguwoi ta
mong muén cé dwoc nhirng giao dich riéng tu,
vwot ra khoi vong kiém soat cia cac ngin
hang va chinh phu (nhiéu nguoi xem day la
mot yéu t6 co ban cia quyén con nguwoi). Nhu
ciu nay dwoc xem la chinh dang, mot khi
Chinh phu cé nhitng quyét sach di nguoc lai
vGi xu thé tién bd (chang han nhw 1a chinh
pht My da tirng cAm doan ngwoi dan My Gng
ho Viét Nam trong thoi gian xdy ra chién
tranh gitta hai nwéc). Pé c6 dwoc déng tién
nhuw thé thi phai c6 dwoc gidi phap chong gian
14n kiéu “chi tiéu 2 I4n v&i 1 dong tién” (vi tién
dién tir dé dang dwoc “nhan ban”). Pay 1a vin
dé nan gidi ma tat ca cac kiéu “tién ky thuat
s6” ra doi tredc nam 2008 da khong thé giai
quyét dwoc.
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Ddng Bitcoin

Loai tién m&i ra doi khéng chi giai quyét dwoc
van dé nay, ma con gidi quyét hang hoat van
dé nan giadi khac, nho ban chat cta né dwoc
xdy dung trén nén tang clia ky thuit mat m3,
va do viy dwgc nguoi ta goi la tién mdt ma
(crypto currency). Pai dién dau tién cta loai
tién nay la doéng Bitcoin. Vi nhitng cong cu
quan trong nhit trong viéc tao ra, lwu trir va
lwu thong (giao dich) dong tién nay déu dwoc
13y tir ky thuit mat m3, cho nén khiu hiéu cua
dong tién nay 1a “CHUNG TA TIN VAO MAT
MA” (in cryp- tography we trust), ma khéng
phai 1a “CHUNG TA TIN VAO CHUA TROT” nhw
thay trén déng do la My.

Pic tinh ndi bat va cac thanh phan chinh
cha hé théng Bitcoin

Ddc tinh néi bdt nhdt ciua hé théng Bitcoin la &
chd né vdn hanh doc ldp, khong cdn sw tham
gia hodc uy quyén ctia bdt ky ngdn hang hay co
quan chinh pht nao.

Cac thanh phan chinh cta hé thong nay bao
gom:

e Vi ngwoi dung (users’ wallet) 1a noi lwu
trit bitcoin, mdi vi c6 mdt cdp chia khéa
<bi mdt, céng khai> riéng. D€ ning cao
tinh 4n danh thi mdi ngudi nén cé nhiéu
vi.

e  Chir ky s0 (digital signatures) 1a phwong
tién dé thwc hién cac giao dich véi
bitcoin.

e Cac giao dich (transactions): mdi giao
dich 12 mot chudi bit c6 chira cac thong
tin: khoa cong khai cta vi ngudi chi tra va
vi ngwoi thu hwdng, sé tién, va mot chir
ky sé.

e Xich Khéi (blockchains) 1a khai niém
sang tao noi bat cua Bitcoin, dung dé
thiét 14p mot trinh tw thoi gian cia cac
giao dich va qua d6 tranh dworc viéc “chi
tiéu 2 1an” (v&i cing mot dong tién). Pay
la mot cudn “sé cai” cong cong liét ké tat
ca cac giao dich, moi giao dich déu dwoc
xac nhan hop 1é béi mot mang lwdi may
tinh phan b6 phi tip trung. Mot khi thong
tin vé giao dich da dwoc ghi vao so6 thi sé
khong bao gior ¢ thé bi thay déi hay x6a
di (vi ngoai nhitng giao dich hién tai, con
c6 thong tin lién két t&i khoi trwde nd,
cung v&i dap 4n cia mot bai todn rat kho.
DPap 4an nay la khac nhau cho moi khéi
thong tin).

Co ché van hanh cuda Bitcoin

Bitcoin c6 nén tdng ma ngudén m& va co’ ché
mang ngang hang

Bitcoin hoat dong dwa vao nhirng thuat toan
mit ma cao cip. Nén tang kién tric cua
bitcoin ¢c6 mi nguén mé& (open source), cho
phép nhirng ai biét vé 1ap trinh déu cé thé
kiém tra qua ma ngudn nay.

Mot mat, bitcoin 1a mot don vi tién té; mat
khac, Bitcoin con la mét mang ludi chuyén
giao tién té phi tip trung, ngang hang, cho
phép nguoi ta c6 thé givi bitcoin truc tiép cho
mot ngwoi khdc ma khéng can qua mét trung
gian nao, v&éi mot 1é phi cwc ki thip, gan nhw
bang 0.

(' day Bitcoin giai quyét dwoc vin dé ma tir
trwedc dén nay nguwoi ta twédng nhu khéng thé
gidi dwoc - do la van dé vé long tin, tic la tao
ra co ché dé cho nguoi ta tin twéng 14n nhau
(hay dung hon 1a “khéng thé lira nhau”) -
bang viéc stt dung cdng cu chit ky sé két hop
v&i sang kién vé xich khéi, cing véi cac giao
thirc giao dich thong minh mang dam nét mat
ma hoc.

Ai diéu hanh Bitcoin?

Khong mot ai hay cong ty nao diéu hanh Bit-
coin. N6 dwgc van hanh béi tit cd nhitng
nguoi di ding ky vao hé théng dung Bitcoin,
tirc 1a st dung phan mém Bitcoin Clients, hay
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con c6 mot tén goi thong thwong 1a Wallet (vi
tién dién tk).

Y

Bitcoin dwoc “dao” nhw thé nao?

Mot cong cu then chot dung cho xich khai la
mot ham bdm mdt ma H. C& mdi 10 phut thi
cac giao dich hién thoi dwoc “dong go6i” va
dwoc xac nhan (validated) b&i mot thanh vién
nao d6 c6 dwoc loi gidi cho bai toan tim sé
nguyén x théa min phwong trinh diéu kién
sau cho ham bam mat ma H:

H(h,x) = (0,--- ,0,%,%, %,---),

trong d6 h 1a ma bam tir tdp cac giao dich
truwdc do, con so lwong cac s6 0 dwgc an dinh
trudc theo tirng thoi ky (d€ sao cho mot may
tinh dd manh vao thoi dé c6 thé tim dwoc x
nhw thé trong vong 10 phut). Chinh do tinh
mot chiéu ctia ham bam mat mi ma bai toan
trén la vo cung khé. Thanh vién tim ra x nhw
thé sé nhian dwoc phin thwdng bang cac
bitcoin (s6 lwong ciing dwgc 4n dinh theo
tirng thoi ky). Nhitng ngudi tim x thuwong
duoc goi la “thg mo” (nhw nhitng thg dao
vang ngay xuwa). Viéc dao bitcoin la mot qua
trinh thi dua gitta cac “tho dao md”. Vi cong
nghé va ki thuit cang ngay cang tién bd nén
cac may tinh cda cac tho dao cling cang ngay
cang manh dé dwong diu v&i do kho ngay
cang gia tang.

Hién tai, nhitng “tho mé” chuyén nghiép nhit
déu st dung nhitng may tinh song song
chuyén dung, thiét 1ap trén nén tang cac mach
tich hop &*ng dung dac thu ASIC (application-
specific integrated circuits). Mot s6 nguoi
khong dung ASIC, thwong c6 rat it kha nang
tim ra dworc x.

Mot ‘trang trai mdy tinh’ dung cho viéc ‘dao
bitcoin’ tai Iceland.

DPén nay nang luc tinh toan cia mang lwdi Bit-
coin da manh hon gip 256 ldn Top 500 Siéu
Mdy Tinh trén thé gi¢i céng lai! Nhw vay,
Bitcoin khéng phai “tir gidly ma ra” (nhuw tién
cta cac chinh phu trén thé gi¢i), ma cin phai
ton nang lwgng va thoi gian dé vian hanh
nhitng c6 may tinh dao bitcoin, giéng nhw can
phdi hao tén tai nguyén dé dao vang lén tir
long dat.

Vé&i déng bitcoin moi viéc that don gian

Nguoi dung Bitcoin khong can phdi diang ky
tai khodn, khong cin nha bank, khéng can thé
tin dung, khong cin email, khong can biét tén
tudi, dia chi, gi¢i tinh, quoc tich,... d&€ nhan hay
gri bitcoin. SO bitcoin nguoi ta c6 dwoc chi
don gian nam trong mot hay nhiéu cai vi dién
tlr (dia chi mang) ctia ngudi do. Bitcoin trong
vi thudc vé ngudi nao dang gitr cai chia khoa
bi mat (ndm trong file wallet.dat), vi chi khi c6
duoc cai chia khda nay thi méi c6 thé “ky”
thwc hién giao dich véi bitcoin trong vi.

Nguwoi ta c6 thé biét dwoc s bitcoin dang cé
trong mét cai vi nao d6, nhwng khong thé biét
dwoc dich danh ai dang s& hiru cai vi do.

Hién tai dong bitcoin c6 thé dwoc dung lam gi?
Hién tai bitcoin c6 thé dwoc dung dé:

e Mua hang héa, nhw xe hoi, phin mém, vé
may bay,. . . Hién tai da c6 hon 122000
nha cung cip tuyén bo chap nhén bitcoin
lam phwong tién thanh toan (trong do cé
nhitng tén tudi noi danh nhw: Microsoft,
Dell, WordPress, Newegg, Lamborghini,. .

s

e Chuyén tién véi d6 an toan cao, chi phi
thdp, ma khong vwéng phai rao can twr
phia cac ngan hang.

e D6i phé véi cac chinh sach “nhiéu
nhwong” cta cac Chinh phu khi ho gap
khé khin vé tai chinh. Chang han, thang
3/2013, thé giGi tai chinh chin dong véi
sw kién Nha nwéc Cyprus quyét dinh thu
gitr 10% s tién cda nhitng nguwoi da gri
tién vao nha bank, khién dan chung do xo
di mua Bitcoin lam gia tang vot. Khi mot
chinh pht nao d6 gay ra lam phat thi
nguoi din nwéc d6 sé mua Bitcoin, dé
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giao dich, thay cho dbéng tién dang mat
gia, nhw tinh trang da tirng xay ra & Hi-
Lap.

e Vi bitcoin trong vi khéng lwu xuit x& cta
no6, nén khi ban gtri bitcoin cho ngudi
khac thi ho c6 thé biét dwoc s6 bitcoin do6
la tir ban gi, nhwng khong thé biét dugc
ai 1a nguoi da sé hiru sé bitcoin do trudc
ban.

Gia trj dich thwc cha Bitcoin

Nhiéu nguoi [Am twdng rang gia tri cia Bit-
coin dwoc tinh bang s6 tién ban c6 thé ddi ra
duwoc tr nd, hay noéi cach khac, la gia mot
bitcoin quy ra tién gidy (USD, Yen, Pounds,
Euro, VN Dong. . . ). That sy thi d6 khong phai
la gia tri dich thuc cta Bitcoin, ma chi la mot
mirc gia, mot hé qua c6 dwoc tir quy luat cung
cau. Gia tri that sw cda Bitcoin nam & chinh
mang lwéi dang van hanh, noi ma khi nguwoi ta
tham gia vao thi phai c6 nhirng dong xu
bitcoin (cling c6 thé xem nhw “c6 phiéu” cla
hé théng nay). Gid tri cia né nam trong sw
htru dung, tién loi, an toan, bao mat trong viéc
thanh todn, mua ban (ma khéng mdt nha
nuwédc, ngan hang, hay mot cong ty nao can
thiép vao dworc).

- B

Chiéc xe Lamborghini Gallardo (tri gid 210.000
USD) dwoc mua bdng 217 Bitcoin vao thdng
12/2014.

Mot s6 moc thoi gian dang ghi nhan:

e THANG 8, 2008 - Tén mién BIT-
COIN.ORG duwoc ding ky.

« THANG 10, 2008 - Ban thiét ké Bitcoin
duoc cong bd bdi Satoshi Nakamoto.

e THANG 10, 2009 - Ti gia dau tién duwoc
cong b6 bdi New Liberty Standard: 1 USD
déi dwoc 1309.03 Bitcoin.

e THANG 11, 2010 - Gia tri cda cia nén
kinh té Bitcoin virot mic 1 triéu USD.

e THANG 6, 2011 - Gia tri clia cia nén kinh
té Bitcoin vwot mirc $206 TRIEU USD.

e 2012 - Tap chi Bitcoin dau tién dwogc
céng bé, 16p hoc vé Bitcoin diu tién dwoc
day tai mot trwong cong, xe hoi dau tién
dugc mua bang bitcoin, bénh vién dau
tién nhan bitcoin, website 16n diu tién
nhan bitcoin.

e 2013 - Ngay 9/4: Mot bitcoin do6i dwoc
200 USD; Thang 10: May Bitcoin ATM
dau tién ra doi tai Vancouver, Canada.

e 2016 - Lwong bitcoin dang lwu thdéng
trén thi treong cé gia tri khoang 6,5 ty
USD. Ty gia déi tién céng bd trén mang
(XE Currency Converter) 1a 1 bitcoin bang
607.65 USD (tai thoi diém 14h21’ ngay
6/10/2016, gior HN).

e 2017 -Vao luc 10h sang ngay 13/2/2017
(thoi diém ma ban thao nay dang dwoc
hoan thanh), ty gia gitra bitcoin va dong
d6 la My 1a 1 bitcoin bang 1002.98 USD.

Nhirng ai c6 thé bj lira vi Bitcoin?

Sw phat trién 4n twgng ctia nén Kinh té Bitcoin
da kéo theo sw ra doi cia hang loat dong tién
“dn theo”, v&i nhitng chiéu thirc quang cdo
khac nhau, va khong it trong s6 dé da tré
thanh cong cu Itra ddo. Khuon kho bai viét nay
khong cho phép dé cip dén nhirng dong tién
do, nhung c6 mot diéu can luu y 1a moi dong
tién nay thwong c6 mot vai dic diém riéng
khac biét (ma ngudi ta thwong néi la “cai
tién”) so v&i Bitcoin. Nhw da biét, Bitcoin tao
ra co ché khién cho nguwoi ta khong thé lira
dwgc nhau, néu nhuw tuin thd ddang cac quy
trinh giao dich theo quy dinh. Do viy, néu nhw
ai d6 noi rang minh bi lira vi Bitcoin thi hoic
12 ngwoi 4y ¢6 sw nham 1an véi mot dong tién
khac, hodc la chwa biét ro6 vé dong Bitcoin ma
chi nghe phong phanh vé né qua sy dan dat
clia nhitng ké lira ddo, c6 muu dd din du
nguoi ta tham gia vao mang lwdi dau tu tién
40 mang mau sic “da cap”.
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Nhirng can tré va trién vong

RO rang muc tiéu cua Bitcoin la thoat ra khoi
sw kiém soat cda cac chinh pht va ngin hang,
cho nén dwong nhién né khéng thé nhin dwoc
sw ung hd cla cac co quan nay. Trong thoi
gian dau, Bitcoin bi hdu nhw tat cd cic chinh
phd va ngin hang tiy chay va khuyén céo
nguoi dan nén tranh.

Tuy nhién, véi thoi gian, cac dac tinh wu viét
cua Bitcoin ngay cang trd nén rd rang, khién
nguoi ta khong thé phu dinh dwoc. Trong gidi
quan ly va cac tdé chirc tai chinh, sw hoai nghi
dang din nhwong chd cho sw cdm tinh, Ung
hé. Pén héom nay, nguwoi ta da khong thé bo
qua tiém nang phi thwong cta xich khoi, cung
véi cdc cong cu mat ma khac cho phép nhirng
nguoi khong tin twdng nhau cé thé lam viéc
v&i nhau, ma khong cin phai théng qua mot
co quan trung gian nao. Pon gian la ching da
lam nén mot bé may dé tao ra su tin twdng.

Ngay cang c6 nhiéu quoc gia thira nhén
Bitcoin (trong d6 c6 ca cong dong Chau Au).
Tham chi c6 nhitng nwéc (nhw Thuy Dién,
Singapore,. .. ) dang c6 ké hoach phat trién hé
théng tién té ki€u Bitcoin cho dit nwéc minh.
Cac ngin hang l16n trén thé gidi cling da nhin
ra tinh wu viét cia cong nghé “xich khéi” ma
Bitcoin da sang tao ra va mong mudn ap dung
n6. Tém lai, cong nghé cua Bitcoin da dwoc

khang dinh va dang c6 xu thé dwoc 4p dung
ngay cang rong rai trén thé gidi.

Cha dé cta Bitcoin la ai?

Thang 12/2015 nha mat ma ngudi Uc 1 Craig
Wright da tiét 16 thoéng tin rdang minh I
Satoshi Nakamoto, ngu¢i sinh ra Bitcoin. Nam
thang sau 6ng da khang dinh lai, va hién dang
dwa ra cic bang chirng cho diéu nay.

Sau khi tiép cédn vdi 6ng Wright, trang thong
tin The Economist cho rang nhiéu kha ning
ong 4y chinh 1a Nakamoto, nhung van con
khong it nghi vidn xung quanh nguén géc
Bitcoin. vin dé dang con phu thudc vao nhirng
gl ong lam sau khi cong khai cac théng tin néu
trén. Ong cho biét da tw goi minh 1a Nakamoto
theo tén cua mot triét gia Nhat Ban hoi thé ky
17, Tominaga Nakamoto.

Craig Wright. (Nguén dnh: Internet)

Tap 1 S8 3 Thang 3-2017

Tap chi Pi 10



BAI TOAN BRACHISTOCHRONE: T l¢&i thach do dén diéu khién t6i wu

L&i thach d6 nhirng nha todn hoc xuat sic nhat
thé gidi

S6 Thang Sau ndm 1696 cua to Acta
Eruditorum c6 dang mdt bai todn nhuw sau:

Cho mot chit diém trwgt khéng ma sat duédi
tadc dung cua trong lwc. Tim hinh dang ciia mat
truwot sao cho thoi gian vat trwot tir diém A
dén diém B la nho nhat.

A Buéng
t6i wu: Vo s6
cycloid quy dao
kha di

Hinh 1: Minh hoa bai todn brachistochrone.

Thoat nhin thi twéng nhw don gian, nhwng né
khong hé tim thwong. Di kém bai todn 1a mot
loi thach d6 nhw sau (tam dich tir ban dich
tiéng Anh, ban goc la tiéng Latin):

“T6i, Johann Bernoulli, gri dén nhirng nha
toan hoc xuit sac nhit thé gi¢i. Pdi véi nhirng
con ngudi thong tué, khong cé gi hdp dan hon
mot bai toan hiém ho6c nan giai, ma loi giai
ding sé dem dén cho chi nhin cua né danh
vong va treong ton nhw mot twong dai. Ta da
thiy nhirng vi du, nhw Pascal, Fermat, v.v.. T6i
mong rang sé c6 dugc sy ghi nhan cla cong
dong khoa hoc, khi dat trwéc mat nhirng nha
toan hoc xudt sic nhit cla thoi dai ching ta
mot bai toan thir thach cac phwong phap va
strc manh tri tué cda ho. Néu ai dé giri cho toi
loi gidi cua bai toan nay, toi sé tuyén bd cong
khai, v&i nhitng 1ol ngoi ca xirng dang.”

Cubi cung, c6 5 (ndm) nha toan hoc da gwi loi
giai cho Johann Bernoulli la:

e Newton, bac ndy di quen thudc véi hdu
nhu tit cd moi nguoi.

Nguyén Bao Huy

e Jacob Bernoulli, anh trai cia bac Johann,
tac gid ctia Luat S6 1on trong ly thuyét
Xac suat.

e Leibniz, bac nay doc lap phat minh phép
tinh vi phan va tich phan (va tranh chip
cung véi Newton), bac con la mot nha
triét hoc.

e  I'Hopital, chinh I1a bac dua ra quy tic tinh
gi¢i han 0/0 va oo /oo quen thudc.

e  Tschirnhaus, bac nay la mot nha toan
hoc, nha vat ly, bac si va nha triét hoc tai
ba.

bé giai bai toan, Jacob Bernoulli da phat minh
ra mot phwong phap méi, ma sau nay Euler da
tinh ché lai, dan dén sw ra doi ctia mot linh
vwe todn hoc quan trong l1a phép tinh bién
phan (cal- culus of variations), va tir d6 dan
t&i cac rng dung trong ly thuyét diéu khién t6i
wu (optimal control).

Johann Bernoulli. Ngudn: Internet
C6 phai la bai toan tdi wu hoa?

Bai toan brachistochrone dat ra muc dich dat
dworc thoi gian nhanh nhat, vy phai chang né
la mot bai todn toi wu hod (optimization)? M6t
bai todn tdi wu hod dwoc phat biéu nhw sau:

Cho J1a m6t ham so cua bién x:

J=1(x).
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Tim gia tri cia x ma tai d6 J(x) dat gia tri nhé
nhéit (hodc I&n nhit, thi cling quy dwoc vé bai
todn nhd nhit).

Ham so6 ] nay dwoc goi la ham muc tiéu (cost
function). Trong &ng dung, né c6 thé 1a chi phi
san xudt, thoi gian dap &ng, niang lwgng can
thiét, ndng lwgng ton thit, v.v. Téi wu hoa la
moét linh vuc toan &ng dung dwgc phat trién
lién tuc cho dén nay.

Bai toan brachistochrone lai khéng phat biéu
thanh bai toan t6i wu hoa nhw viy dwoc. Vi cai
cin tim 1a cd mét quy dao cha chit diém, ch
khong phdi chi la mot gid tri x. Quy dao dé
chinh la d6 thi cia mét ham s6 cda x, ky hiéu
1a f{x). Nhu vy, bai toan dwoc phat biéu nhw
sau:

Tim ham sé f{x) sao cho:

J=]x)
dat gia tri nho nhat.

Lic nay, J 1a mét “ham sd ciia ham sd”, dwoc
dit tén méi la phiém ham (functional, con
ham s6 13 function). Viéc tim mo6t ham s6 dé
cuc tiéu hod mot phiém ham chinh 13 ndi dung
cua phép tinh bién phan.

Tai sao lai lién quan dén diéu khién t8i wu?
Bai toan diéu khién

Trwéc khi noi téi diéu khién tdi vy, ta ndéi mot
chit vé diéu khién. Ddi twgng cua diéu khién
la mot hé c¢6 dau vao va diu ra; muc dich cua
diéu khién 1a tac dong t&i dau vao, goi la ludt
diéu khién, sao cho dau ra c6 chit lwong nhw
mong muén (xem Hinh 3). Vi dy, khi ta diéu
chinh chin/tay ga dé chiéc xe dat téi toc do
60 km/h thi dé chinh la diéu khién; déi twong
1a chiéc xe, nguwoi 1ai xe 12 bo diéu khién.

P Bidn Gidu khidn w1 . Trang théi xit)
Bb dibu knibn [—— " "} pdi twong [——s
Daura Diu vao Dau ra

mang mudn

Phan héi

Hinh 3: Cdu tric mét hé diéu khién.

Lam sao dé thwc hién dwoc viéc dé6 mot cach
tw dong (chang han nhu xe tw 1ai dang 1a trao
lwru phat trién hién nay)? Liac dé ta cin dén
Toan hoc. Moi quan hé gitra dau vao va diu ra

can dwoc biéu dién béi cidc phwong trinh toan
hoc, viéc lam nay goi la mé hinh hod
(modeling). P6i twong cua diéu khién trong
thwe té ludn 1a cac hé dong lwc (dynamical
system), chiing c6 mo hinh toan hoc tong quat
nhu sau:

de(r)
% = f(x(t).u(t)).

trong do:

e ula dau vao cua doi twong, cling la bién
diéu khién can tac dong.

e xlabién trang thai, cling la diu ra cia doéi
twong can dwgc diéu khién. Néi mot cach
chat ché thi diu ra la nhitng trang thai
ma ta do dwoc. D€ tranh nhirng tiéu tiét
vé Ky thuét, & day ta coi trang thai 1a dau
ra cda hé.

e tla thoi gian. x(t) va u(t) la cic ham so,
tirc 1a gia tri cda ching bién doi theo thoi
gian.

e d/dt1a phép tinh dao ham (theo bién so
la thoi gian t). Phwong trinh c6 chira dao
ham goi la phwong trinh vi phdn
(differen- tial equation). Pao ham dac
trung cho xu thé bién thién cia ham s6
(chiéu ting hay giam, t6c do bién thién
nhanh hay cham).

Phwong trinh nay c6 y nghia rang: sy bién
thién cda trang thai phu thudc vao ban than
trang thai do6 (tic la dic tinh ty than vén co
cia hé théng) va phu thudc vao dau vao tac
déng 1én hé théng.

Lay nguyén ham & ca hai vé€ clia phwong trinh
trén, ta sé duoc:

)= /‘f(.t(t).u(r)) dt.

Phwong trinh nay lai ¢6 y nghia rang: trang
thai hién tai la sw tich luy ca cac trang thai va
diau vao trong qua khi ctia hé thong, chw
khong phai chi la két qua cta nhitng tac dong
dau vao & thoi diém hién tai.

Ta hinh dung céc tinh chit nay cta hé dong
lwc qua hinh anh quen thudc cta Pinh luat 2
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Newton trong Hinh 4. Tac dong dau vao 1a luc
F(t), bién trang thai la vin téc v(t), dic trung
déng hoc ctia hé 1a khéi lwgng M (mang y
nghia la qudn tinh cia hé).

Van téc

Lwc tac dong Vat cé
() khéi lwong M

Hinh 4: Hé déng Iwc minh hoa bdng Pinh Iudt 2
Newton.

Sw bién thién cta van toc (tic l1a gia téc) phu
thudc vao luc tic ddng va khoi lwong ctia hé.

Mit khac, du ta cé tic dong mot luc 1on dén
dau di ching nita thi hé vin cAn mot khoang
thoi gian tich luy ndng lwgng dé thay déi van
téc cta n6. Néu mudn thay déi van téc ngay
Idp tikc thi lwe phai I6n vé ciing, d6 1a diéu bat
kha thi trong thuwc té. P6 1a nhitng dic tinh
phé quat ctia cac hé dong luc trong tw nhién,
khién cho bai toan diéu khién tré nén tha vi.

Pap ng diu ra cta hé chinh la nghiém x(t)
cia phwong trinh vi phan néi trén. Thong
thwong, néu chi c6 mot minh déi twong thi
dap &ng nay khong nhu ta mong muodn. D6 la
ly do ta can thiét ké bd diéu khién véi mot
lwgng dit mong mudn, tin hiéu phan hoi, va
mot mé hinh todn hoc ctua bé diéu khién d6. Vé
ban chat, diéu do6 c6 nghia la ta can c6 mot hé
phwong trinh vi phdn méi cua ca hé thong,
thay cho m6 hinh cta riéng déi twong. Hé
phwong trinh méi nay sé dwegc tinh todn (thiét
ké bo diéu khién) sao cho nghiém cua né cé
dac tinh nhw mong mudn.

Piéu khién toi wu

Bai toan diéu khién c6 dién dit ra muc dich
dwa hé théng dén trang thai mong mudn.
Trong khi d6, bai toan diéu khién t8i wu muén
diéu khién trang thai cta hé sao cho mot sé
chi tiéu chdt Iwong dat t6i wu (tot nhat). Bai
toan diéu khién t6i wu dwoc phat biéu nhw
sau:

Tim luit diéu khién u(t) tic dong vao hé thong
c6 md hinh toan hoc:

dx(t) dt = f x(t),u(t) , sao cho ham muc tiéu
(phan anh cac chi tiéu chat lwgng can dat):

J=]x(u(t),
dat gia tri nho nhat.
Ta thay:
e JlamoOt ham s6 cta thoi gian ¢
e Jlaila mot phiém ham cua x(t) va u(t).

Cai ta can tim khéng phai la mot thoi diém t
nao d6 ma ham J dat gid tri nhé nhit. Cai ta
cin tim 13 cd mot luit diéu khién u(t), 1a mot
ham s6, khién cho phiém ham J dat gia tri nhé
nhit. B&i vy, ¢ thé ing dung phép bién phan
néi & trén dé l1am viéc nay. Piéu nay di dwoc
nha toan hoc Lién X6 Pontryagin thwc hién véi
nguyén ly cwc dai mang tén 6ng. Pay la mot
trong hai tru cot ctia diéu khién tdi wu c6 dién.
Tru co6t con lai la quy hoach déng (dynamic
programming) cua Bellman, nha todn hoc
nguwoi My, cling thoi véi Pontryagin. Néu co
dip ta sé noi tiép vé nhirng chuyén nay. Quay
lai bai todn brachistochrone, hé cé thé dwoc
mo hinh hoa véi van téc va vi tri cia chat
diém la cic bién trang thai, thoi gian di
chuyén 1a phiém ham muc tiéu can t6i wu, va
hinh dang cia mit trwot 1a bién diéu khién.
(Cac thanh phin cda trong lwc tac dung 1én
chit diém la ham cia mat trwot). Ta thdy rang
mot bai todn khi phat biéu 1én thi khong thiy
lién quan dén khai niém “diéu khién”, nhung
lai hoan toan c6 thé gidi quyét bang ky thuat
diéu khién. Va khi da dwoc “dinh dang”
(problem formulation) dwéi dang mot bai
toan diéu khién t6i wu thi ta cé thé giai bai
toan d6 khong chi bang phép bién phan va
nguyén ly Pontryagin, ma con c6 thé st dung
rat nhiéu ky thuit khac cda diéu khién t6i wu.
Ta tam khép lai cau chuyén & day véi mot cau
noi cia John Dewey.

“M®6t bai todn, hay van dé, néu duwoc dit ra dang cach thi
d3 gidi quyét duwgc mot nira”

“A problem well put is half-solved”

JOHN DEWEY
d.
11(;) = f(x(t),u(r)),
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L&i ngudri viét

Cac thong tin lich st va chuyén mén dwoc
tham khao tir cdc nguon tai liéu. Ban doc quan
tAm c6 thé dé dang tim kiém qua nhitng tir
kho4 da dwgc cung cip bang tiéng Anh. Bai
nay dwoc viét véi muc dich ddm bao ban doc
khong cin biét vé diéu khién va chi cin nhirng

kién thirc co ban ctia toan pho thong 1a ¢ thé
hiéu duoc. Néu ban thiy hay va dé hiéu thi do
12 do strc hdp dan ctia Toan va ky thuat diéu
khién. Néu ban thiy d& va khé hiéu thi dé 1a
do 16i cta toi.
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MOT sO BAI TOAN SO HOC - TO HOP

Ha Huy Khoai

Bai viét nay nham muc tiéu gidi thidu mot s& bai todn cé thé goi la thudc loai “sé hoc - t& hop”. Thuc
ra khdng cé mot “dinh nghia” nao cho loai bai todn nay. Vi thé, bai viét chi gidi han & viéc dua ra mét
s6 vi du vé mot loai bai todn thudrng gép trong cac ky thi hoc sinh gidi Toan, ma viéc gidi ching doi hdi
nhitng phuong phap cta S6 hoc va Té hop.

Khi trinh bay cac |&i gidi, trong chirng muc cé thé, chiing tdi cd gang md ta qud trinh hinh thanh nén
|&i gidi, hon 1a dwa ra mot |&i gidi ngan gon.

Dé tién cho viéc theo ddi, bai viét dugc chia thanh 5 phan nhd: Ty s6 vang, D3y nhi phan, Tinh chia
hét, Biéu dién sé va Tro choi.

.. . RO rang yéu ciu cda bai toan twong dwong véi
1. Ty so vang viéc chirng minh rang, cic s6 nguyén trong
moi doan hitu han tay y [1; N] c6 mat & mot
trong hai diy va moi s6 c6 mit ding mét lan.
Nhuw viy, vin dé chi con la dém xem trong N
-1 s6 nguyén dwong nhé hon N, c6 bao nhiéu

s6 thudc mot trong hai diy néi trén.

Chung ta déu biét “ty s6 vang” sau diy thuong
xult hién trong khoa hoc, nghé thuit va doi
séng:

2

Chung ta ciing thwdng bt gip ty s6 vang doé
trong 1o gidi cda nhirng bai toan sé hoc - t6
hop. Ta xét bai toan sau.

Bai toan 1.

Gid st y,6 la nhitng sé vé ty dwong, théa mdn
diéu kién

Ti s6 vang. Minh hoa: Linh Rab.

—
.

-4

| -

Xét moi s6 rjléuyén dwong n théda man [ny] < N,
. NS =

Chitrng minh rdng néu ddt an = [ny], bn = [ny]  tkc 12 7. Dé thdy, cac s6 n théa man la
thi moi s6 nguyén dwong xudt hién diing mét

ldn trong mét trong hai ddy an, bn.

<=
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w5

N
[mé]<Nlam=1,2,..., [15]

. Twong tw, cac s6 nguyén dwong

m sao cho

Nhw viy, trong cac s6 nguyén dwong nhé hon
N, s6 cac s6 thudc mét trong hai day (an),(bn)

N N
s ¥ o S h K A oA
la Do y,6 la cac sO vd ty nén
N N =
Y'8" Do do, ta co:

N |:N N
—_—l L | =] < —,
/ & Y i §
N i N <N
) o
suy ra
I 1 N N
ol T W, VIR O ) gz gl
(7 8) : 3 "/]+ é
<V(l+l)—N
] =15 =
Do do:

e

Nhw viy trong N -1 s6 nho hon N c6 dung N
-1 s6 thudc moét trong hai day dang xét. Tir
day, hién nhién ta cé diéu phai chirng minh.

Bai toan trén day la mot “thanh phan” cta rat
nhiéu bai todn t6 hop. Trong bai viét nay,
chiing ta s€ xem xét hai bai toan thuoc loai doé.
Bai toan 2.

Tim cdc ddy tdng cdc sé nguyén dwong (an),
(bm) va théa mdn ddng thoi cdc diéu kién sau:

1/a:1=1;
2/ V&imoin 2 1,bn=an+n;

3/ an la s6 nguyén dwong nhé nhdt khéng
thudc tdp hop {ai,az,...an-1,b1,bz,..., bn-1}.

RO rang ba diéu kién néi trén xac dinh mot
cach duy nhéit cac day (an),(bs). Hon nira, déi
v&i hai day tdng, viéc théa man cac diéu kién
1/, 2/, 3/ twong dwong véi viéc thoa man cac
diéu kién 1/, 2/ va 3’/ sau day:

3’/ Mbi s6 nguyén dwong déu thudc mot va
chi mét day, trong hai day dang xét.

Do tinh xac dinh duy nhit cta cac day thda
man 1/, 2/, 3’/, ta c¢6 thé tim ra cac day do
bang cach xiy dung cu thé. Bai toan 1 cho ta
cach tim hai diy théa man diéu kién 3’/: d6
chinh la cac day an = [ny], bn = [né], trong déd ¥,
6 la nhirng s6 vo ty dwong, thoa man diéu kién

1
-4+ ==1.
Y *3
Vén dé bay gio chi la tim y dé cac diéu kién 1/
va 2/ dwgc thoa man. D€ y rang
n=n+ [ny] = [ny] = [n+ny] = [ny]
=[(1+7)n] = [n7].

Nhuw vay, chi cidn chon y v6 ty, théa mén:

1 1

L

¥ Ykl

Nghiém cda phwong trinh trén la “ty s6 vang”
1+V/5

2 Nhuw vay, cic diy (an), (bn) cin tim la:

[1+\/§] [1+3\/’§]
an = nl: b= nl.

P w1 B
Dwa vao phan tich trén day, doc gia tw trinh
bay l&i gidi cho bai toan.

Bai todn 1 va Bai toan 2 lai cé thé lam “thanh
phan” cho bai toan phic tap hon sau day.

Bai toan 3.

Ldp ddy sé theo cdch sau: Ldy x1 = 1, véi méi i >
2, s6 xi nhdn dworc tir xi-1 bang cdch déi (trong
biéu dién thdp phén ctia s6 xi-1) sé 1 thanh 01,
s6 0 thanh 1. Lam nhw vdy, ta nhdn dwoc ddy
s6: 1,01, 101, 01101,. ... Trong ddy nay, goi an
la vi tri ctia chir s6 1 thit n, bs la vi tri ctia chir
s6 0 thtt n (nhw vdy, a1 =1,a2=3,a3=4, b1 =2,
bz = 5,...). Tim céng thirc xdc dinh an va bn.
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Phan tich - Lo giai.

Truwdec tién, ta cin tim mot cong thirc xac dinh
mdi lién hé gitta an va bn. Goi kn 12 s6 chir s6 0
ding trudce chiv s6 1 th n. Theo dinh nghia
hai day dang xét, ta c

a, =n+k,.
Theo bai ra, chir s6 0 tht n dwoc “sinh ra” tir
chit s6 1 thi n. Mat khac, chir s6 1 “bién
thanh” hai chir s6 01, chit s6 0 bién thanh mot
chit s6 1. Trwdce chir sé 1 thir n ¢6 kn chir so 0,
va “bién thanh” k» chit sd; con n chir s6 1 “bién
thanh” 2n chir s6. T d6 suy ra:

b, =k, +2n.
Ttwr hai cong thirc trén day, ta c6

b, =a, +n.

Vi an va bn déu 1a cac “so th tu” nén hai day la
diy tang, dong thdi moi mot s6 nguyén duwong
xudt hién dung mot lan trong diing mot trong
hai day.

Bai toan 1 va Bai toan 2 cho ta dap sé:

1+V5
Gy = 51| b=

5

1435 ]
il il N

Ta sé gip lai “ty s6 vang” trong phan cac bai
toan vé tro choi.

2. Cac day nhi phan

Trong rat nhiéu bai toan t6 hop, dic biét 1a
cac bai todn “dém”, ta thwong gap nhirng tinh
huéng ma tai d6 c6 hai kha ning xay ra; vi du
nhw: dwoc to béi hai mau, dwdng di chi dwoc
phép sang phai hoac di 1én, hoc sinh nam hay
nit, s6 chan hodc 18,. .. Vé thuc chit, nhitng bai
todn nhw viy luén luén cé thé dwa vé cung
mot dang phat biéu, trong d6 théng thuwong
nhit la dung cac diy nhi phan (cac day gom
hai chirs6 0 va 1).

P& hi€u ro hon diéu vira néu, ta xét bai toan
sau.

Bai toan 4.

Sau gior hoc, cdc em hoc sinh xép hang dé nhdn
xe dap & nha giti xe. Gid tién giri méi xe la 1000
dong. Gid str c6 k em hoc sinh c6 tor 1000 dong,
m em c6 tor 2000 dong. Hoi c¢é bao nhiéu cdch
xép hang ldy xe sao cho khéng em ndo phdi cho
dé ldy tién trd lai? (Vi gia thiét nguwoi giir xe
khéng c6 dong tién Ié nao).

Phan tich - Loi giai

Pay la mot bai toan thudc loai “hai kha nang”:
moi em hoc sinh hodc c6 to 1000 dong, hoic
c6 tor 2000 ddng. Nhw vay, d€ dé thiy ban chit
bai toan, ta c6 thé 14p twong tng moi hang hoc
sinh v&i mot ddy gom hai chirs6 0, 1.

Gia st rng v&i moi hoc sinh ¢6 tor 1000 dong
trong hang, ta viét s6 0; &ng v&i hoc sinh c6 tor
2000 dong, ta viét s6 1. Nhw viy, mdi hang
hoc sinh twong ng moét diy gobm k chir sé 0,
m chir s6 1. D€ ton tai cich xép ma khong cé
em nao phai ch¢ 13y tién tra lai, diéu kién cin
la k = m. Cling twong tw nhuw trong nhiéu bai
toan t6 hop khac, khi viéc dém s6 phan ti
thoa man diéu kién bai ra la khd, ta dém
“phin bu” cta no, tirc 1a d€m nhirng phan ti
khéng théa man diéu kién bai ra. Bang cach
do, & day ta sé xét xem c6 bao nhiéu hang ma
c6 hoc sinh nao dé dén lwot minh phai cho lay
tién tra lai.

Theo cach twong trng ctia ching ta, mot hang
nhuw vy sé trong &rng mot - mot véi mot day
gom k s6 0, m s6 1, trong do ton tai vi tri 2s+1
sao cho tai d6 c6 s6 1, dong thoi & 2s vi tri
dAu, s6 s6 0 va s0 s6 1 1a nhw nhau. Ta goi mot
hang nhw vay la “hang xiu”.

Néu ban la nguoi gitt xe thi ban sé lam thé nao
trong tinh huéng d6? Hién nhién la goi thém
mot ban nao dé c6 to 1000 dong 1én ding
trwdc hang! Phuong phap “thuc tién” nay goi
cho ta lap twong ing mdi hang x4u gdm k chir
s6 0, m chit s6 1 véi mot hang gom k+1 chir so
0, m chir s6 1, v&i chir s6 0 dirng dau. Pong
thoi, trong 2s+2 vi tri diu tién, s6 chir s6 0 va
s6 chit s6 1 la nhw nhau.

Néu ta d6i sé 0 thanh s6 1, sd 1 thanh s6 0 &
2s+2 vi tri ddu, mot hang nhu trén sé twong
rng véi mot hang gom k+1 chir s6 0, m-1 chir
s6 1, nhwng véi s6 1 dirng dau tién. Lai bo di
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s6 1 dau tién nay, ta dwoc mot hang gom k+1
chit s6 0, m-1 chir so 1.

Nhw viy, moi hang x4u gdm k chir s6 0, m chit
s6 1 sé dwgc twong ng véi mot hang gom
k+1 chir s6 0, m-1 chir s6 1 theo cach trén
day.

Dé thdy rang, twong Ung nhu trén 1a mot -
mot. That viy, xét mot hang tuy y gom k+1
chit s6 0, m-1 chir s6 1. Ta thém sé 1 vao dau
hang, dé dwoc hang gom k+1 chir s6 0, m chir
s6 1. Do diéu kién k = m nén trong hang nay
phai ton tai vi tri (2s+2 ) ma tir d6 trd 1én, so
s6 0 bang s6 sd 1. Ta ddi s6 0 thanh s6 1 va
nguoc lai & cac vi tri tir d6 tré 1én, dé duwoc
hang gom k+1 chir s6 0, m chir s6 1, véi s6 0
dlirng dau. B6 s6 0 dau tién nay, ta nhan dwoc
mét hang x4u.

T nhitng twong &ng trén suy ra rang, s6 cac

hang x4u gdbm k chit s6 0, m chit s6 1 bang s6

cac hang (tuy y) véi k+1 chir s6 0, m-1 chit s0
k+1

1, ticla bang Mk,

Nhuw vay, s6 cach xép hang sao cho khéng hoc

sinh nao phai cho 14y tién tra lai la:

Ck

‘m+k
Bai toan 5.

C6 2k hoc sinh c6 chiéu cao khdc nhau déi mét.
Ngwoi ta mudn xép ho thanh hai hang ngang,

sao cho trong méi hang, chiéu cao ctia hoc sinh
gidm ddn, va & méi vi tri, em ditng hang truéc
cao hon em dirng hang sau. Héi c6 bao nhiéu
cdch xép hang théa mdn yéu cdu?

Phan tich - Loi giai.

Thoat nhin thi day 1a bai toan khac hdn vé&i bai
toan trén. Tuy nhién, néu ta di ndm virng
nguyén tic “hai kha nang” thi thdy ca hai bai
thudc cung mot loai. That viy, vin dé & day
chi la xép hoc sinh vao mot trong hai hang.

V&i quan niém nhw trén, ta cho méi em dirng
hang trwedc cAm mot tAm bién ghi s6 “0”, moi
em hang sau cAm tAm bién ghi s6 “1”.

Sau d6 cho tit ca 2k em xép lai thanh mot
hang doc theo thi tw chiéu cao giam dan. Lam
nhu vdy, ta dwoc mot day gom k chix s6 0, k
chir s6 1.

Dé thdy rang, mot cach xép hang théa man

diéu kién bai ra chinh la mot cach xép hang

sao cho tai méi vi tri 2s+1, s& s6 0 tir vi tri dau

tién dén d6 phai lén hon hay bang s+1.

Theo Bai todn 4, s6 cach xép hang théa man

bai ra la:

(D!

A I L
&% Tk +1)!

(Con tiép)
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THACH THUC TOAN HOC ‘ *

e  Moi bai todn dé xuit (kém theo loi giai) cAn dwoc néu rd 1a bai sang tac hay bai swu tAm (néu
la bai swu tAm, cin ghi r6 nguén) va phai dwoc trinh bay trong moét file riéng dinh kém email
(hodc mot to gidy riéng).

e  Bai giai cho mobi bai to4dn cin dwoc trinh bay trong mot file riéng dinh kém email (hodc mot
to gidy riéng).

e  Nguwoi dé xuat bai todn hodc gii bai giai cho cic bai toan trong Chuyén muc “Thach thirc ki
nay” can ghi ré ho, dém, tén va noi lam viéc / hoc tip, s6 dién thoai lién hé trén trang bai
todn, bai gidi. Néu 1a hoc sinh (hodc sinh vién) can ghi r6 1a hoc sinh 16p may (hodc sinh vién
nam thir may).

e  Cacbai todn dé xuit da gri cho Chuyén muc khong dwoc cong b6 hodc glvi ding & bat ¢ noi
nao khac, khi chwa c6 sw dong y ctia Tap chi Pi.

P33. Hoi, trén mit phang, c6 thé vé dwoc
nhiéu nhit bao nhiéu tam gidc ma hai tam giac
bat ki (trong s6 d6) déu c6é ding mét dinh
chung va khéng cé diém nao la dinh chung ctia
tit ca cac tam giac dwoc ve?

Thach thure ki nay

Danh cho cap THCS

P31. Cho tam giac nhon, khong can ABC noi

ti€p dwong tron (0). P 1a mot diém nam trong
tam giac sao cho «PAB = «PAC. Goi K la tam
dwong tron ngoai ti€p tam gidc PBC. PK cat
trung trwc cla doan thang AP tai L. Puwong
thing qua A4 song song v&i BC cat dudng tron
(0) tai diém th& hai D khac A. Trén dwong
thang AD, 13y E khac A, sao cho LE = LA. Goi F
l1a diém dé6i xixng v&i A qua OL. Chirng minh
rang dwong tron ngoai tiép tam giac FED tiép
xdc dwong tron ngoai ti€p tam giac PBC.

Trdn Quang Hing (Ha Néi)

P32. Chirng minh rang c6 v6 han sd nguyén
dwong n cé tinh chit: n! chia hét cho n3 -1.

Pham Dirc Hiép (Ha Noi)

Ha Thanh (Can Tho)

P34. Cho a,b,c,d la cac s6 thuc dwong, c6 tong
bang 4. Chirng minh rang

1 1>f+E+£+f

ab cd ™~ 2

Hoi ddng thirc x4y ra khi va chi khi nao?
Nguyén Vin Quy (Ha Noi)
Danh cho cdp THPT

P35. Tim tit ca cdc ham sé fxac dinh, lién tuc
trén tip s6 thwc R, 14y gia tri trén R va thda
man diéu kién
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flx+fr+z+0))+fy+ fz+t +x))
+fz+ft+x+y)+ft+f(x+y+2))=0
v&i moi x,y,z,t thudc R.
V6 Quéc Bd Cdn (Ha Noi)

P36. Cho s6 nguyén dwong n. Chitrng minh
rang ton tai cac s6 tw nhién g, b sao cho

—
n

0<b<\/n+1vay

[~

< =<+vn+l.

~

2

Nhém “TTTH” st.

P37. Cho day s6 thwc (xn)n21, dwgc xac dinh
nhwsau: x1=1va

Xp = Xp—1 + véi moi n > 2.

“Xp=]

Tinh [x2017].
([x] ki hiéu phan nguyén cta sé thuc x).

Nguyén Duy Lién (Vinh Phtc),
Nguyén Duy Thdi Son (Pa N&ng)

P38. Cho tam giac ABC ndi ti€p dwong tron
(0). Goi D la hinh chiéu vuéng géc ctia A trén
BC. Cac diém E,F di dong trén (0), sao cho EF |

Giai bai ki trwérc

P11. Véi n 1a mot s6 nguyén dwong, goi P(n)
la téng liy thira bic n cua n s6 nguyén lién
tiép.

a) Chirng minh rang P(5) chia hét cho 25.

b) Tim tit ca cac s6 nguyén dwong n > 1 sao
cho P(n) chia hét cho n2

Loi gidi (dwa theo cdch gidi cia mdt ban quén
ghi tén).

Vé&in e Nx*vaa€Z, dat
n=1
Pa(n) =Y (a+i)".
i=0
Theo bai ra, ta phai:
a) Chirng minh Pa(5) i 25 Va € Z;

b) Tim tat ca cic s6 nguyén dwong n sao cho
Pa(n) i n2Va € Z;

BC. M,N theo th& tw 1a hinh chiéu vudng goc
cia B,C trén AE. P,Q theo th& tw 1a hinh chiéu
vudng goc cua B,C trén AF. Chirng minh rang
tdm vi tw ngoai va tam vi tw trong cua cac
dwong tron (DMQ) va (DNP) la cac diém co
dinh.

Nguyén Minh Ha (Ha Noi)

P39. Ki hiéu S 1a tip hop gom 2017 s6 nguyén
dwong dau tién. Hoi c6 nhiéu nhat bao nhiéu
phén t cda S la nhitng s6 hang ctia cing mot
cip sO nhan ting, c6 cac s6 hang la s6 thwc va
cong boi ldn hon 1?7

Ha Huy Khodi (Ha N6i)

P40. Chuin bi cho budi giao lwu cta Pi véi cac
ban hoc sinh Tiéu hoc yéu Toan, cd Lé Hwong
dwoc giao nhiém vu chia 500 thanh chocolate
(s6-c6-1a) giéng hét nhau thanh cac goéi sao
cho moi géi déu c6 mot s6 1é thanh; c6 CAm
Tho dwoc giao nhiém vu chia 500 cai keo mut
giong hét nhau thanh cac géi sao cho khong c6
2 gobi nao c6 sd keo bang nhau. Ki hiéu s va t
twong ng la sé cach chia ma c6 Lé Hwong va
c6 CAm Tho c6 thé thuc hién. Hay so sanh s va
t.

Phan Thi Ha Dwong (Ha Noi)

Ta c6 nhan xét sau:

Nhdn xét. V&i n la s6 nguyén dwong tuy v,
Pq(n) = Pp(n) (mod n?) véi moi a,b € Z.

Chirng minh. V&i a 1a s6 nguyén tuy y, ta c6

Pu+l(n) - Pu(”)

=(a+n)"=a"

_ nn-=1) ,_» ;>
=n-a"l-n+ ( 2 )a" % B
=0 (mod n?).

Suy ra Pa+1(n) = Pa(n) (mod n2).

Tl d6, do a 1a s6 nguyén tuy y nén hién nhién
ta c6 diéu cin chirng minh.

Tré lai bai toan.

a) Theo Nhdn xét, ta cé:
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Pu(5) = P->2(5) =0 (mod 25) Ya € Z.
b) Xét hai trweong hop sau:
e Trwong hop 1:nlasé lé.

batn =2k + 1, k € N. Theo Nhdn xét, ta co:

P" = P_i(n) (mod n*) Ya € Z.

a
Ma

P_y(n) = (=k)"+---+ (-
1" K

=0 (donle).

] )Il + On

Nén suy ra Pa(n) = 0 (mod n? ) Va € Z.
e Trwdong hop 2: nla sé chan.

batn = 2k-m, véi km € N*vam1a sé 1é.

Gia st Pu(n) in* Va € Z Khi d6, hién nhién ta
c6 Pi(n) :2k_ (1)

Ma
5 2k 2*
n)=ZI"+Z(:2k+i)"+Z(2-2k+l"
i=1 i=1 i=l
2k
+---+Z((m—l)-2k+i)"
i=1
2% 2%
Y(j-2*+i)" = z (mod 2%)

va =! v&i moi j
=0,1,...,m-1, nén tr (1) ta duoc:

2k
m-Y " =0 (mod 2*).
i=1
Tw do, do m 1é nén

.;:k:"— (mod 2%). (2)
i=1

Dé thiy, ta c6 k > 1; kéo theo k -1 > 0. Vi thé,

k=1 k=1

Z"'- Lo+ L 3)

Do n chin nén

k=1 k=1

-Z (2“- Z i (mod 2 "‘

i=1

Vivay, tir (2) va (3), ta duoc:

2 gt
o=)i"=2. Z (mod 2%).
=1 i=1

k=1

Z I"-

Suyra =!

(mod 24-1), (4)

Vi tir (2) ta c6 (4) nén bang suy luan “quy nap

Z i" =0 (mod 2)
lui” theo k, ta sé cé: =!

biéu vo ly vira nhin dwoc chirng té gid st &
trén 12 sai; nghia 13, v&i n 1a s6 chan, khong thé
c6 Pq(n) i n? véi moi a nguyén.

Vay, tém lai, s6 nguyén dwong n théa man yéu
ciu dé bai khi va chi khi n 1a sé 1é.

Chu y. Trong loi giadi trén, c6 st dung mot
cong thirc cé tén goi la Cong thirc nhi thirc
Newton (Niu-ton). Theo Chwong trinh pho
thong mon Toan hién hanh, cong thic dé
dwoc gidng day & 16p 11. Vi vay, dé cac ban
hoc sinh cap THCS khong gap kho6 khan trong
viéc theo dai 101 gidi, ching tdi trich dan ra
day cong thirc do.

Céng thirc nhi thirc Newton: V&i n 1a mot so
nguyén dwong va a,b 1a cac sé thue, ta co:

(a+b)"=a"+Cl-a" 'b+---+C-.a"
SIS 3 e Wy ! o
ck — n!
L AT AY x
trong do, kin=k)! i méi k = 1,2,..,
n-1.
Nhan xét

1. Tat ca cac loi giai cda ban doc ma Toa soan
nhin dwoc cho téi thoi diém hoan thién ban
thdo déu cho két qua ding & ciu b). Tuy
nhién, ngoai 1o gidi cia ban quén ghi tén néu
trén, cac loi giai con lai déu khong dung.

2. CO6 thé gidi cAu a) mot cach mdc mac nhw
sau (theo tac gia bai toan):
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“Xét 5 s6 nguyén lién tiép tuy y: a-2, a-1, a,

a+1,a+2 (a € Z). Ta cé:
P(5)=(a=2)+(a=1) +a

+(a+1) +(a+2)°

(@ = a) +25a(4a*> +7)

(1 —a) (mod 25).

5
5

Lai co:

a —a
=(a=2)(a=1)a
=0 (modS5).

(a+1)(a+2)+ Sa(a2 -1)

Tir hai két qua néu trén suy ra P(5) i 25.”

C6 thé thiy, cach gidi trén cé dwoc nho khai
thac cac tinh chit dic thu cia gia tri n = 5. Do
do6, khéng thé ap dung cach gidi nay vao viéc
xtr Iy cau b) (k€ ca khi xét trweong hop n 18).

3. Bang cach dwa vao Nhan xét trong 1oi giai
néu trén cua bai toan va st dung dinh li Euler
(mo6t két qua ma c6 thé nhiéu ban hoc sinh
cip THCS chwa kip hoc dén), c6 thé gidi quyét
trudmg hop n chdn & cau b) nhu sau (theo tac
gia bai toan):

“V&in = 2k -m, trong d6 km € N* va m la so 1,

P(n) = ),l_ i"
=l

xét
Nhan thay:

- V&iila s6 nguyén dwong chén thiini 27; suy
rain i 22k (do 2ni 22k),

- Véi i 1a s6 nguyén dwong 1é thi (i,2k+1 ) = 1.
Do do, theo dinh li Euler, ta c6

ok

=1

(mod 25*1) (do @(2**!) = 2%).

N — k41
Suy ra =1 (mod 2"7")

Tt hai diéu trén, véi lwu y tir 1 dén n c6 n/2
s6 nguyén dwong 1é (do n chan), suy ra

=251 (mod 2“').

Twr d6, do m 1é nén P(n) khong chia hét cho
2k+1 5 do d6, P(n) khong chia hét cho n 2 vi n2 i
k1 ”

4. Trong 1oi gidi néu trén cta bai ra, bang cach
thay déi mot vai chi tiét nhé mot cach thich
hop, ban doc sé thu dwoc mdt chirng minh cho
két qua sau:

“Vé&i n la s6 nguyén dwong, téng liy thira bdc n
ctia n s6 nguyén lién tiép chia hét cho n khi va
chi khinla sé'1é.”

Lwu Thi Thanh Ha

P12. Cho hai diém M,N twong &ng nam trén
cac canh ACAB cua tam giac ABC. Gia st BM,
CN cat nhau tai P. Biét dién tich cac tam giac
BPN,BPC,CPM lan lwot bang 3, 4, 5 (don vi
dién tich). Hay tinh dién tich tam gidc ABC.

Loi giai (cia ban Cao Ky Anh, I16p 6Cl1,
Archimedes Academy, Ha N§i).

Noi A véi P. Vi ti s6 dién tich caa hai tam giac
c6 chung chiéu cao bang ti sé hai canh day
twong rng v&i chiéu cao chung dé nén ta co:

A

Sapx _ PN _ Sgew _ 3 1)
Sarc PC  BPC 4
Siom PM _CPM 5

(do Ssen = 3, Serc = 4 va Scem = 5 theo gia thiét).
Dit Sapy = 3a (a** 1a s6 thuwe dwong), tir (1) ta
€6 Sapc = 4a. Suy ra

Sapg =3a+3, Sppy =4a -5, (3)

Vé SABC=7a+7 =7((l+ 1) (4)
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(3a+3 4

Tir (2) va (3), ta duoc (4a=5) 5

n

(5)

Ta cé: (5) © 5(3a+3) =4(4a-5) & a = 35.

Thay gia tri a vira tim dwoc vao (4), ta dwoc
Sapc =252 (dvdt)

Nhan xét. Tat cd cac loi gidi ma Toa soan
nhin dwoc téi thoi diém hoan thién ban thao
déu dung va déu tét. SO 1oi gidi ma Toa soan
nhan dugc bang 1.

Nguyén Khac Minh

P13. Tim tat ca cac bl(f) 3 s6 hiru ti dwong a,b,c
1 1
a+—.b+—,c+—

b c a

sao cho déu la cac so

nguyeén.

Lo giai (theo 10i gidi ciia ban Lam Hiru Phiic,
I6p 11 Todn trwong PTNK, PHQG Tp HCM.)

G

~.
I
e
4
o
I

bat
nguyén dwong va

m véi xy,z,t,m,n 1a cac s

(x,y)=(z,t) = (m,n) = 1. (1)

Khi dé:

| S I Xz vt
at+—-—=—-+- = :

S A yZ

1 z . n zm+nt
b+ -==4—= ;

c t m tm

1 m y mx+yn
Ct—==—=<%==

a n x nx

Rang budc cta dé bai twong dwong vai:
(xz4yt):yz.(zm+nt) :tm va (mx + yn) :nx.(2)

T (2)suyraxziyvayt**iz zmitvantim,
mxinvayn:ix.

Kéthop véi (1), tadwoc: ziyvayizmitvat
im,xinvanix

Dodéy=zt=m,n=x.(3)

Két hop voi (2), suy ra: (x+t) iy, (y+x) i tva (t
+y) i x.

Khong mat tong quat, gia st x = y > t. Khi d¢,
0 Lz _

ta co:. X Tw d6, do (t +y) i x nén chi

c6 thé xay ra 2 trweong hop sau:

t v
l___z_

e Trwonghopl: *
Khi d6, hién nhiéntacox=y=t=z=m=n.
Dodéa=b=c=1.

Bang cach kiém tra truc tiép, ta thiy bd 3 s6
(a,b, ¢) néu trén thoa man diéu kién dé bai.
t+y

—=1
e Trwonghop2: *
Khi d6 x = t + y. Ma (x+t) i y (chirng minh trén)
nén (y+2t) iy.Suyra2tiy.
2t
0<—<2(doy>1)
Ma y
2 treong hop sau:

nén chi c6 thé xay ra

+ Trwong hop 2.1:
Lic nay, y = 2t; kéo theo x = 3t. Két hop voi
(3), tadwoc: z=2tvan=3t.

a=-,b=2vac=

Do dé

b W
WO =

Bang cach kiém tra truc tiép, ta thdy bd 3 sd
(a,b, c) vira néu trén théa man diéu kién deé
bai.

2t

g

+ Trwomg hop 2.2: Y

Ldc nay, y = t; kéo theo x = 2t. Két hop véi (3),
ta dwoc: z=tvan = 2t.

Dodba=2,b=1vac=1/2.

Bang cach kiém tra truc tiép, ta thiy bd 3 s6
(a,b,c) vira néu trén théa man diéu kién dé bai.

Dé thdy, néu bd 3 s6 (a0,b0,c0) théa min diéu
kién dé bai thi mdi bd 3 s6 nhan duoc tir nd
nh¢ phép hoan vi vong quanh ciing la mét bo
3 s0 thoa man diéu kién dé bai. Vi vay, tir cac
két qua thu dwoc & trén, ta duogc:
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Cé tat ca 7 bd 3 s6 hiru ti dwong théa min
didu kién de bai, d6 1a:

3 3 :
an (220 (212 (&

(S R
()
N

Nhan xét.

1. Cach giai néu trén la cach giai gan giong véi
cach giai cua tac gia bai toan.

2. Ban Dodn Quang Tién (16p 10A1, treong
THPT Phad My, huyén Tan Thanh, tinh Ba Ria -
Viing Tau) dé xuit mot cach giai khéc; tom tat
nhw sau:

1 1 1
a+—,b+—,c+~

e Tx & c @ 13 cac s6 nguyén
abc + ,— ’
suy ra aoc 13 s6 nguyén.
~abc+ — =t
e Coi abc nhw mdt phwong trinh

bac 2 doi véi abc, xét tinh chinh phwong
cua biét thirc, suy ra t = 2 va abc = 1 (sw
kién nay ciling da duoc chirtng minh trong
cach giai & trén bang mot cach khac).

ab+1+4b bc+1+4¢
m= —— n= —,
e Dit b c
ca+1+4a
p=——-:
a chitng minh m,n,p 1a cac
1 SR |
—4-+-=1
m n p

s6 nguyén dwong va

e S dung két qua vé nghiém nguyén
1 | SR
—4-4-=1
dwong ctia phwong trinh 7 7 P
1a (3,3,3),(2,4,4),(2,3,6) va cac hoan vi dé
gidi quyét bai toan.

Tran Nam Diing

P14. C6 100 qua bong den va 100 qua béng
trang dé€ trong mot chiéc hop kin. Ta bdc ra
ngiu nhién 3 qua bong, va phu thudc vao mau
cia cac qua bong béc dwgc, ta sé bo trd lai
hop mot s6 qua bong theo quy tic dwdi day:

Bong béc ra Bong bo tré lai

3 qua den 1 qua den

2 qua den, 1 qua trdng | 1 qua den, 1 qua trang

1 qua den, 2 qua tridng | 2 qua trang

3 qua trang 1 qua tring

Mot ngwoi da lam nhw vy cho dén khi trong
hop chi con lai 2 qua bong. Ngwdi nay khong
néi cho ching ta biét qua trinh dién ra nhw
thé nao. Biy gi¢ ta cin boc ra mot qua bong tir
hop, nhwng trwéc d6 cdn dodn mau cua qua
béng c6 thé dwoc bdc ra. Hoi, ta nén doan qua
bong d6 mau gi? Giai thich ré cau tra loi.

Loi giai (theo 1o gidi ctia ban Nguyén Minh
Uyén, 16p 10T1 trwong THPT chuyén Thoai
Ngoc Hdu, An Giang).

Ta c6 cac Nhan xét sau:

Nhdn xét 1. Theo quy tic “béc ra - bé lai” clia
dé bai, trong hop luén cé it nhat mét qua bong
mau trang.

Chitng minh. Dé thdy, & mdi lan “bdc ra - bo
lai”, s6 qud bdéng trdng c6 trong hdp ngay
trudrc thoi diém béc ra chi bi thay déi khi viéc
“bbc ra - bo lai” xay ra theo kiéu th tw. Tuy
nhién, trong trwong hop nay, luén c6 mot qua
bong trang dwoc bd nguwoc trd lai. Vi thé,
trong hop luén c6 it nhat mdt qua bong trang.

Nhdn xét 2. S6 qua bong trang cé trong hop,
sau moi lan “boc ra - bo lai”, ludn la mot sé
chan.

Chitng minh. Ttr quy tic “bdc ra - bé lai” hién
nhién suy ra s6 qua bong trang cé trong hop
sau moi 1an “béc ra - bé lai” hodc khong ddi
hodc gidm 2. Ma ban d4u trong hop c6 mét so6
chdn qua béng trang (100 qua) nén s bong
trang c6 trong hop sau moi lan “bdc ra - bo lai”
lu6n 1a mot sé chan.

Tt hai Nhn xét trén, ta thay: néu sau mét qua
trinh thuc hién viéc “béc ra - bo lai” ma trong
hop chi con lai 2 qua béng thi dé phai la 2 qua
bong trang.

Do d6, néu can doan mau ctia qua béng cé thé
dwoc boc ra, khi trong hop chi con lai 2 qua
boéng, thi di nhién ta sé doan do6 la qua bong
mau trang (va kha nang doan trung 1a 100%).
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Nhan xét.

1. Thuc ra, chi cidn sau Nhdn xét 1 trong loi
gidi trén, ta cling da c6 thé noi rang ta sé doan
qua bong cé thé dwoc bdc ra khi trong hdp chi
con 2 qua bong 1a qua béng mau trang, do ldc
do6 xac suit ding sé lon hon hay bang 50%.
Tuy nhién, d€ khang dinh lwa chon cta ching
ta 1a tot nhat, ta cAn chirng minh xac suit nay
thwe sy 1é6n hon 50% (khong nhat thiét phai
la 100%). D6 ciing chinh la cach tiép cin cua
ban Phan Quéc Vwong (1é6p 10 Toan, truong
PTNK PHQG, Tp HCM), khi gii bai toan. Cu
thé, trong 1o gidi cia minh, sau khi néu Nhén
xét nhw Nhan xét 1 trong l&i giai trén day, ban
Quéc Vwong da 1ap luin nhw sau:

“Goi x la xac suat dé hai qua béng con lai déu
mau trang, y 1a xac sudt d€ hai qua bong con
lai gbm mot qua mau tring, mot qua mau den.
Vi treong hop hai qua béng con lai déu co
mau den khong xay ra nén x+y = 1.

Trwong hop hai qua béng con lai déu c6 mau
trang c6 thé xay ra; chang han: Ta bdc dwoc
ba qua béng mau den lién tiép 49 lan; khi do,
trong hop sé con 2 qua béng mau den va 100
qua bong mau trang. Ta b6c duoc tiép hai qua
béng mau den, mot qua béng mau trang; sau
lan boc nay, trong hdp sé con lai 100 qua bong
mau trang. Cudi cung, ta b6c dwgc ba qua
béng mau trang lién ti€p 49 lan; sau 49 lan
nay, trong hép con lai 2 qua béng mau trang.
Vay x> 0.

Xac sudt bdc dwoc qua béng mau trang trong
treong hop hai qua bong con lai déu c6 mau
trang la 1, trong trwong hop con laila 1/2. Do
do, xac suit béc dwoc qua béng mau trang 1a
X4+ = , ,

2 va xac suit béc dwoc qua bong mau den
la y/2. Nhw vay, xac suit béc dwoc qua bong
mau den thidp hon xac sudt béc dwoc qua
béng mau trang. Vi vdy, ta nén doan doé la qua
béng mau trang.”

2. Bai da ra thudc dang toan vé bat bién trong
cac phép bién d6i trang thai. D€ gidi dwoc
nhirng bai todn dang nay khong cin c6 nhirng
kién thirc cao, cling khéng cin c6 nhirng k§y
thuit bién d6i tét, ma chi cin kha ning nhan
xét, phat hién van dé va lap luin tot.

3. Tinh dén thoi diém hoan thién ban thao,
Toa soan chi nhan dwoc hai loi giai ding cho
bai da ra.

Tran Nam Diing

P15. Mot diém trén mit phang toa do dwoc
goi la diém nguyén néu ca hoanh do va tung
d6 ctia nd déu la s6 nguyén. Mot diém nguyén
duoc goi 1a diém nguyén so néu doan thang
ndi né6 véi géc toa d6 khéng chira diém
nguyén nao khac. Cho A 1a mét hinh 16i chira
gdc toa do 0. Pat tén cac diém nguyén so nam
trong A 1an lwot theo chiéu kim déng h6, nhin
tlr goc toa do, bdi X1,X2,.... Xét hinh 16i B chira A
va c6 duy nhit diém nguyén so, goi 1a Y, nam
gilra Xl_)Vél X2, r)lhin tif goc toa do. Chirng minh
ring oY = 0X, + 0X;

Loi gidi (dwa theo loi gidi clia ban Pham
Quang Toan, hoc sinh THPT, Queensland, l]c).

Trwéc hét, ta c6 Nhan xét sau:

Nhdn xét. Khong c6 diém nguyén nao nam bén
trong hodc trén canh ctua tam giac 0X1Xz2 trwr
cac dinh cta tam giac do.

Chitrng minh. That vay, gia st ngwoc lai, co
diém nguyén L, khac 0, X1, Xz, nam bén trong
hodc trén canh ctia tam giac 0X1X>.

Vi 1a hinh 16i nén A chita toan bd mién tam
gidc 0X1X2 (k€ ca cac canh); do dd, A chira
doan th:fmg OL. Hon nitra, do X1,X2 1a cac diém
nguyén so nén tia OL nam giira hai tia 0X1 va
0X2. Vi thé, goi M 1a diém nguyén, khac 0, nam
trén doan thang OL va nam gan O nhit, ta c6 M
12 mot diém nguyén so thudc A va M nam giira
X1 va Xz, nhin tir 0. Diéu nay mau thuin véi
cach ki hiéu cac diém nguyén so thudc A. Mau
thuin nhan duoc chirng té gid st & trén 1a sai.
Nhan xét duwoc chirng minh.

Ta goi mdt da giac la da gidc nguyén so néu tat
ca cac dinh cta né déu la diém nguyén va
khoéng c6 diém nguyén ndo nam trong hay
trén canh ctia né (ngoai trwr cac dinh).

Theo Nhan xét néu trén, 0X1X2 1a mot tam giac
nguyeén so.

Do hinh 16i B chita A va do Y la diém nguyén
so duy nhit cia B nam gitra X1 va Xz, nhin tir
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0, nén bang cach ap dung cac 1ap luan di néu
trong Chirng minh Nhén xét cho hinh 16i B va
cac tam giac 0X1Y va OYX2, ta sé chirng minh
dwoc cac tam gidc vira néu la cac tam giac
nguyén so. Ta thira nhan B6 dé sau.

B4 dé. Dién tich clia tam gidc nguyén so bang
1/2.

Sox,y = Sovx, = Soxix, = 5 (1)

Vi thé,
T d6, v&i lwu y hai diém X1,X2 nam trai phia
nhau ddi v&i dwong thang 0Y, ta co:

Sox,yx, = Sox,y +Sorx, = 1. (2)

Do Y nam gitra X1 va Xz, nhin tir O, va Y khong
nam trong hay trén canh cla tam giac 0X1X2
(do tam giac nay la tam giac nguyén so) nén O
va Y nam khéc phia nhau d6i véi dwong thang
X1X2. Do d6

Sox;v» = Sox; x> + Sx, v - (3)

Tw (1), (2) va (3) suy ra SX1X2Y=1/2.

Nhw thé, 0X1Y va X1X2Y la hai tam gidc cé
chung canh X1Y va c6 dién tich bang nhau. Do
do, 0 va X2 cach déu duong théng X1Y. T do,
do 0 va X2 ndm cung phia d6i véi dwong thang
X1Y (vi Y nam giira X1 va Xz, nhin tir 0) nén suy
ra 0Xz Il X1Y.

Chirng minh twong ty, ta sé c6 0X1 | X2Y Vi
thé, 0X1Y X2 1a hinh binh hanh.

- = —

Nhan xét.

1. B6 dé néu trong 101 giai trén 1a mot trudong
hop riéng cua dinh ly Pick vé dién tich cta da
gidc c6 moi dinh 13 diém nguyén (cé thé xem
phéat biéu va mot cadch chirng minh cua dinh ly
Pick trén trang web:
https://en.wikipedia.org/wiki/Pick’s_

theorem). Nguoi ta cling c6 thé chirng minh
dwoc dinh ly Pick bang cach dung chinh B6 dé
nay. Ban Pham Quang Toan, trong l&i gidi cia
minh c6 dé xudt mot chirng minh so cip cho
B6 dé. Tuy nhién, chirng minh cla ban Toan
khong chat ché. Chirng minh chat ché cha B6

dé sé dugc dé cip trong mot bai viét riéng,
trén mot s6 t&i day caa Tap chi Pi.

2. Tinh téi thoi diém chot ban thdo, Toa soan
chi nhan dwoc 3 loi giadi cho bai todn; trong
d6, c6 mot loi giai thién vé cam tinh trong cac
14p ludn (mic du di thira nhin B6 dé) va mét
1o giai sai do hi€u nhdm dé bai (nhdm lan
gitra vecto va do dai dai s0).

Nguyén Duy Thai Son

P16. Cho t& giac ABCD ndi tiép dwong tron
(0) va cé hai duwdng chéo AC va BD vudng gbc
véinhau. Goi P la giao cia AD va BC. Ké dwong
kinh PQ cta (PCD). Goi M va N lan lwot 1 diém
chinh gitta cung CD khéng chita P va cung CD
chira P ctia (PCD). Biét QM giao BD,CD lan lwot
tai E,F. Con QN giao AC,CD lan lwot tai KL.
Chirng minh rang (EDF) tiép xtc véi (KCL).

Loi giai.

Goi X 1a giao diém ctia AC va BD. Dwng duwong
tron dwong kinh €D di qua X, cat dwong thang
MN tai Z, khéc phia véi X d6i véi dwong thang
CD. Pwong thang ZL cat lai dwong tron duwong
kinh CD tai J.

Do M va N lan lwot 1a diém chinh giita cac
cung CD khong chira P va chira P cua dwong
tron PCD, nén MN la trung trwc cta CD. Do dé
ZD = Z(C hay Z la diém chinh gitra cung CD cua
dwong tron duwong kinh CD. Vi vady JZ 1a phan
gidc cia go6c wvudbng DJC. Suy ra
/DJZ = LZIC = er

Hon nita, QM va QN twong &rng la phan giac
ngoai va phan gidc trong ké tir Q cia tam giac
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DQC nén (EFL;D,C) = -1; suy ra J(F,L,D,C) = -1.
Tw d6, do JD L JC nén DJ 1a phan giac cta 2FJL;
suy ra

LFID=/DIL=

a—m

Goi Yla giao diém cua KC va MN.
Do MN L CD nén ta co:

(KL:KC)

= (NK;NY)+ (YN:YK)

= (PQ:PD) + (PD;PM) + (MN:CD) +
(QP.:0D) + (PD;PM) + (CD;CA)
(CP;CD) + (PD:PM) + (CD;CA)
(CP;CA) + (PD; PM) (mod 7). (1)

(CD:CA)

Lai co:

2(PD;PM) = (PD;PC)
= (PD;AX) + (AX:BX) + (BX: PC)

= (AD:AC) - 5 + (BD:BC)
= 2(BD;BC) — = (mod 7).
do AC L BD

Suy ra:

(PD:PM) = (BD;BC) — (mod m). (2)

Twr (1) va (2), ta dworc:
(KL:KC) = (CP:CA) + (BD:BC) — —

= (JL;JC) (mod 7).

PR

Do d6, LJKC 1a t& gidc ndi ti€p. Chirng minh
twong tw, ta cling dwgc FEDJ la tr giac ndi
tiép. Ké tiép tuyén Jx ctia (FED]). Ta c6
(JL:Jx) = (JL;JD) + (JD;Jx)

= (JF;JC) + (FC:FJ)

= (CF:;CJ) (mod ).
nén Jx cling la tiép tuyén cta (CKL). Suy ra
(DEF) va (CKL) tiép xtc v&i nhau.
Nhéan xét. Tat ca cac loi gidi Toa soan nhin
dwoc déu khong hoan chinh, do déu bi phu
thudc vao hinh da vé.

Ha Vii Anh

P17. Cho tam gidc nhon ABC ndi ti€p dwong
tron (0). Gid st OA,0B,0C cat BC,CA,AB lan
lwot tai D,E,F va cat EF,FD,DE 1an lwot tai X Y, Z.
Goi U,V,W theo thi tw 1a hinh chiéu vuéng géc
cia XY,Z trén BCCAAB. Chirng minh rang
AU,BV,CW d@bng quy trén dwong thang Euler
ctiia tam giac ABC.

Lovi gidi (dwa theo cdc 101 gidi ciia ban Nguyén
Ditc Bdo, 16p 11 Todn, trwong THPT chuyén
Phan Boi Chdu, Nghé An va ctia mot ban khéng
ghi tén).

Goi H,G lan lwot 1a truc tAm va trong tim cla
tam giac ABC. Goi N 1a giao diém cua AU va OH.
Cac dwong thang AH, AG cat BC twong ng tai
K, M. Vi G la trong tam tam giac ABC nén M la
trung diém cua BC va do d4, 1a hinh chiéu
vuong goc cua O trén BC. Twr tinh chat hang
diéu hoa co ban cua t giac toan phan ta co
(A,0;X,D) = -1. Chiéu vudng géc hang di€m
diéu hoa nay l1én dwong thing BC ta dwoc
(KM:U,D) = -1, do d6 A(K,M;U,D) = -1.

A

B K UM D i

Chiéu xuyén tdm A chum diéu hoa nay lén

dwong thang OH ta dwoc (HGN,0) = -1. T
NH OH

d6 NG  0G . Nhuw vay, AU di qua
diém chia doan thang HG theo ty s6 -3.

Bang cach twong tu, ta sé ciing sé chirng minh
dwoc BV,CW di qua diém chia doan thang HG
theo ti s0 -3.

Vi vay, cac dwong thing AUBV va CW dong
quy tai diém chia doan thing HG theo ti s6 -3;
do nam trén HG nén diém déng quy nay nam
trén dwong thang Euler clia tam giac ABC.

Nhan xét.
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1. Cac ban Nguyén Hoang Phung (16p 12 Toén,
treong THPT chuyén Lé Quy Poén, Ninh
Thuén), Trdn Vi Duy (thanh phé Ho6 Chi
Minh), Nguyén Nguyén va Trdn Minh Nguyén
(trwong PTNK, PHQG Tp.H6 Chi Minh) ciing
c6 1o1 giai dung.

2. Ta c6 thé coi phép chiéu vudéng goc 1én
dudng thang BC 1a phép chiéu song song theo
phwong OM. Cach nhin nhan nay cho ta mot
huwdng mé rong, khai quat bai da ra. Bai toan
dwéi day 1a mét trong cac bai toan cé thé thu
duoc theo hudng do.

Bai todn khdi qudt. Cho tam giac ABC cé trong
tdm G. Ly diém S bit ky nam trong tam giac.
Gia st SA,SB,SC cat BC,CA,AB lan lwot tai D,E,F
va cat EF,FD,DE lan luot tai X,Y,Z. Goi M,N,P
twong ng la trung diém cda cac canh
BC,CA,AB. Liy U,V,W lan lwot ndm trén cac
duwong thang BC,CAAB sao cho XU I| SM,YV |
SN,ZW |l SP. Chirng minh rang cic dwong
thiang AU,BV,CW dbng quy tai mot di€m nam
trén dwong thang SG.

Tran Quang Hung

P18. Cho P(x) la da thirc bac n véi hé s6 thuc
va cho s6 thwc a = 3. Chirng minh rang ta c6
bat dang thirc

max ]aiP(i)| > (a: l) ;

0<i<l 2

Loi giai (cia ban Nguyén Minh Hdi, Iép 11,
THPT chuyén Qudc hoc, Hué).

Ta chirng minh bai todn bang phwong phap
quy nap theo n.

V&in = 0, xét da thirc hing P(x) = c. Ta c6

ax |a'P(i)| = max{|1 = c|,|a—
0n£1;1£x}|a (i)| = max{|1 =c|.]a—c|}

5 [1=c|+|a—=c¢| 5 la—1|
= > =" 9

-~ <

>1 (doa?=3).

Nhuw vy, két luin ctia bai toan ding véin = 0.

Gid st két luin cta bai toan da dung cho cac
da thirc bac n-1, véi hé so6 thuce (n = 1).

Xét da thirc P(x) tuy y bic n, véi hé s6 thue.

P(x+1)=P(x)

a—1

O(x) =
Ta c6 Q(x) la da thirc bac n-1, véi hé so thuec.

Do d6, theo gid thiét quy nap, ton tai so
nguyén k, véi 0 < k < n, sao cho

=1
ak—Q(k)lz (“:1) : (*)

Ta co

(%) &

a

o Plk— 1)—P(.k)| Y (a-l)""

a—1 2

& | (! - P+ 1)) = (¢ = P@0)|

M3
i(a"” —P(k+1)) = (a* —P(k))‘
< | = P(k+ 1)+ |a* = P(K)|

nén

| : (a_l)ll
dH — Pk + 1)\ +|dt =P 2 5

Suy ra

(a=1)"
27

max{|a"“ —P(k+1)|. |ak—1’(k)|} >

0<i<n+1

: _1 n
max |a‘—P(i)| > (a z ) .
Do dé, -

Nhw viy, két luin cta bai todn ddng cho cac
da thirc bic n, véi hé s6 thuec.

Theo nguyén ly quy nap, ta cé diéu phai chirng
minh.

Nhan xét.

1. C6 thé thay, loi gidi trén, vé thuc chit, da
chi*rng minh dwgc mot két qua manh hon két
luin cta bai ra: V@i cdc gid thiét nhw & bai dd
ra, ta cé bdt ddng thirc
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_ Pl | n+1
max |a—P(1)|?_>( 5 ) .

0<i<n+4l

2. Ban Nguyén Nguyén (16p 10 Toan, truomg
PTNK, PHQG Tp. H6 Chi Minh) c6 loi giai
twong d6i tot. Ban Nguyén di st dung cong
thirc ndi suy Lagrange dé giai bai todn va ciing
di dén két ludn manh hon néi trén.

Nguyén Duy Thai Son

P19. Cho p 1a mot s6 nguyén t6 théa man p =
11 (mod 12). Pat M = {1,2,.., p-1} va ldy S la
p=—1
mot tip con bitkicia M c6 2 phan ti. Ta
ki hiéu As 1a thang duw khong 4m bé nhit cta
[Is= I s

€S s€S\W theo modulo p, tirc 1a

Ay = ns— H s.

SES seS\M
-1
_a={alscmys ==}
bat : 2 J . Chung
= L
Al ==——

minh rang

Loi gidi (dwa theo loi gidi cia ban Pham
Quang Toan, hoc sinh THPT, Queensland, Uc).
Ta sé chirng minh két luén ctia bai toan véi gid
thiét p la s6 nguyén té tuy y lom hon 2. Truéc
hét, ta chirng minh B6 dé sau.

B dé. Cho s6 nguyén t6 p. Khi d6, véi moi s
nguyén dwong a € M, ludn ton tai duy nhit so6

nguyén b € M sao cho ab = 1 (mod p). Ta viét
b=avl.

Chirng minh. V&i méi a € M, xét tap X =
{0,a2a,. (p~Da). Vi @7 ja(modp) o
moi 0 <i<j<p-1nénXlamothé thang dw
diy dd modulo p. Suy ra, ton tai duy nhit sé b
€ M sao cho ab =1 (mod p).

Tré lai bai toan.

Theo Pinh ly Wilson, ta c6:

ns- I_I s=(p=1)!=-=1 (mod p).

SES  seS\M

As=t+1~" (mod p), véit = []s.
Do do, €S

As€ T ={a+a"" (mod p)|aeM}.(1)

Suy ra
Tiép theo, ta chitng minh v&i mdi a € M, ton
—1
|S|=I s—vaa=|[]s
tai tdp S € M sao cho “ s€ES

(mod p); nghia 13, ton tai tp S théa man diéu
kién dé bai sao cho a + a1 = As (mod p). (2)

p+1
Thét vy, trwdc hét, nhin thiy c6 titca 2
cap (a,a™1), a € M, d6i mét roi nhau, vi:

- V&imdi 1 < a < p-1 ton tai duy nhat s6 b #
a,b € M, sao cho a1 = b (theo B6 dé),

-Véia=1hoaca=p-1thial=a.
Xét a tuy y thuoc M. Xét hai trwong hop sau:
e Trwong hop 1. p =1 (mod 4).

-Néua=1,xéttatcacaccap (x, x1),xe M{1,
p+l " . p=3

p-1}.Cotatca 2 2
p=1

cap nhu vay.

Liy S1atap gbm 4 cip tuy y trong s6 do,
ta dwoc tip S théa man yéu cau.

-NéEua#1,xéttitcacaccap (x, x1),x€e M{1,
p+1 s iP5

p-Laal}. Cotit ca 2

2 cap nhu
p=>

vay. Ldy Slatap gom 1, ava 4 ciptuyy
trong s6 do, ta dwoc tip S théa man yéu cau.

e Trwong hop 2. p = 3 (mod 4).

Xéttatcacaccap (x, x1),xeM{l,p-1,a,a1}.
p+1 e p=5

Cotitca 2 2 cdp nhw vay.

p=3

Ldy S1atap gom **ava 4 cdp tuy y trong
s6 do, ta dwoc tip S théa min yéu cau.

(2) dwoc chirng minh.
Tt (1) va (2), hién nhiénsuyraA =T.

D&y rang, véia,b €M,a < b, ta co:
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a+a'=b+b"! (mod p)

— plabla+a~'-b-b"")
< p|(a=b)(ab-1)
< ab=1 (modp)
— b=a"".
i) =222 jaj =2
Do doé, < .Vivay, <

Nhan xét. Trong s6 cac 1o giai Toa soan nhin
dwoc tdi thoi diém hoan thién ban thao, c6 4
loi gidi dang. Tt ca cac ban cé 101 gidi ding
déu nhan xét diéu kién p = 11 (mod 12) 1a hoi
chit. Cac ban Trdn Minh Nguyén va Nguyén
Nguyén (hoc sinh tredng PTNK, PHQG Tp. HO
Chi Minh) dwa ra loi gidi ding cho bai toan,
v&i gia thiét p = 3 (mod 4). M6t ban khong ghi
tén cling giai dung bai toan trong truwdong hop
p = 3 (mod 4) va nhin xét c6 thé lam dwoc
twong tw nhw vay khi p = 1 (mod 4).

Lé Anh Vinh

P20. Trong mit phang, xét 7 diém déi mot
phan biét. Ngwoi ta mudn vé cac dwong tron
di qua ding 4 trong 7 diém nay. Hdi c6 thé vé
dwoc nhiéu nhat bao nhiéu dwong tron?

Loi gidi (dwa theo loi gidi cua tdc gid bai
todn).

Ki hiéu 7 diém dang xét 1a Aii = 1,7.

Gia str vé dwoc n duwdong tron, n € N* , thoa
man diéu kién dé bai.

V&i moi i = 1,7, ki hiéu s; 1a s6 dwong tron di
qua diém A;.

Do mbi dwong tron di qua dung 4 diém nén

/
Y si=4n
i=1 . V&i moi i = 1,7, goi mi la sé cap
dwong tron ma hai duwong tron trong moi cap
7
m= Y m;

cung di qua diém A:. Dat =1 taco:

I 5
==) 5i=2n
2P
1 (4n)? 2n(4n-=17)
25 7 -2n= 5 (1)
o ¥ 2> (Z )2)
oYsi>=- 5] )
=1 T \i=

Mat khac, do 2 dwong tron tuy y (trong n
dudng tron vé dwoc) cat nhau & téi da 2 diém
trong s6 7 diém A; nén

m < ZC,ZI =n(n—1). (2)

Tw (D va (2), suy ra
(4 —

-_"(_'_4;_71 <n(n=1).(3)

Tacé: (3) & n<7.

Xét n = 7. Khi d6, & tat ca cac danh gid néu
trén phai xay ra dau “=". Vi thé, 7 dwong tron
vé dwoc phai théa man dong thoi cac diéu
kién sau:

1/ Mbi dwong tron di qua ding 4 diém va qua
moi diém c6 ding 4 dwong tron;

2/ Hai dwong tron tuy y cit nhau & dung 2
diém trong 7 diém dang xét.

Xét mot diém tuy y trong 7 diém, gia st 1a A
Vi 2/ nén phép nghich ddo P tdm Az, ti sO k #
0, sé bién 4 dwong tron di qua A: thanh 4
duwong thang khong di qua A1 va ddi mot cat
nhau, tao thanh mot t& gidc toan phan nhw
Hinh 1 duwéi day.

Vi méi dwong tron trong 3 dwong tron khong
di qua A1, déu di qua dung 4 diém trong so 6
diém khac A1 (theo 1/) va déu cat tirng dudng
tron trong 6 dwong tron con lai tai 2 diém
trong 6 diém dé (theo 2/) nén phép nghich
ddo P bién 3 dwong tron khéng di qua A:
thanh 3 duwdng tron phan biét, mbi dwong
tron di qua ding 4 diém trong 6 diém
A,B,C,D,E,F & hinh trén. Tuy nhién, dé thay, chi
c6 thé co t6i da 2 dwong tron phan biét, moi
dwong tron di qua 4 diém trong 6 diém vira
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néu. Mau thuan nhan dwoc chirng té n # 7. Do
do,n<é6.

Hinh 2

Hinh 1 Dé thiy, 6 dwong tron (AFHE),(BFHD),(CDHE),

, o , , . (ABDE),(BFEC) va (AFDC) théa min cac diéu
Xét 7 diém gom 3 dinh clia tam gidcnhon ABC, 0 1 qa bai, Vay, @hi cojthé vé dwoc nhidu

truc tam H clia tam gidc d6 va 3 chan duomg 4 ¢ dwong tron théa man cac yéu ciu clua

cao D,E,F ha tlr A,B,C xu6éng cac canh BC,CA,AB d5 bai.

(xem Hinh 2 dwéi day).
Nhan xét. Mac du thoi han gri 1o giai cho bai
todn da dwoc “4m tham” kéo dai thém 1 thang,
téi thoi diém sé Tap chi nay 1én trang, Toa
soan van khong nhan dwoc moét 1oi gidi nao
gtri dén, tir ban doc.

Nguyén Khiac Minh
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cudc choi thu vi

cda NQUO
yéu todn hoc

Nguyén Thanh Giang!

Trong lich s loai ngudi, cd6 mét con sé da lam say mé rat nhiéu nguwdi. Qua nhiéu thé hé, tir
c6 xuwa dén hién dai, nhiéu bé 6c phi thudng da tim céch tinh con sé d6 - d6 chinh 1a sé Pi.
Dudng nhu ta cé thé gap Pi khdng chi trong Toan hoc, ma Pi hién dién khap noi.

1 Phé Hiéu trwéng Trwong THPT chuyén Hwng Yén - mot ngwoi thay téi da tirng dwoc hoc

(toankho.com)

C6 thé cho rang, Pi diéu khién hanh trinh troi
xudi cia nhitng dong séng uén Kkhic, tir
Amazon cho téi séng Thames. D6 u6n khuc
ctia mot con séng duwgc mo ta bang tinh ngoan
ngoeo cda no - chiéu dai (tinh doc theo chiéu
dai u6n khic) chia cho khoang cach tir nguén
nwéc dén dai dwong tinh theo dwong chim
bay. Hba ra con séng trung binh thi c6 d6 uon
khic khoang chirng 3,14, ba chir s6 dau cia s6
Pi.

Trong quyén sach “Nhitrng cudc phiéu lwu cia
Alex vao Mién dat s6”, Alex Bellos mo ta so Pi
da truyén cdm hirng cho mét dang ki xdo dic
biét ctia tic phdm sang tao goi 1a phong cach
Pil- ish. Py la nhitrng bai tho, trong d6 s6 ki tw
cia nhirng tir lién ti€p tuin theo cac chir s6
cua Pi. Mot trong nhitng bai tho thanh cong
nhat 1a bai Cadaeic Cadenza cua Mike Keith.
N6 bat dau véi nhirng dong: One/ A poem/ A
raven (Mot/ Mot bai tho/ Mot con qua), One
c6 3 ki tw, A c6 mot ky tw, poem c6 4 ki tw, A
c6 mot ki tw, raven c6 5 ki tu, twong wng véi
3,1415 va tiép tuc nhw vay cho dén 3835 chir
s6 con lai! TAc phdm “Not A Wake” ciia Mike
Keith, quyén sach dau tién viét hoan toan theo
phong cach Pilish dwoc bat ddu nhu sau:

Now [ fall, a tired suburbian in liquid under the
trees

Drifting alongside forests simmering red in the
twilight over Europe

Now c6 3 kitw, I co 1Kitw, fall c6 4 ki tw, a co
1 ki tw,. . . Ngoai ra Keith con viét mot quyén
sach 10.000 ttr str dung ki thuat trén.

D€ dé nhé cac chir s6 sau ddu phiy cua Pi,
nguoi ta da tim ra nhiéu cach, trong dé cé cac
cau bang chit. & Viét Nam c6 cau tiéng Viét
cia nha gido Vi Hiru Binh: “Mo0t y nghi y
twdng trong sang la phwong hwéng cho nhiéu
hanh dong cao thwong” (Tiéng Viét khong c6
tlr nhiéu hon 7 chir cai nén phai dung hai tir
c6 dau - dé chi cac s6 8,9 chir cai). Pay la ciu
cho gia tri gin dung cta Pi véi 12 chir s6 sau
diu phiy 3,141 592 653 589.

Theo sach ky luc thé gi¢i Guiness chang sinh
vién c6 tri nh¢ siéu diang Poh Ann nguoi
Malaixia khi 21 tudi chi véi 15 gior vira doc,
vira ghi lai dwoc 67053 chit s6 sau diu phay
ctia sd Pi pha ky luc 59956 chir s6 truéc dé
clla mot nguwdi Malaixia khac.
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Nhitng chiéc banh dwoc trang tri véi ki tw Pi
trong ngay 14.3

Sw hién dién ky diéu cda sé Pi tir vii tru téi dia
ly, nhitng cau chuyén thu vi ctia Pi tir van
chwong dén cudc song la nhitng khdm pha ly
thu, khong ngirng nghi ctia nhitng ngudi yéu
todn hoc trén toan thé gid¢i. Pé ciing 1a ly do,
ngay 14.3 (sO Pi v&i 2 sO 1é dau tién 3,14)
dwoc goi la Ngay s6 Pi. Ngay s6 Pi dwoc to
chtc lan dau tién & San Francisco
Exploratorium (My) vao nam 1988, theo y
twdng cua Larry Shaw. Ngay s6 Pi gan dung la
ngay 22.7, b&i moi nguwdi van biéu dién Pi la
22/7 (hai mwoi hai phan bay).

Albert Einstein ciing sinh vao ngay Pi, 14.3. S6
Pi d3 dwoc biét téi gan 4.000 nam trwéc boi
nguoi Babylon ¢6 dai. Mot ban khic c6 nién
dai tir nam 1900 dén 1680 trwéc Cong nguyén
tim thay Pi 1a 3,125. Nguwoi Ai Cap co dai cé
nhitng khdm pha twong tw, nhw bang ching
néu trong sach gidy c6i Rhind héi nam 1650
trudrc CoOng nguyén. Trong van ty nay, nguoi
Ai Cap da tinh dién tich cla mot vong tron
bang mot céng thirc cho sd Pi mot gia tri gan
diung la 3,1605. Ca trong Kinh thanh (ban King
James) cling c6 ndi Pi dwoc tinh gan dung.

Tinh todn dau tién cta so Pi dwoc thwc hién
b&i Archimedes xi Syracuse (287 - 212 trwéc
CN). Archimedes da s dung dinh 1i
Pythagoras dé tinh dién tich cta hai da giac.
Archimedes 1y gan dung dién tich cia mét
vong tron dwa trén dién tich cia mot da giac
déu noi tiép bén trong vong tron va dién tich
ciia mét da gidc déu ngoai tiép vong tron dé.

O Trung Quéc, vao thoi Nguy Tan (khoang
nam 263), nha toan hoc Lwu Huy da chi ra
dwoc gia tri ctia soO Pi la 3,1416. Pén thoi Nam

- Bac Triéu (khoang ndm 480), nha khoa hoc
T6 Xung Chi da tim ra s6 355/113, hay gia tri
clia s6 Pi nam trong khoang tir 3,1415926 dén
3,1415927. Pay la s6 Pi dwgc xac dinh chinh
xac nhit trong vong 900 nam sau do.

Nha khoa hoc Té Xung Chi. Nguén: Internet

Khodng nam 1450, Al'’Khashi tinh todn so Pi
vGi 14 chir s6 nho phwong phap da giac cla
Archimedes. D6 1a 14n dau tién trong lich st
nhin loai da tim dwoc con so Pi véi trén 10
chir so.

Nam 1609 Ludolph von Ceulen, nho phwong
phap ctia Archimedes, da tinh dwoc s Pi véi
34 chir s6 ma ngwoi ta da khic s6 nay trén mo
bia cia 6ng.

Pi bat dau dwoc ki hiéu bang ki tw T vao nam
1706 b&i nha toan hoc ngwdi Anh William
Jones. Jones dung s6 3,14159 cho Pi, mac du
l1am thé nao 6ng tinh dwoc con s6 nay thi van
la bi 4n, vi tAc phdm ctia 6ng da bi thit lac.

Nha todn hoc Archimedes. Nguon: Internet
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Phai doi dén thé ky thir 18 va dau thé ky th
20 thi s6 Pi da dwoc tinh v&i do chinh xac l1a
1000 chir s6 sau diu phdy. Nam 1995,
Hyroyuki Gotu da chiém ky luc thé gidi: tim ra
42195 chir s6 sau dau phday. Cudi thé ky 20,
nguoi ta da tinh dwgc Pi véi do chinh xac dén
con sO th 200 ti. Nam 2002, m6t nha toan
hoc ngwoi Nhat Ban da st dung siéu may tinh
dé tinh todn chinh xac s6 Pi dén chir sO thi
1.241.100.000.000 (mot nghin hai tram bon
muwoi mét ti mot tram triéu chir so).

Thang 8 - 2009, con so th& 2,6 ti ti cha Pi
dwoc xac dinh béi nha khoa hoc Daisuke
Takahashi tai Pai hoc Tsukuba, Nhat Ban.

Cu6i ndm 2009 nha khoa hoc mdy tinh nguoi
Phap la Fabrice Bellard da pha ky luc caa
Daisuke Takahashi khi tinh todn chinh xac
dén con so th 2,7 ti ti cua Pi. Mat dén 131
ngay dé tinh toan, nhwng diy la mot két qua
cwc Ky 4n twong vi Fabrice Bellard chi dung
may tinh dé ban théng thuong x ly s6 liéu.
DPat dwoc két qua trén 13 nho Fabrice Bellard
da phat trién mot phan mém xtr ly thuit toan
manh hon 20 ladn so véi nhitng san phidm
twong tu trwdce do.

Ngay nay nhiéu nha khoa hoc may tinh, nhiéu
nha toan hoc van tiép tuc tinh todn cac chir s6
ti€p theo cua sé Pi va nghién ctru quy luit cac
chir s6 d6 dé tim kiém sw ky diéu cua Pi.

Chu thich caa tac gia: Bai viét cé stv dung
thong tin mang tir Wikipedia, website Pi -
Search Page, The Next web, bdo Thanh nién va
cuén sdch “Cdc cdu chuyén todn hoc - Tdp 1:
Tdt nhién va ngdu nhién” cia Nguyén Bd Po va
Nguyén Héng Minh (NXB Gido duc 2001).

Chu thich cua Tap chi Pi:

- S6 Pi duwdng nhu theo sudt cudc doi mdi con
ngudi: tir luc hoc tinh dién tich hinh tron, dén
khi gidi quyét nhitng vin dé kho khan cua
cong nghé va ky thuat, hay trong nghién ctru
Toan hoc, du 1a & bit ky chuyén nganh nao.
B&i thé nén khi ra mot tap chi Toan hoc
hwéng dén cong dong, cai tén dwoc chon gan
nhw la duy nhét thich hop: Tap chi Pi.

- Cudc thi “T6i va Toan hoc” cia Tap chi Pi quy
dinh thoi gian nhén bai tir 14/3 dén 22/7.

- C6 mot chuyén vui vé s6 Pi & Viét Nam.
Khoang ndm 1969 - 1970, 6ng Tri Uan, nguoi
gi¢i thiéu va quang ba tro choi “Bdy miéng
x€p ngan hinh” ndi tié€ng, giri dén Ban Toan -
Ly, Uy ban Khoa hoc va Ky thuat Nha nuéc
mot cong trinh tinh s6 Pi, ma 6ng goi la so U.
Ong dung phwong phap cit ghép nhu trong
tro choi Tri Uan, dé dung mot hinh vuéng cé
dién tich bang dién tich moét hinh tron cho
trudc, tir d6 dwa ra gia tri cia Pi, mét s6 hiru
ty. Theo 6ng d6 méi la gia tri chinh xac. Cach
tinh ndy dwoc 6ng dién ca thanh bai tho luc
bat rit hay, dén ndéi TBT Pi dén bay gi¢ van
con nhé may cau:

Ac-si-mét chét vin con
Dd cdu, dd tru hai hon tro tror
Trén mo dé lai wéc mo
Hinh tron vuéng doé cdy nho mai sau...

Y 6ng Tri Uan 1a néu Acsimet ma biét gia tri
chinh xac ctia s6 Pi (s6 U) thi da khong 6m héin
vi bai toan ciu phwong hinh tron, da khong di
chiic cho hiu thé dit hai hon “da ciu, da try”
trén mo 6ng. Tat nhién vé mat Toan hoc thi
ong Tri Uan chirng minh khong chinh xac, vi Pi
12 s6 siéu viét, nhwng phai thira nhan 6ng cat
ghép hinh rit tai tinh, va tim ra gia tri gan
ddng cda so Pi.
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Lé Van Thiém con ngu i va s nghiép

l. So lwge tiéu sir

Lé Van Thiém sinh ngay 29 thang 3 nam 1918
tai lang Trung L&, Dtrc Tho, Ha Tinh. Trung Lé
la mot lang c6, thanh 14p cach day khoang 600
nam trén vung dit tring, quanh nam bi de
doa vi nan han han, lut 16i. Ho Lé & Trung Lé
ndi tiéng vé truyén théng Nho hoc va yéu
nuwdc. Than sinh ra Lé Van Thiém la cu Lé Van
Nhiéu (1869-1929), diu cr nhan Khoa Canh
Ty (1900). MAu than cta cu Ctr Lé Van Nhiéu,
tlrc ba ndi ctia Lé Van Thiém, 1a cu ba Phan Thi
bai, chi ruét nha yéu nwéc Phan Pinh Phung.
Cha rudt cua Lé Van Thiém la ong Lé Van
Huan, dau Giai nguyén Khoa Binh ngo (1906),
tham gia phong trao yéu nwéc Duy Tan hdi,
roi Tan Viét Pang, va tw st trong nha lao Vinh
nam 1929.

Cu Lé Van Nhiéu tuy do dat nhung khong ra
lam quan, ma & lai qué nha day hoc, béc thudc,
phung dwdng cha me, nudi day con cai. Cu
sinh dwoc 13 nguwoi con, 8 nguoi con trai, 5
nguoi con gai.

Nguwoi anh ca cda Lé Van Thiém la Lé Van Ky
dau Tién si nam Ky Mui (1919) trong khoa thi
cudi cung ctia Triéu Nguyén. Vay 1a cu Cw
Nhiéu c6 mot ngwdi con dau Tién si cudi cling
cda nén Han hoc, va mot ngwoi con dau Tién
si diu tién cda nén Tay hoc nwéc nha! Anh thie
hai cda Lé Van Thiém, 6ng Lé Van Luan, la Bi

Ha Huy Khoai

thw Huyén uy Pang Cong san Pong Dwong
Huyén Dirc Tho, bi Phap xt t&r hinh nam 1931.
Trong s6 5 nguwdi chi gai cia Lé Van Thiém co
hai ngwoi tham gia phong trao cach mang
1930-1931 va dwoc cong nhan la Lao thanh
cach mang.

Cw nhan Lé Vin Nhiéu than sinh cta GS Lé Vdn
Thiém

Lé Van Thiém la con uat trong nha, nén khi con
bé, dwoc dat tén la “Thém”, tirc la dra con
“Troi cho thém”. Khi ra doi, cdu bé Thém rat
yéu, vi ba me da sinh n& dén lan thi 13. Me
cau khong con sita, nén cau phai bi nho ngudi
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chi dau tén la Sam, vo cia anh Lé Van Luan. Vi
thé, déi vdi ciu, ba SAm cling gan nhw nguwoi
me thit hai. Ong Luan, ba Sam déu hoat dong
cho Tan Viét Pang. Ba dong vai ngudi ban
hang to lua, 6ng déng vai ngwoi ché thué, hai
nguoi di khap noi tuyén truyén cach mang, in
tai liéu, rai truyén don. Khi con nhd, ciu bé
Thém hoc & qué nha véi chid rudt, Giai nguyén
Lé Van Huin. Cdu noi tiéng hoc gioi, nhwng
cling noi tiéng la “kho” . Lén 1én, Lé Vin
Thiém theo anh ca - 6ng Ngheé Ky, di hoc &
Hué, roi & Quy Nhon.

Sinh ra trong mot gia dinh giau truyén thong
yéu nwdc, anh thanh nién Lé Van Thiém sém
nudi trong minh hoai bdo hoc tip dé phung sw
T8 qudc. Nam 1941, Lé Van Thiém thi do vao
truong Ecole Normale Supérieure & Pho
d’Ulm cuaa Paris. B¢ la tredng dai hoc danh gia
nhit nwéc Phap, noi dao tao nhirng nha khoa
hoc ndi tiéng nhit. Thi d6 vao Ecole Normale
la mot vinh dw 16m doi véi bat ky hoc sinh nao
cia nwéc Phap. Tot nghiép Ecole Normale, Lé
Van Thiém tiép tuc lam ludn an Tién si tai
Pitc, roi luan an Tién si quéc gia tai Phap. Ong
da tirng hoc v&i nhirng nguoi thay gidi nhat
thoi doé, nhw Nevan- linna, Teichmuler,
Valiron, va nghién ctru mét linh vyc thoi sw
nhét thoi biy gio: ly thuyét phin phéi gia tri
cac ham phan hinh. Ong bao vé luan an Tién st
quoc gia ndm 1949 véi nhitng két qua ma
ngay nay da tré thanh kinh dién.

Nho nhitng két qua xuit sac trong nghién ctru
khoa hoc, nam 1949, Lé Van Thiém nhan dwoc
mot ghé gido suw tai trwong Dai hoc Zurich,
Thuy Si. Ong 1a ngwoi Viet Nam dau tién nhan
chirc gido sw & mét dai hoc danh tiéng cia
Chau Au. Mot chd lam viéc tuyét voi, mot
hwéng nghién ctru thoi sy, nhitng két qua dau
tay da tré thanh néi tiéng, tit cd déu md ra
trwéc mat nha toan hoc tré Lé Vin Thiém mot
con duwong thénh thang dé di dén nhitng dinh
cao cua khoa hoc.

Nhung muc dich cia doi 6ng trwdc hét la
déng gbp strc minh cho cudc diu tranh gianh
tw do cua TO quéc. Vi thé, nghe theo 1oi kéu
goi cua Chu tich H6 Chi Minh, cudi nim 1949,
6ng da roi bé con dwong cong danh & Chau Au
dé bi mat tré vé nwdc tham gia khang chién.

Twr Chiu Au, 6ng vé Bang Cdc, roi tir d6 qua
Campuchia dé vé Nam Bo.

(O’ Nam B9, Gido sw Lé Vin Thiém gia nhap
bang Cong san bDong Dwong va cong tac tai S&
Gido duc. Ong da gép phan dao tao nhidu gido
vién cho ving khang chién. t 1au sau, 6ng l1én
dudng ra Viét Bic nhan nhiém vu méi: lanh
dao trung tdm dai hoc dau tién cia nwéc Viét
Nam dan chu cong hoa. Pay that 1a mot nhiém
vu quan trong va phu hgp véi kha nang, y
nguyén cuia 6ng. Sau 6 thang gian nan di bg tw
Nam B0 1én chién khu Viét Bic, Gido su Lé Vin
Thiém dwoc giao trong trach Hiéu trwéng
Trwong Sw pham cao cip va Truong Khoa hoc
co ban. Ong da 1am hét sirc minh trén cwong
vi d6, va tré thanh ngwoi dat nén moéng cho
gido duc dai hoc cia nwédc Viéet Nam mdi,
nguoi thiy ciia hdu hét nhirng nha khoa hoc
Viét Nam dwoc dao tao trong hon muwoi, mwoi
1am ndm dau tién sau cach mang Thang Tam.

Twr sau khi hoa binh lap lai, Gido sw Lé Van
Thiém dwoc giao nhiéu trong trach: Giam doc
Trwong Pai hoc Sw pham Khoa hoc Ha Noi
(1954-1956), Phé Hiéu truwdng Truwong Dai
hoc Téng hop Ha Noéi (1957-1970), Vién
trwedng dau tién cda Vién Toan hoc (1970-
1980). Ong 1a Pai biéu qudc héi cac Khoa I va
I1I. Ong ciing 12 Pai dién toan quyén cua Viét
Nam tai Vién nghién cru hat nhan DPupna,
Lién X6 (tir 1956 dén 1980), Chu tich diu tién
ctia Héi Todn hoc Viét Nam, Tong bién tip dau
tién cda hai to bao toan hoc cua Viét Nam la
Acta Mathematica Vietnamica va Vietnam
Journal of Mathematics.

Il. Nhirng déng gép chinh vé khoa hoc

Cac cdng trinh vé ly thuyét Phan phai gia tri cac
ham phan hinh

Ly thuyét Phan phéi gia tri cic ham phén hinh
(ly thuyét Nevanlinna) dwgc xem la mot trong
nhitng ly thuyét dep nhat cia Giai tich toan
hoc Thé ky 20. C6 thé xem ly thuyét nay la sw
m¢& rong cda dinh ly co ban cta dai s6. Péng
gop quan trong nhit ctia Lé Van Thiém cho ly
thuyét Nevanlinna la két qua co ban vé bai
todn nguoc. Pong gbp quan trong cia Lé Van
Thiém khéng chi 13 viéc chirng minh sw ton tai
nghiém cua bai toan ngwoc trong nhitng tinh
huéng téng quat hon so v&i cong trinh cia
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Nevanlinna, ma diéu quan trong la lan diu
tién, 6ng da dwa céng cu dnh xa bdo gidc va
khong gian Teichmuler vao viéc giai bai toan
nguoc. Tw twong do6 cia 6ng da duoc nhitng
nha todn hoc noi tiéng khac s dung dé tiép
tuc thu dwoc nhitng két qua méi cho bai toan
ngwoc: Goldberg, Weitsman, Drasin. Cudi
cung, nam 1977, Drasin cho 1o gidi tron ven
cta bai todn nguoc cua ly thuyét Nevanlinna,
45 nam sau khi bai todn dwoc dat ra. Diéu
dang ndi 13, trong cong trinh cia minh, Drasin
cling st dung nhirng phwong phap ma Lé Van
Thiém lan dau tién ap dung.

Gido sw Lé Van Thiém & Thuy Si (1943)

Cong trinh vé bai toan ngwoc cua ly thuyét
Nevanlinna da dat Lé Van Thiém vao hang ngii
nhirng tac gia kinh dién cua ly thuyét nay. Cho
dén tan ngay hom nay, hiu nhw cuén sach nao
vé Ly thuyét ham phan hinh, khi n6i dén ly
thuyét Nevanlinna d8u nhiac dén cic cong
trinh dau tién cda Lé Van Thiém. Khong phai
nha khoa hoc nao cling c6 cai vinh dw dwoc
nhic dén két qua cia minh 60 nam sau! C6 thé
tin rang, cac cong trinh do6 cua Lé Van Thiém
sé con dwoc nh¢ dén nhiéu nam, nhw 1a mot
trong nhitng c6t moc cda ly thuyét cdc ham
phan hinh.

Tré vé Viét Nam nam 1949 theo 1o kéu goi
cia Chu tich H6 Chi Minh, Gido sw Lé Van
Thiém tam dirng cac nghién ctru khoa hoc ctaa
minh dé chuyén tAm vao cac nhiém vu quan
trong dwgc Nha nwéc giao pho. Tuy vay, khi
c6 cha trwong thdc diy phong trao nghién
ctru khoa hoc trong cac trweong dai hoc, Giao

su lai tr& vé véi ly thuyét dién Riemann yéu
thich cia minh.

Khi c6 chi trerong dwa khoa hoc vao phuc vu
thuc tién san xuit va chién diu, Gido sw Lé
Vin Thiém chuyén hin sang nghién ctru cac
van dé toan hoc rng dung.

Cac coéng trinh vé todn hoc (rng dung

V6n la mot chuyén gia noi tiéng vé ly thuyét
ham phén hinh va dién Riemann, nhitng van
dé cda toan hoc ly thuyét, Gido sw Lé Vin
Thiém chuyén sang nghién ctu va lanh dao
cac nhom nghién ctru vé toan hoc &ng dung.
biéu dang ngac nhién la trong s6 nhirng cong
trinh diu tién cda 6ng vé toan &ng dung, c6
cong trinh tré thanh kinh dién trong linh vuc
nay: 1oi gidi twong minh cta bai toan thim
qua hai 1ép dat.

Bai todn thdm 1a van dé c6 y nghia thuc tién
quan trong, xudt hién khi tinh todn sy bén
vitng clia cac dé, dap nwoc, triv lwong dau
trong cac tui dau, van dé rira man cac ruong
vung ven bién,. ..

Trong nhiéu bai to4dn thim, chang han khi xét
nuwdc thAm qua mét con dé dai, ta di dén mo
hinh bai todn thdm phang (tic 12 khong phu
thuéc mot chidu nao d6). Trong thuc tién,
thwong cé nhiéu 16p véi hé s6 tham khac nhau
nam dwdi mot cong trinh thuy loi: 16p dat sét,
16p dat cat,. . . P6i véi treong hop mién thdm
khong déng chit, cho dén trwdc cong trinh
cia Lé Van Thiém, nguwdi ta chi méi cé cac
phwong phap gidi gin ding. Trong cong trinh
Sur un probleme d'infiltratione a travers un sol
a deux couches. (Vé bai toan thAm qua hai 16p
dit) dang trén tap chi Acta Sci.Vietnam. 1,
1964, pp. 3-9, Lé Van Thiém da dung Nguyén
ly déi xitng trong giai tich phirc dé xay dung
dwoc nghiém twong minh cho bai toan thim
qua hai l&¢p dat véi hé s6 thdm khac nhau. Day
la céng trinh d4u tién trong linh vwc ly thuyét
nuwéc thim cho phép xiy dwng nghiém giai
tich ctia bai todn thAm khong dong chat. biéu
d6 da dwoc khang dinh trong cudn sach Ly
thuyét chuyén doéng cta nwéc ngdm cla
Palubarinova- Kochina xuit ban & Matxcova
nam 1977.
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Mot hwdng nghién ctru rng dung ma Giao sw
Lé Van Thiém cung cac hoc tro ciia minh tién
hanh trong nhiéu ndm la né dinh hwéng.
Phwong phap né dinh hwéng do nha todn hoc
Nga Lavrenchiep dua ra, dwa trén nguyén tac
sau day: khi c6 mot vu no 1én, dwdi tic dong
cla ap suit qua cao, cac vat chit quanh tim
cdia vu no chuyén déng theo quy luit ctia chat
long ly twdng, tirc 1a khong nhét va khong nén
dwoc. Chuyén dong cua chat 1ong ly twdng co
thé mo ta bang mot ham giai tich.

Néu tim dwgc ham gidi tich nay, ta cé thé tinh
duwoc ap lwc quanh tAm no, quy dao chuyén
doéng cda vat chit gan tAm nd. Nhan thiy day
12 vin dé c6 y nghia thuc tién 16n, Gido sw Lé
Van Thiém da hwéng dan cac hoc tro ciia minh
tai Trweong dai hoc Tong hop Ha Noi va Vién
Toan hoc nghién ctru ap dung. Nam 1966, mot
nhém cac nha toan hoc tré cua hai co quan
trén (gom Ngd Vin Lwoc, Lé Vin Thanh,
Nguyén Vin LAm, Ha Huy Khodi, L& Hung Son
va mdt s6 nguoi khac) 1én dwong vao Nghé An
d€ tién hanh trén thuc té. Dia diém lam viéc la
vung Hoang Mai thudc dia phan huyén Quynh
Lwu. Hoang Mai la noi gdp nhau cta ba tuyén
dudng vao Nam: duwong bo, dudng sat, dwong
thuy (kénh Nha Lé). Vi thé, day tré thanh mot
trong nhitng trong diém danh pha cua may
bay My. Do dwong sat va dwdong bo bi hw hai
nghiém trong, viéc vin chuyén qua kénh Nha
Lé tré nén rat quan trong. Con kénh dwgc dao
tir thoi Lé, dén nay da kha can. Van dé cip
thiét dit ra la phai nao vét long kénh dé cac
thuyén trong tai 16m c6 thé di qua. Cac don vi
Thanh nién xung phong dwoc giao nhiém vu
nay. Tuy vay, khéng thé tip trung mot luc
lwong 1én, vi may bay My bin pha ngay dém.
Gido sw Lé Van Thiém dé xuat dung phuwong
phap nd dinh hwéng dé nao vét long kénh.
Muc tiéu dat ra 1a 1am thé nao dé€ sau khi né,
hau hét dat da vang 1én bo, chir khong roi lai
xudng long kénh. Phwong phap ndé dinh
hwéng dé cling dwoc ap dung trong viéc xay
dung cic con dwong chién lwoc trong rirng.
Cac don vi Thanh nién xung phong da cung
nhém hoc tro néi trén cua Gido sw Lé Van
Thiém ap dung ly thuyét n6 dinh hwdng trong
viéc pha d4, bat ta-luy, hat nhitng ciy to chin
duwong xudng vuc trong qua trinh lam dwong.

Sau ngay dit nwdc théng nhit, Gido sw Lé Van
Thiém chuyén vao cdng tac tai Thanh phd H6
Chi Minh. Ong d 1ap nén Phong Toan hoc trng
dung, nghién ctru cic vin dé toan hoc dit ra
trong ly thuyét dan hoéi va chuyén déng cda
chat 16ng nhaot.

Cac vin dé toan hoc rng dung ma gido sw Lé
Van Thiém quan tAm nghién cru déu la nhirng
van dé dwoc dit ra trong thuc tién Viét Nam:
xdy dung dé diéu va cac cong trinh thuy loi,
cai tao cac rudng nhiém min vung ven bién,
tinh toan trit lwong dau khi, nao vét long kénh
dé phuc vu giao théng thoi chién. Ngay khi
gidi quyét cac nhiém vu &ng dung trwdc mat,
v&i trinh d cao vé khoa hoc co ban, 6ng da co
nhitng déng gép quan trong vao suw phat trién
cua ly thuyét.

Ill. Xay dwng nén Toan hoc Viét Nam

V&i nhitng cong trinh khoa hoc xuit sac, Lé
Van Thiém la ngwoi viét trang dau tién cua
lich st toan hoc Viét Nam hién dai. Ong ciing
la mot trong nhitng ngwdi diu tién dit nén
mong xay dung toan hoc Viét Nam. Uy tin cua
ong da tirng la nguyén nhin khién nhiéu
thanh nién tai nang 1én Chién khu Viét Bac dé
nghién ctru va giang day toan hoc: Hoang Tuy,
Nguyén Canh Toan,. . . Va khdng chi 16i cudn,
khuyén khich ho bang tiéng tim cta minh,
Gido sw Lé Vian Thiém da don tdm sirc dé dao
tao 16p thanh nién day nhiét huyét cia nhirng
ngay dau cach mang. “Von liéng” ctia 6ng khi
d6 that it di, d6 chi la mot it sach ma 6ng va
mot sd gido sw khac da c6 gdng mang theo
minh sudt ching dwong tir chau Au dén chién
khu. Ong luén khuyén khich nhitng tai ning
tré di sdu vao nghién ctru khoa hoc, va c6 gang
tao cho ho nhitng diéu kién tot nhit c6 thé.

Ngay ca sau khi hoa binh 1ap lai, cac trwong
dai hoc & Viét Nam hau nhw chwa cé gido trinh
dai hoc vé toan bang tiéng Viét. Viy ma mot
trong nhirng quyét tim Ién cia Nha nwéc Viét
Nam mdi la giang day tiéng Viét & bac dai hoc.
Lé Van Thiém da dich va viét cac gido trinh, tir
Ham bién phirc cho dén Xac suit thong ké.
Dén tin nidm 1964, chung t6i vin dugc Thu
vién cho mwon cac gido trinh do 6ng dich,
danh may bang tiéng Viét khong diu: c6 1& do
théi quen khi con & Phap, hoic 1a dé tiét kiém
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thoi gian khi viét, tiéng Viét cia Gido sw Lé
Van Thiém thwong khong c6 diu!

Nhén thic r6 tim quan trong cia Toan hoc
trong viéc xay dwng nén khoa hoc nwéc nha,
Gido sw Lé Van Thiém cung véi cac Gido su Ta
Quang Btru, Hoang Tuy da vach mét chién
lwgce 1au dai phat trién Todn hoc Viét Nam. Sw
ra doi cia Phong Nghién ctu Todn nam 1962
(truc thuoc Uy ban Khoa hoc va Ky thuat Nha
nwdc) la mot cot moc quan trong trong qua
trinh x4y dwng nén toan hoc Viét Nam.

Nam 1969, Thu twéng Pham Vin Dong ky
quyét dinh thanh l14p Vién Toan hoc thudc Uy
ban khoa hoc va Ky thuat Nha nwéc. Nam
1970, Gido sw Lé Van Thiém, lic d6 dang la
Phé Hiéu truwdng Truong Pai hoc Téng hop
Ha Noi, dwgc chuyén vé gilr chirc vu Pho Vién
trwedng, Phu trach Vién Toan hoc. Twr ldc do,
Vién Toan hoc chinh thirc di vao hoat dong.

Vé&i s lanh dao ctia Gido sw Lé Van Thiém,
ngay tw khi thanh lap, Phong Nghién ctru
Toan, va sau nay la Vién Todn hoc da chu
trong phat trién toan dién: nghién ctru co ban,
nghién ctru rng dung va dao tao.

Khi chuyén cong tic vao Thanh phé H6 Chi
Minh, Gido sw Lé Van Thiém da lap nén Phong
Toan hoc rng dung, véi nhiém vu nghién ctru
nhitng vin dé gin véi cac tng dung thuc tién,
dac biét 1a cadc van dé dit ra tai Mién Nam nhw
thuy loi & Pong bang séng Ctru Long, dau khi.
Giao sw Lé Van Thiém, cung v&i Gido sw Hoang
Tuy, 1a nhirng nguwoi dau tién gy dwng Khoa
Toan ctia Trwdong Pai hoc téng hop Ha Néi .
Ong luén kién tri phwong cham giit vitng chat
lwong dao tao, ngay ca trong nhitng nam
chién tranh, khi nha trweong phai so tan vao
vung nui Viét Bic. Ong ciing da phai trai qua
nhiéu cudéc diu tranh gay go trong nodi bod
Khoa Toan va Trwong Dai hoc Téng hop Ha
Noi trong nhitng ndm 60 dé gitt virng chién
lwoc ding dan do. Nho thé, Khoa Toan cua Dai
hoc Tong hop Ha Noi (nay la Pai hoc Khoa hoc
tw nhién thudc Pai hoc Quéc gia Ha N6i) da
dao tao nén nhiéu nha toan hoc hang diu
trong ca nudrc.

Gido sw Lé Vin Thiém

Gido sw Lé Van Thiém ciling 1a Chu tich dau
tién cua Hoi Toan hoc Viét Nam. V&i uy tin, tai
nang va dic d0 cia minh, Gido sw la nguoi
lanh dao, cling dong thoi 1a hat nhan gan két
cong dong toan hoc Viét Nam.

Sudt doi hét long vi thé hé tré, Gido sw Lé Vian
Thiém la mot trong nhitng nguwoi sang lap to
bado Todn hoc va Tudi tré, va truc ti€p viét bai
cho bao ngay tir nhitng s6 dau tién. Ong ciing
truc ti€p ra dé thi chon hoc sinh gidi toan
Mién Bic nhitng nim 1963-1964. Ong khong
né ha viéc gi, du to du nhé, mién 1a ¢ loi cho
viéc diu dat thé hé tré. Nhiéu hoc sinh gidi gap
kh6 khian khi xét tuyén vao dai hoc do gia
dinh, ho hang bi mot s6 dinh kién vé “ly lich”
da tim dén oOng, va dwoc gitp do tan tinh.
Nhiéu nguoi trong sé ho da tré thanh nhirng
nha toan hoc gidi, c6 nhiéu déng gép cho dat
nuworc.

Ngay khi ca nwéc dang trong chién tranh, may
bay My ban pha dir doi mién Bac, Gido sw Lé
Van Thiém la ngwoi dda dirng ra sang lap to
b4o Toan hoc va Vat ly bang tiéng nwdc ngoai
dau tién cua Viét Nam: to Acta Scientiarum
Viet- namicarum (Sectio Mathematicarum et
Physi- carum). Phin toan hoc cua to bao do
ngay nay da tr¢ thanh td Acta Mathematica
Vietnamica, t& bao c6 uy tin nhit vé toan cua
viét Nam, c6 mat & thw vién cta nhiéu trueong
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dai hoc 16n trén thé gidi. Viéc cho ra doi mét
to bdo nghién ctru toan hoc (bang tiéng Anh,
Phap, Nga, Plc) trong chién tranh la diéu
hiém c6 trén thé gidi. Nhiéu nha khoa hoc
nwédc ngoai da té y ngac nhién va kham phuc
khi thiy Viét Nam, mét dat nwéc dang phai
dwong dau véi cudc chién tranh tan khéc nhat
& ca hai mién, lai nghi dén viéc ra mét to tap
chi nghién cttu khoa hoc bang tiéng nuwéc
ngoai. Viéc lam dé chirng té tim nhin xa cua
cac nha lanh dao khoa hoc ctia Viét Nam, va ca
sw tin twong vao thing loi tit yéu cha sw
nghiép cach mang.

Sw phat trién cua Toan hoc Viét Nam, va cda
khoa hoc co ban Viét Nam néi chung tir sau
Cach mang Thang TAm mang ddm diu 4n cda
Gido suw Lé Van Thiém.

Khé c6 thé noi hét trong mot bai viét ngin tat
ca nhitng gi ma Gido sw Lé Van Thiém da lam
vi sy phat trién mot nén Khoa hoc Viét nam.

Ong thudc vao sé nhitng con ngwoi khéng Idp
lai cua Lich stt.
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l. Vé Gidi thwéng Lé Van Thiém

Gido sw Lé Van Thiém (1918-1991) la chu tich
dau tién ctia Hoi Toan hoc Viét Nam. Ong 1a
nha toan hoc noi tiéng, c6 nhirng déng gép 16m
trong nghién ctru va &ng dung Toan hoc. Ong
cling 1a mot trong nhirng nguoi dit nén mong
cho gido duc dai hoc & nwéc ta, ngwdi thiy cla
nhiéu thé hé cic nha toan hoc Viét Nam. Gido
st Lé Van Thiém lu6n danh sy quan tam dac
biét dén viéc glang day toan hoc & cac trudng
phd théng. Ong 13 mét trong nhitng ngudi
sang 1ap hé théng pho6 théng chuyén todn va
bédo Toan hoc va Tudi tré.

Giai thuwdng Lé Van Thiém do Ho6i Toan hoc
Viét Nam dit ra nham gép phan ghi nhan
nhitng thanh tich xuit sic clia nhirng thay co
gido va hoc sinh ph6 théng da khic phuc khé
khin dé day va hoc toan giéi, ddng vién hoc
sinh di sdu vao mon hoc cé vai tro dac biét
quan trong trong suw phat trién 1au dai cua nén
khoa hoc nwéc nha. Gidi thwdng Lé Van Thiém
cling 1a sy ghi nhan cong lao cua Gido sw Lé
Van Thiém, mét nha toan hoc 1é6n, mot ngudi
thiy da hétlong vi sw nghiép gido duc.

Méi nam, Giai thwéng dwoc trao cho mot hodc
hai gido vién THPT c6 thanh tich dac biét xuat
sic trong giang day mon Toan, nhitng hoc
sinh dat thanh tich xuit sic trong cac ky thi
Olympic quoc gia va qudc té, dong thoi lwa
chon theo hoc nganh Todn & bic dai hoc (néu
vao nam dwoc gidi thwong da bwéc vao dai
hoc). Giai cling dwoc trao hang nam cho mét
hoc sinh vwot qua nhiéu khé khan, dat thanh
tich xult sic trong hoc tdp moén Toan. Nguoi

;}?i:' Gidi thiéu giai thdo’ng

Ha Huy Khoai

da dwoc Gidi thwdong Lé Van Thiém sé khong
dworc xét trao giai lan th hai.

Nguwoi dwoc Gidi thwong Lé Van Thiém sé
nhin mot Gidy chirng nhan ctia Hoi Todn hoc
Viét Nam, Huy chwong Giai thwong Lé Van
Thiém, va mo6t khodn tién mat (tai thoi diém
hién nay 1a 5 triéu déng).

Khoan tién diu tién dong gop cho Giai thwdng
Lé Van Thiém dwoc ba qua phu cia Gido sw Lé
Van Thiém trich tir tién Gidi thwdng H6 Chi
Minh cda Gido sw. T khi ra doi, Gidi thwong
Lé Van Thiém da nhan dwoc sy ung ho to 1on
vé tinh than va vat chit cua cdng dong toan
hoc va toan xa hdi. Pac biét, sau dip ky niém
40 nam Viét Nam tham gia Olympic Toan hoc
quéc té, mdt cwu hoc sinh chuyén toan (dé
nghi khong néu tén) da ung ho Quy giai
thwdng s6 tién 1 ty dong.

Il. Quy trinh xét thuwdng

Khac véi nhiéu Giai thuwdng hién nay & Viét
Nam, &rng vién cda Giai thuwdng Lé Van Thiém
khong phai viét ho so “xin” gidi thuwdng. Hoi
doéng giai thwdng Lé Van Thiém, can c quy
ché ctia Giai thwdng, tim nhirng &ng vién thich
hop trong cac gido vién dang giang day Toan
& cac treong phd théng va cdc em hoc sinh.
Thong qua nghién ctry, tim hiéu, sé chon loc ra
mot danh sach &ng vién. Chi khi do, cac rng
vién m&i dwgc dé nghi gii ho so dé hoan
thién quy trinh xét thwdng. Trén co s& do, Hoi
doéng xét ting nhirng ngwdi xrng dang nhit.
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Ill. Gidi thwéng Lé Van Thiém 2016

Hoi Toan hoc Viét Nam quyét dinh trao Giai
thwdng Lé Van Thiém 2016 cho cac nha gido
va hoc sinh sau day:

Giao vién

Thay gido Truwong Ngoc Dic, sinh ndm 1963,
T6 trwdng t6 Toan trwong THPT chuyén Lé
Quy Don, Binh Dinh.

Thanh tich: 32 nam gidng day Toan, trong dé
c6 nhiéu ndm giang day & vung dic biét kho
khan. Tr ndam hoc 2000 - 2001 dwgc giao
nhiém vu phu trach doi tuyén Toan cua Tinh,
da dong gép nhiéu céng lao tao nén thanh tich
cla doi tuyén (51 giai toan qudc, trong dé c6 7
giai nhi, 21 giai ba, dac biét nam 2016 lan dau
tién Tinh c6 gidi Olympic Toan hoc qudc té).

Hoc sinh

- Hoang Anh Diing, hoc sinh 1ép 12, Trwong
THPT Lam Son, Thanh Hoa - Huy chwong bac
IMO 2016.

- Lé Nhat Hoang, hoc sinh lép 12, Trwong
THPT chuyén Lé Quy Pon, Binh Pinh - Huy
chrong bac IMO 2016. - Pham Nam Khanh,
hoc sinh lép 10, Trwong THPT Ha Noi -
Amsterdam, Ha Noi. Gidi nhat cudc thi Hoc
sinh gidi toan quéc nam 2016 (1a hoc sinh 1ép
10 d4u tién dat thanh tich nay).

- Pham Nguyén Manh, hoc sinh 16p 11,
Truong PTNK thuéc PHQG TP HCM - Huy
chwong bac IMO 2016.

- bao Vii Quang, hoc sinh lép 12, Trwong
THPT Ha No6i - Amsterdam, Ha Noi - Huy
chwong bac IMO 2016.

- Nong Ngoc Quan, dan toc Tay, hoc sinh 16p
11 Trwong THPT chuyén Lang Son - Giai
khuyén khich ky thi hoc sinh gidi quoc gia
nam 2016.

Budi 1€ trao Giai thuwdéng Lé Van Thiém 2016
da dworc tién hanh tai Ha Noi ngay 18/2/2017.

Budi 1€ trao Gidi thuwdng Lé Vin Thiém 2016
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Gi¢i thiéu trai hé Toan va Khoa hoc MaSSP

MaSSP (Math and Science Summer Program)
la mét chwong trinh hé danh cho hoc sinh
trung hoc phé thong (THPT) trén cd nwéec.
Chwong trinh bat diu tlr mong mudén dugc
chia sé kién thirc va ki nang nghién ctiru cac
mon Toan va Khoa hoc, cia bon du hoc sinh &
M§: D6 Thi Thu Thao, Vii Minh ChAu, Nguyén
Trinh va Lé Hong Nhung. Tham duw chwong
trinh, hoc sinh c6 co hoi hoc tap va lam viéc
theo nhém véi cac dé tai tha vi, dudi suw
hwéng dan cta cac anh chi sinh vién, nghién
cttu sinh & Viét Nam va nwéc ngoai.

Trai hé Toan va Khoa hoc MaSSP lan dau dién
ra vao hai tuin thang 6 nam 2016, tai Vién
Toan hoc Viét Nam véi hai mon, Toan va Tin
hoc. Trong sudt hai tudn, 23 hoc sinh dén tir 9
tinh thanh trén ca nwéc va 10 anh chi hwdng
dan vién (mentor) da cé nhitng ngay hoc tap,
nghién ctru say mé va hiéu qua. Trong khi cac
ban mén Toan tim toi nhirng két qua Toan hoc
thu vi nhw dinh 1y hén nhan bén virng, cach to

Lé Hong Nhung* va D6 Thi Thu Thao™

mau ban d6 chi bdng bén mau, thi cic ban
mon Tin hoc da tw minh thiét ké, 14p trinh ra
nhitng tro choi, tng dung, bing ngdbn ngit
Scratch. Hon thé nita, cic ban con dwoc hoc
cach thuyét trinh, viét bdo cdo, dwgc giao lwu
véi nhitng khach moi cé tén tudi va choi
nhiéu tro choi ly thi. Pén cudi chwong trinh,
ban nao ciing cdm thiy yéu thich mén hoc cua
minh va tw tin hon vao ban than. MaSSP
khong chi 1a noi hoc tap, nghién cttru, ma con
la mot trai nghiém tuyét voi, két noi cac ban
hoc sinh dwéi ngbi nha chung MaSSP.

Cam nghi cia mot s6 hoc sinh tham dy MaSSP
2016:

“MaSSP giup em tim lai tinh yéu véi Todn ciling
nhw tim thém nhiéu tinh yéu méi hét sirc ddng
yéu.”

“Cdc anh chi dd cho em biét thé nao la nghién
ctru thdt sw va truyén cho em mét dam mé vé
cung lon.”
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Dai gia dinh MaSSP he 2016

“MaSSP khdc biét so véi cdc chwong trinh khdc,
giup em dinh hwéng cho twong lai. M6i trwong
dé cao tw do cd nhdn, cho cdc ban tw hoc cdi
minh mudn, lam cdi minh muén, khéng bat ép
gl cd, thdm chi em mdc do ngu, téc tai luém
xudém dén ciing chd ai néi gi.”

“MaSSP day em cdch giao tiép, thuyét trinh, tir
mot ngwoi ngai dirng trwdc ddim dong nhwng
bdy gi¢or em cé thé thuyét trinh trwéc bao nhiéu
ngwoi chinh la vi gia dinh MaSSP dd cho em
thdy rang em ciing cé thé ditng trwdc moi
ngwdi ma khéng cdm phdi xdu hé vé bdn than,
rang cho dil thé nao ciing luén cé nhirng thanh
vién cta dai gia dinh MaSSP ting hé em, cd vii
cho em.”

Nam 2017, ngoai hai mén Toan va Tin hoc,
MaSSP sé c6 thém hai mon, Héa hoc tinh toan
(Computational Chemistry) va Vat ly, voi sw

c6 mat cia thém nhiéu cac anh chi mentor la
nhitrng nguoi c6 thanh tich cao trong cac cudc
thi quéc té (IMO, IPhO) trwéc day va cé nhiéu
kinh nghiém giang day, nghién ctru tai cac
treong dai hoc danh tiéng trén thé gi¢i, nhw
Vién Coéng nghé Mas- sachusetts, dai hoc
Chicago, Princeton, Ecole Polytechnique va
Paris 11. Dw kién chuwong trinh sé dién ra tir
ngay 19 thang 6 dén hét ngay 01 thang 7 tai
Ha Noi. Cac hoc sinh dén tir cac khu vuce ngoai
Ha Noi sé& dwoc hd tro chi phi di lai va sinh
hoat, tuly theo nhu ciu.

Chwong trinh bit ddu mé& don tr ngay
15/02/2017 dén ngay 30/03/2017. Thong tin
chi tiét vé chwong trinh c¢6 &
http://www.masspvn.com va trang facebook
https://www.facebook.com/ masspvn. Moi

thic mic xin giri vé masspvn@gmail.com.
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No6i chuyén v¢&i GS bam Thanh Son

Ng6 Bao Chau (thuc hién)

Gido sw Dam Thanh Son xuat than tlr moét gia dinh tri thirc truyén thong cda Ha Noi.
Khi tdi hoc cap hai, cac thay cd ludn néu anh Son nhu mét tdm guong théng minh, hoc
gidi. Sau khi doat huy chuong vang IMO véi diém tuyét d6i, anh qua Dai hoc Téng hop
Moscow (MGU) hoc nganh Vat ly ly thuyét. Sau khi tét nghiép MGU va bao vé ludn an
tién si & Vién Nghién ciru hat nhan & Moscow, anh tiép tuc nghién ctru va giang day &
MIT (Vién Cong nghé Masachusett), Pai hoc Columbia (& New York), Pai hoc
Washington (& Seattle) va bay gio & Pai hoc Chicago, noi anh giir chirc danh University
Professor |a chirc danh cao nhat trong hang gido sw & day.

Gido su Dam Thanh Son rat ndi tiéng vi nhitng cdng trinh nghién c&ru chuyén mdn sau
cung vdi hiéu biét réng vé cadc chuyén nganh vat ly khac nhau. Ddc gia biét tiéng Viét ¢
may man dwoc theo ddi nhirng bai viét vira sdu sic vira gan giii ma anh thudng xuyén
dang tai trén blog Dam Thanh Son.

Dudi day la ghi chép mot cudc ndi chuyén véi Gido su Dam Thanh Son cach day da hon
5 ndm, nhwng moi 1an doc lai van thay rat twoi méi. Xin phép tap chi Pi chia sé v&i doc
gia, nhitng nguwdi yéu Todn, va chac chan cling yéu viéc dung Todn dé hiéu thé gidi
xung quanh chung ta.
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o trwong trung hoc, anh Son hoc chuyén Todn,
nhwng khi sang Nga hoc dai hoc, anh chuyén
sang hoc Vat ly. Tir lic con hoc trung hoc, anh
dd cé dinh hwong Vat ly chwa? Theo anh, tw
duy todn va ly c6 khdc nhau nhiéu khéng?

Thoi hoc pho thong c6 mot s6 cudn sach céd
anh hwdng 1én dén t6i va dén viéc chon di hoc
Vat ly khi 1én dai hoc. Mot cu6n sach la “Vat Iy
vui”, dich tr tiéng Nga, tic gid la Yakov
Perelman. Cu6n th& hai 1a “Cau chuyén vé
hang s6 vat Iy co ban” cla tac gia Pang Mong
Lan. Ngoai ra, h6i d6 t6i con dat tap chi Kvant
tiéng Nga, trong d6 c6 rit nhiéu bai bao 16i
cuén vé Vat ly, viét béi cac nha khoa hoc noi
tiéng cho hoc sinh ph6 thong. B6 tbi ciing
thich Vat ly, va thinh thoang ciing néi chuyén
véi toi ve Vatly.

Vat ly st dung rat nhiéu cong cu toan. Toi
khong nghién cttu Toan hoc that sau nén
khong biét chic chdn c6 sw khac nhau gitra tw
duy toan va tw duy vat ly hay khéng. T6i nge
la c¢6 khac nhau, nhung it théi, khong nhiéu
nhw nguoi ta twdng. Sw khac nhau 1én nhit c6
1é & ky vong vé két qua cubi cung.

Chan ly toan hoc phai dwoc chirng minh chat
ché, chan ly vat ly la phai giai thich dwoc thé
giéi bén ngoai. Nhiéu ldc né din dén nhitng
mdi quan tdm khac nhau gitra hai cong dong.
Thi dy, mot trong nhitng bai toan thién nién
ky ctia Vién Clay la bai toan chitrng minh sw
ton tai cua ly thuyét Yang-Mills (va moét tinh

chat goi 1a mass gap cua ly thuyét d6). Nhwng
cac nha Vit ly tir may chuc ndm nay st dung
Ly thuyét Yang-Mills d€ mo ta thé gi¢i cac hat
co ban mot cach rat thanh cong. Ho mac nhién
cong nhan la Ly thuyét Yang-Mills ton tai.
biéu dé khong c6 nghia la khong c6 nha vat ly
nao quan tdm dén viéc chirng minh sy ton tai
cda Ly thuyét nay, nhwng déi v&i da so thi van
dé nay khong nam trong danh sach wu tién.

Theo anh, thé nao la trwc quan vdt ly? Liéu co
thé cdc nha vdt ly khdc nhau cé trwc quan vit
ly khdc nhau hay khdng? Vai tro cua trwc quan
vdt ly trong nghién cttu khoa hoc ctia cd nhdn
anh Son la nhw thé nao, né cé d6i nghich véi tw
duy todn hoc khéng?

Trwc quan vat ly la gi thi rat khé mo t4, nhung
c6 hai dic diém nhuw sau cia nhirng nguoi co
truc quan vat ly tot:

- Kha nang wéc lwong co do 1on cha cac dai
lwong.

- Kha niang don gidn hoa cac bai toan bang
cach dung cac phép gan ding.

Viéc truc quan khac nhau gitta nhirng nguoi
khac nhau la chuyén rat binh thwong. b6 1a ly
do ma vin dé cong tac v&i cac dong nghiép la
rat quan trong doi v&i cac nha vatly.

Trwc quan la cdi quan trong nhit doi vai

nguoi lam VAt ly. Poi khi truc quan co thé
danh lira ta. Piéu nay rat dé xay ra khi ta
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nghién ctiru thé gidi lwong t, hay thé gidi
twong doi tinh, vi trong cudc s6ng hang ngay
ta chi ti€p xtc véi nhitng vat cod dién, chuyén
déng chdm. D€ phat trién trwc giac lwong ti,
truc gidc twong doi tinh ta phai lam viéc trong
thé gi¢i d6 mot thoi gian. Tryc quan thwong
khong d6i nghich v&i tw duy toan hoc, ma bo
sung cho tw duy toan hoc. Khi truc quan va
toan hoc mau thuan véi nhau thi chic chin cé
van dé véi mot trong hai cach tw duy. Nhitng
lac dé cé thé c6 nhirng van dé hay va méi nay
sinh.

béi twong nghién cteu cia Vit ly Iy thuyét hinh
nhw la nhitng gi minh khéng nhin thdy bdng
mat, khéng nghe thdy bdng tai. Liéu nha vt ly,
hay cu thé la cd nhdn anh Son, ¢6 cdn quan sdt
thé gidi xung quanh nira khéng?

bung 1a Vit ly 1y thuyét hién nay la mot mon
hoc kha triru twong. Nhung vé ban chit, Vatly
la mdt khoa hoc thwc nghiém. T6i khong tin
rang Vat ly 1y thuyét c6 thé phat trién khong
c6 thwc nghiém. Tat cad sw giau c6 cta Vat ly
déu tir thé gi¢i bén ngoai mang lai. Néu tw
nhién Vit ly 1y thuyét bi tach roi khai thé gidi
xung quanh thi t6i chic rat nhiéu ngudi sé bo
nganh d6 di lam viéc khac. C4 nhan t6i khéng
lam thwc nghiém, nén viéc quan sat thé gidi
bén ngoai phai lam qua cac nha vat ly thuc
nghiém.

Trong nhitng céng trinh khoa hoc cuia minh,
anh Son thdy cdi gi la tdm ddc hon cd? Liéu
anh cé thé gidi thich dé nhirng ngwoi dét Vat ly
nhw téi hiéu dwoc khong?

Hién nay tdi dang tAm dac vé mot bai bao toi
viét hon mot ndm trwée dy véi mot sinh vién
nguoi Ba Lan (Piotr Suréwka) vé van dé phéin
chia phai trai trong thiy dong luc hoc twong
doi tinh. T6i tAm dic mot phan la vi van dé
nay c6 thé giai thich bang mot ngdén ngir
twong doi dé hiéu. Dai khai 13, néu ta c6 mot
chat long lam tir cac hat quark, va cho n6 quay
xung quanh mot truc, thi cac quark xody trai
va cac quark xody phai sé hoi bi lang sang hai
chiéu khac nhau trén truc quay.

DE& dé hinh dung hon, ta c¢6 thé 14y mot thi du
kha gin giii véi cudc song. Ta nhé lai, Louis
Pasteur phat hién ra la phan ti ctia nhiéu chat
khong c6 do6i xirng gwong. Phan ti dwong ta

udng 1a nhw viy. Puwong ngudn gbc sinh hoc
theo quy dinh goi la dwong tay phai. Néu tong
hop, ta sé c6 duwdng ca hai loai, tay trai va tay
phai. Cac hat quark, néu chuyén déng vi toc
do gan bang tc dd 4nh sang, cling c6 thé phan
thanh hai loai nhu vay.

Gia str ta hoa tan mot thia dwong tay trai va
mét thia dwong tay phdi vao mot céc nuwéec.
Bay gi¢ ta quay cai c6c nwdc véi mot van toe
g6c nhit dinh. Néu cac phan tir dwong cling x&
sw gidng nhw cac hat quark, thi cac phan t&
dwong tay trai sé hoi néi 1én trén, cac phan t
dwong tay phai sé hoi chim xudng dwdi, hoic
nguoec lai. Trén thuc té, hién twong nay khéng
xay ra véi cac phan tir dwong, nhwng né lai
xay ra voi cac hat quark.

Suw khac biét gitta hai trwong hop lién quan
dén nhirng vin dé triru twong nhw di thuwong
lwong tir (quantum anomaly), Ly thuyét
Chern-Simons, va topo. T6i cling hy vong hién
twong nay c6 thé quan sat dwoc trong thuc
nghiém.

T6po la b6 phdn todn hoc chi quan tdm dén
dang ctia hinh thé ma khéng quan tdm dén
kich thwéc. Doi véi topd, phdn cia mdt phang
gi&i han béi mét dwirng cong khéng tw cdt bdt
ky, khong khdc gi hinh tron. Téi rdt to mo lam
sao cdc thudc tinh t6 pd lai c6 thé cé ich trong
viéc tim hiéu thé giéi vdt ly ma nhw anh Son
noi, cdi tryc quan co ban la wéc lwong do 16m
cua cdc dai lwong?

bung 1a cac dai lwong vat ly bao gio cling
dugc do bang s8. Thé nhung, c6 nhirng dai
lrong chi nhan dwoc nhitng gia tri gian doan;
trong nhiéu truwong hop ly do lién quan dén
topo. Vi du, nhiéu hop kim & trang thai siéu
dan (tirc 1a & nhiét do rit thip) c6 mot tinh
chat rit la. Khi ta cho né vao tir trweong da
manh thi tr tredng thAm nhip vao chat siéu
dan, nhung s6 dudong strc tir trwong tham
nhdp vao khong phai la tuy y, ma phai 1a mot
s6 nguyén lan mot dai lwong goi 1a lwong ti
cua tir thong. Tai sao lai nhw vay? Giai thich ra
thi dai dong, nhwng cudi cung dé la do mi(S?)
= Z. C6 nhiéu vi du khac twong tw nhw vay.
Trong mot moé hinh (goi la md hinh Skyrme)
sw bén virng cta hat proton 1a do m3(S3) = Z.
Rit la 1a viéc vat chit xung quanh ta khéng
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phan ra di thanh cac dang nang lwong khac
lién quan dén 3(S3) = Z!

Pworc biét anh Son c6 quan tdm dén dm nhac,
xin héi anh mét cdu vé dé tai nay. Vit ly cé gidi
thich dworc tai sao cé nhitng hoa Gm ta thdy rdt
chdi tai, ma cé nhitng hoa dm lai thdt diu dang,
c6 hoa dm nghe ldn ddu thi ém tai, nghe vai ldn
thi khé chiu nhw dn qud nhiéu thit mé, con cé
nhteng hoa dm thi méi ldn nghe lai, long ta van
khéng khéi boi h6i?

Cau hdéi cia ban di xa khoéi ranh giéi cua Vat ly
rat nhiéu, va chic 1a di ra ngoai ca ranh gi&i
cia khoa hoc tw nhién nita. Pythagoras
thwong dwoc coi la ngwoi dau tién kham pha
ra mdi lién hé gitta Am nhac va Toan hoc: cac
hoa 4m nghe ém tai co ty 1é gitra cac tin so cla
cac not gin véi cac phén s6 tdi gian. Nhwng tai
sao c6 nhitng hop 4m giy budn, giy vui, toi
khong giai thich duorc.

Theo anh Son thi phdi lam gi d€ nhitng nha vt
Iy tré & Viét Nam c6 thé bdm sdt vao dong chdy
chinh ctia Vat ly thé giGi?

Véan dé nay khéng don gian, téi phai suy nghi
thém. Trén thé gi¢i nhiéu nwéc (nhw Han
quoc, Brazil) dd giai quyét van dé nay kha
thanh cong. Truwdc mat ta c6 thé hoc hoi kinh
nghiém cua ho.

Anh da tirng hoc va lam Vat ly & Moscow,
Boston, New York, Seattle va cé thé nhiéu noi

khdc nita. Anh Son cé thdy cdi cdch ngwoi ta
hoc va lam Vit ly & nhirng dia diém khdc nhau,
¢6 gi khdc nhau khéng?

Ciing khoé néi. O mdi chd khac nhau tdi lam
nhitng vin dé khic nhau, c6 nhitng ky niém
khac nhau. Nhitng ca nhan t6i lam viéc chung
cling c6 nhitng tinh cach rit da dang. Nhwng
néu nhin tong thé thi sy nghién ctiu vat ly &
cac noi toi da & khong khac nhau nhiéu 1am.
Con vé cach hoc thi c6 1& cach hoc & Nga c6
hoi khac & M. Luc téi hoc & Nga thi toi dwoc
twong do6i tw do, khong bi kiém tra nhiéu va
nhiéu mon 1én 16p cling khong bat budc, mién
la qua dwoc ki thi cudi hoc ky 1a dwogc. Toi ¢
rat nhiéu thoi gian dé doc sach.

O Nga c6 mot sw tach biét giita giang day va
nghién ctru. Gidng day tap trung & truwong dai
hoc, va nghién ctru tip trung & cac Vién. Diém
nay la mét diém yéu cia hé théng Nga.

Theo anh Son dé tré thanh mot nha vt ly thuc
thu cé nhitng phdm chdt gi? Nhitng phdm chdt
do phai dworc rén luyén trong nhitng hoan cdnh
nhw thé nao?

Co6 1é trong nganh khoa hoc nao cling vay,
mudn thanh cong it nhat phai c6 hai kj nang:
tim ra van dé hay, va gidi quyét dwoc vin deé.

Liét ké dwoc hét nhirng diéu kién dé rén luyén
ra nhirng k§ ning d6 thi chac 1a dai, so viét hét
ra thi thanh cliché.
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PAU TRUGNG TOAN HOC
sk

i

APMO DANH CHO HOC SINH TIEU HOC VA THCS (APMOPS)

Hién nay c6 nhiéu ky thi quéc té danh cho hoc
sinh Tiéu hoc va Trung hoc co s& da dwoc cac
treong dai hoc, cdc Trung tdm gido duc t6
chirc tai Viét Nam, nhw APMOPS (Singapore),
AMC (M¥), AMC (Australia), IMC (Singapore),
AMO (My-Singapore), IKMC (Cuoc thi toan
Kanga- roo, quéc té), ITOT (Cudc thi toan gitra
cac thanh phé, Nga), . . . Diéu nay di tao cho
cac em hoc sinh nhiéu co hoi thi d4u va co xat.
Trong s6 cac ky thi vira néu, APMOPS la ki thi
c6é mat & Viét Nam sém nhit.

Olympic Toan hoc khu virc chau A - Thai Binh
Dwong danh cho hoc sinh Tiéu hoc va Trung
hoc co s& (tiéng Anh: Asia-Pacific Mathemat-
ical Olympiad for Primary Schools; viét tit 1a
APMOPS) la ky thi Toan hoc do Hoc vién Hwa
Chong (Singapore) t6 chirc hang nam véi sw
tham gia cda hoc sinh (Tiéu hoc va Trung hoc
co s&) dén tir cAc qudc gia va vung lanh tho
thudc khu virc chau A - Thai Binh Dwong. Ky
thi gobm hai vong va thi hoan toan bang tiéng
Anh. Vong M6t gom 30 bai toan véi yéu cau
chi ghi dap so, thoi gian lam bai la 120 phut.
Vong Hai gobm 6 bai toan tw luin, lam trong
120 phat. Nhitng thi sinh dat két qua vong
M6t cao nhit (théng thwong phai doat giai
Bach kim, giai cao nhat cia APMOPS) sé dworc
moi tham dy vong Hai tai Singapore. Cac thi
sinh tham dw vong Hai duorc tai trg toan bd
chi phi di lai, an 6.

APMOPS dwoc t6 chirc 1an dau tién vao nam
1990. Viét Nam bat dau tham gia APMOPS tir

Tran Nam Diing

nam 2009. Qua 8 lan tham duw, trir Ky thi dau
mang tinh thtr nghiém, cac hoc sinh Viét Nam
luén dat dwoc két qua tot tai cd hai vong thi,
luén dat du co s6 huy chwong & vong Mét va
ty 1€ hoc sinh lot vao Top 40 & vong Hai luén
dat mixc cao.

Cac bai toan vong Mot caia APMOPS khong qua
kho, nhwng doi hoi tw duy Toan hoc t6t, hiéu
tinh hudng va yéu ciu cta dé bai, giai quyét
nhanh chéng vin dé dit ra (trung binh 6
phit/mdt bai toan). O vong mét, thi sinh
khong can trinh bay 1o gidi, chi cin ghi dap s6
(va dap s6 sai tit nhién khong dwoc diém).
Cac dé Toan kha da dang vé kién thirc nén va
hip dan & cach phat biéu. Chinh vi diéu do,
hoc sinh sé rit hirng tha khi hoc tip, khi thi
thir va khi di thi. O vong Hai, mrc d6 kho sé
cao hon nhiéu va thi sinh sé phai lam 6 bai
toan tw luin (trinh bay day du loi giai) trong
vong 120 phut.

Véi chat lwong dé thi tot va on dinh qua cac
nam, APMOPS dwoc danh gia la ky thi uy tin
trong cac ky thi quoc té va khu vuc; cac hoc
sinh dwoc huy chwong APMOPS c6 thém wu
thé khi duw xét tuyén hoc bong. Nhiéu hoc sinh
doat huy chwong APMOPS sau nay tiép tuc gat
hai nhitng thanh céng & nhitng bic hoc tiép
theo.

Theo Diéu 1é ctia APMOPS, cac hoc sinh c6 tudi
dwéi 12 tinh dén ngay thi déu cé thé du thi. Vi
thé, cac hoc sinh 16p 6, thdm chi hoc sinh 16p 7
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(sinh sau thang 4) trong hé théng gido duc
Viét Nam déu c6 thé dw thi. Trweéc ndm 2015,
mot hoc sinh cé thé tham dw nhiéu lan (tai
Viét Nam c6 hoc sinh tham dw 2 14n va c3 hai
lan déu dat huy chwong Bach Kim), nhuwng ttr
nam 2015, Diéu 1& chi cho phép mbi hoc sinh
tham duw mot 1an.

Tai Viét Nam, APMOPS dwoc to chirc tai cac co
s& cua Tap doan gido duc qudc té Kinder
World Vietnam. Trwdc nam 2015, ky thi dwoc
td chirc song song tai 3 dia diém: Ha Néi, Pa
N&ng, Binh Duwong, nhung ké tir ndm 2015,
BTC Viét Nam da rut gon lai con mét dia diém
duy nhit tai trwong Quoc té€ Viét Nam
Singapore, Ciu Gidy, Ha Noi.

Cubi cung, ching t6i xin diém qua mot sé kién
thirc thwong dwoc st dung trong cac bai toan
thi APMOPS dé ban doc hinh dung, ciing nhw
gi¢i thiéu mot s6 bai toan hay trich tir cac dé
thi AP- MOPS qua cac ndm, dé chung ta cung
thw gidn tri tué. Cac mang kién thirc ham chira
trong cac bai todn thi bao gém: S6 hoc (s6
nguyén, phan s6), Pai s6 (ti sO phan tram, ty 1é
thudn, ty 1&é nghich, phwong trinh bac nhét),
Hinh hoc (dién tich cac hinh), Logic-1Q (quy
ludt day s6, day hinh), T6 hop (Nguyén ly
Dirichlet (con dwgc goi 1a Nguyén ly “chudng
va tho ”), cac bai toan dém don gian, xac suat
don gian).

bé tham du ki thi, hoc sinh can dwoc trang bi
nhitng suy luan logic can ban, rén luyén cam
nhan vé s6, ky nang phat hién quy luan, tw duy
quy nap (khong hoan toan); phan Hinh hoc,
can dwoc trang bi cong thirc tinh dién tich cac
hinh, can biét cach st dung phwong phap dién
tich dé tinh cac ty 1é, dinh ly Thales, dinh ly
Pythagore; . .. Ddc biét cin dwoc bd sung kién
thirc co ban va ky ndng giai cac bai todn dém
bang cach st dung cic quy tic dém (cdng,
nhan, trtt), st dung phwong phap liét ké
treong hop, biét cach str dung biéu do Venn,
nguyén ly “chuéng va tho” & mc don gian.
Hoc sinh ciing cin dwoc lam quen véi xac suit
& mirc do so cdp nhat cta khai niém nay (vi
duy, tung mdt con xuc xac can ddi, ddng chit
thi xac sudt ramat 61a 1/6).

Da s6 céc bai toan thi cia APMOPS la cac bai
toan v&i yéu ciu chi ghi dap s6 (dang toan
chirng minh chi c6 thé xuit hién & vong Hai);

dé giai nhanh va dung, cin nhirng suy luin
thong minh, nhitng cach m6 hinh hoa hop ly,
hon 1a k§ ndng tinh toan va bién doi tot. Dudi
diy la mot s6 bai toan, trich tir cac dé thi
APMOPS cac nam vira qua:

1. Duong kinh thing dirng cia mot hinh tron
dich sang phai 3cm, dwong kinh nam ngang
dich Ién trén 2cm nhw hinh vé dwéi day:

C

Hay tim hiéu dién tich phan gach chéo va dién
tich phan khdng gach cda hinh tron.

2. Cé & mot canh déng sé moc thém véi toc do
khong déi mdi ngay. 200 con clru sé an hét
déng co trong 100 ngay. 150 con ctlru sé an hét
déng co6 trong 150 ngay. Hoéi 100 con ciru sé
an hét dong cé trong bao nhiéu ngay?

3. Mdi canh ctia hinh ngii gidc ABCDE dugrc to
b&i mot trong 3 mau: do, vang va xanh. Héi c6
bao nhiéu cach t6 5 canh cda ngii giac sao cho
hai canh ké nhau khac mau?

4. C6 9 tAm bia, dwoc danh so tir 1 dén 9. Bon
nguoi A,B,C,D, mdi nguoi chon cho minh 2 tAm
bia.

A noéi: “Téng hai s6 cta tdi bang 6”.
B néi: “Hiéu hai s6 cia toi bang 5”.
C né6i: “Tich hai s6 ctia toi bang 18”.

D noi: “Mot trong hai s6 cua toi gidp doéi s6
kia”.

Héi tdm bia con lai c6 s6 nao?

5. Bon déi bong A,B,C va D thi dau trong mot
bang. Hai do6i bat ky dau v&i nhau dung mot
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tran. Trong mot tran, doi thang dwoc 3 diém,
doi thua dwoc 0 diém, con néu tran dau c6 két
cuc hoa thi méi déi dwoc 1 diém. Sau khi tit ca
cac tran diu két thic nguwoi ta nhan thay: (1)
tong di€m cda cac doila cac so 18 lién tiép ; (2)
D c6 tong diém cao nhit ; (3) A c6 ding hai
tran hoa, trong d6 c6 moét tran hoa véi C. Tim
tong diém ctia moi doi bong.

6. Tam giac vudng trong hinh vé sau day duoc
dit sao cho mdt canh géc vudng nam trén mot
dudng thang (vi tri (1)). N6 xoay quanh diém
A dé dén vi tri (2). Sau d6, n6 lai xoay quanh
diém B dén vi tri (3). Cudi cung, nd xoay
quanh diém C dé dén vi tri (4). Biét rang AP =
BP = CP = 10cm, tim tong chiéu dai dwong di
ma diém P di vé nén. (Liy = 3.14).

7. David mudn di tir lJdu 2 xuéng lau 1 & mot
trung tAm mua sdm. Néu anh 4y di xuéng 14
béc, khi st dung thang cudn, thi anh ay c6 thé
di tir trén xuong dwdi trong 30 gidy. Néu anh
dy di xu6ng 28 bac thi anh iy sé xudng dén
duwdi sau 20 gidy. Tinh s6 bic ctia thang cudn.

8. ABE va BCD la cac tam giac vudng. D nam
trén canh BE sao cho AE = ED = DC = 1cm va

DB = 2cm. Tinh géc ABC theo don vi db.
A

("

9. Trong hinh vé dwéi day, dién tich cta tam
gidc ABC bang 5cm? , AE = ED va BD = 2DC.
Hay tinh dién tich phan t6 dam.

A

D

10. Goi Sn 1a tong cac chir s6 clia s6 nguyén
dwong n, vidu S3 =3, S20 = 2 + 9 = 11. Hay tinh
tong S1 + S2 + S3 +-+ So10 + S2011.
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TRAM THIEN VAN

Thé nao 1a MOT NAM?

Thu phdn

Mait Trin
froag ndm

Xich dao trn

Dang chi

Hodng
dao

Thién cyre mam

Trwéc hét, hdy tim hiéu ngudn goc cia don vi
do thoi gian quen thudc la nam. Cling nhw cac
don vi dé tinh lich khac, ndm ciing c6 nguén
goc tw nhién trwéc khi dwoc con ngudi thé
ché hoéa vao lich & cic nén van hoéa khac nhau
trong lich s®. TAt nhién, mét ban hoc sinh
cling c6 thé tra 1o khai quat rang mot nam 1a
“thoi gian Trai Pt quay mot vong quanh Mat
Troi”. Nhwng moi chuyén khong don gian nhw
vay.

Néu nhin tir Trai Dat, Mat Troi di chuyén hét
mot vong trén Hoang dao twr Tay sang Pong
thi tirc 13 Trai P4t trong thuc té da quay hét
mot vong quanh Mat Troi. Khi Mat Troi tré lai
vi tri ban dau so vé&i nén sao trén thién ciu, thi
né két thuc mot chu ky goi la ndm sao, dai

Pham Vii Loc

Thién cyee bae

Din
e

Ha
chi

Xich i

Xudn pixin

365.25636 ngay (& day dung don vi ngay SI
dai 86,400 giay).

Tuy nhién, con ngwdi c6 y niém vé chu ky nam
lai bat ngudn tir nhan thic vé chu ky mua.
Ching ta da biét hién twong mua la do dia truc
nghiéng so v&i mit phing quy dao Trai DAt,
nén Xich dao troi nghiéng so véi Hoang dao
trén thién cau.

Mit Troi di chuyén trén Hoang dao trong mot
nam tir diém Xuin Phan (di 1én qua Xich dao
troi) téi Ha Chi (xa nhat trén Thién ciu Bic),
roi Thu Phan (di xuéng qua Xich dao troi), dén
Pong Chi (xa nhat trén Thién cidu Nam). Vi tri
cua Mat Tro&i trong tirng giai doan twong ng
véi cdc mua trén Trai Pit (xem hinh trén).
Néu chi nhw viy thi chu ky mua cling 1a ndm
sao. Tuy nhién, do lwc hdp dan chu yéu tir Mit
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Trang va Mt Troi, dia truc lac trong khong
gian tao thanh mét hinh nén, giéng nhw con
quay, v&i chu ky khoang 25.771 nam, goi la
hién twong tién déng (hinh dwdi).
Pia truc _-Thién cyc Bic
i ¥ A Chiéu tién dong
, Ty T /0 v cnadiatryue
g dm gl hon, Jof - " Chiéu ty quay
P / cua dia truc
Thién cau
va cdc
¥ 2.7 chom sao

=~_Tién dong cua
diém Xuédn Phéan

Do d6, Thién cwc Bic chay trén mot duong
tron, con Xich dao troi xoay trwot di so véi
Hoang dao, lam diém Xuin Phan ciling nhw ba
diém con lai chay trén Hoang dao véi cung
chu ky, theo chiéu tir Péng sang Tay, nguwoc
chiéu di cua Mat Troi. Hé qua 1a Mét Troi dén
diém Xudn Phin hang ndm s&m hon khoang
20 phut 24 gidy so véi nam sao. Nguoi ta goi
chu ky nay la nam xuan phan hay nam thoi
tiét, 1a co s& cia phép lam lich, dai trung binh
365.24219 ngay*. Vi hién twong nay xay ra rat
tlr tlr nén phai qua thoi gian dai, cac nén van
minh khac nhau méi lan lwot nhén ra lich tinh
theo nam sao bi sai so v&i thoi tiét, goi 1a hién
twong tué sai, va tim cach hiéu chinh lai lich.

Dwong lich ta dung hién nay la lich Gregory
(do gido hoang Gregory XIII ban b6 nam

1582) c6 d6 dai ndm ddan sw la 365.25 ngay.
Theo phép lich nay, c¢ 400 nam (146,097
ngay) la mot chu ky, ngay thang va thi trong
tuan lai tring nhau. Chia ra thi mé6i nim trung
binh dai 365.24250, da rat gin véi gia tri ndm
thoi tiét trung binh & trén, véi sai s6 1a thira 1
ngay sau hon 3000 nam.

Ngoai ra, con mot chu ky nam khac cling dang
cht y trong thién van hoc dé tinh chu ky nhét
thuwc va nguyét thuc (goi chung la thién thuc)
la ndm thién thwc. N6 duoc dinh nghia la chu
ky gitra hai lan Mat Troi di qua tiét diémt cda
Bach dao. Bach dao chinh la quy dao Mat
Trang quanh Trai DAt chiéu 1én thién cau,
nghiéng so v&i Hoang dao khoang 5.145 - . Khi
Mit Trang trén Bach dao téi gan Hoang dao
vao ldc triang non thi cé thé xay ra nhat thuc
va vao ldc trang ram thi c6 thé xay ra nguyét
thwc. Dwéi tdc dung cua lwc hdp dan tr Trai
bat, quy dao Mt Trang tién dong véi chu ky
6793.4765 ngay hay gin 18.6 nam lam hai tiét
diém cta n6 chay trén Hoang dao véi chiéu tir
Pong sang Tay, ngwoc chiéu di cia Mat Troi.
Nhw vay la nam thién thyc trung binh cling
ngin hon ndm sao va bang 346.62008 ngay*.

Trong vin héa An P9, hai tiét diém cia Mit
Trang 1én va xuéng so véi Hoang dao 1a hai
thién thé v6 hinh c6 kha nidng nuét Mat Tring
va Mat Troi, goi la Rahu va Ketu. Ching dwoc
truyén téi Trung Hoa va sau dé la Viét Nam
véi tén phién 4m lai 1a La Hau va K& Do, két
hop cung Mat Trang, Mat Troi va nam hanh
tinh, tao thanh Ctru Diéu trong chiém tinh hoc
phwong Dong.

*Po6 dai nam xudn phin khéng déu nhau vi trong khi téc do tién dong cua dia truc du cé thé coi la 6n dinh
(do chi xét 1 ndm trong chu ky 25.771 nam), thi téc d6 ctia Mt Troi trén Hoang dao lai khong déu vao cac
thoi diém khac nhau trong nidm, do quy dao Trai DAt 1a hinh elip nén quay quanh Mat Troi ldc nhanh ldc
chiam. Hét mot nam xuin phin, Mat Troi lai gap diém xuin phan di ngwoc lai nén tong quiang dwong ca hai
di dwgc 1a mot vong tron ven (ndm sao): ndm xuan phan trung binh + (nam xuan phan trung binh)/(chu
ky tién dong diém xuin phin) = ndm sao. T d6 tinh ra dwoc ndm xudn phan trung binh dai 365.24219
ngay, ngan hon nam sao khoang hon 20 phut.

1Tiét diém: Giao diém clia quy dao thién thé véi mat phang tham chiéu, & diy 1a mit phang
hoang dao.

+Twong tw véi cach tinh ndm xudn phan trung binh, & day diém xuin phan dwoc thay bang tiét
diém Mat Trang.
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QUAN TOAN

Tro choi SET va Toan hoc

Tro choi SET

Tro choi SET dwoc thiét ké bdi Marsha Falco
vao nam 1974 va dwoc xuit ban baéi cong ty
SET Enterprises vao nam 1991. Hién nay, tro
choi nay rat pho bién & Mi, cling nhw & mot sé
nwéc khac trén thé gidi.

Mot bo bai SET gdm cac 14 bai doi mot khac
nhau; trong mdi 14 bai:

- C6 ding mot trong ba loai hinh vé: hinh thoi,
hinh diu ng3, hinh con nhéng;

- Cac hinh vé c6 ding mot trong 3 mau: xanh,
do, tim;

- Phan trong cta cac hinh vé dwegc trinh bay
theo dung mot trong ba kiéu: d€ rong, to dic,
gach soc;

- S6 lwong cac hinh vé 1a 1, 2 hodc 3.

Nhw vay, moi 14 bai déu c6 4 yéu t6 ciu thanh:
loai hinh v& mau sic cta hinh v&, hoa tiét
phan trong cta hinh vé (dwdi day goi tat I1a
hoa tiét) va s6 lwgng hinh vé. Vi véi moi yéu
td ciu thanh déu c6 3 phwong an lwa chon nén
téng s6 14 bai cia mot bd bai SET bang 81 (=
34) (xem Hinh 1 dw¢i day).

Pham Nguyén Minh Dtrc* va D6 Thi Thu Thao**

o |00(000/ 0 00000 & Q8 222
¢ (60 600 8 060 0088 B AR B2
44 000 0 BOD RO D 1IN
00000/ 0 |00[000 @ |22 2R
¢ 04 000 0 BOR RO Y NI N
O 00 000 0 00000 3 Q3 228
¢ 06 000 0 00 608 ¥ 33 3%
¢ 00 400 0 DO BB 2 222N

Hinh 1: Tdt cd cdc ld bai cia mét bo bai SET.
Nguon: Internet

M6t bo ba 14 bai dwoc goi la mot SET néu &
modi yéu t6 ciu thanh (trong 4 yéu t6 néu
trén), ba 14 bai hodc la giong nhau hét hoic la
doi mot khac nhau.

YES YES
{-
-
-

N\ P g N
P ||~ oo ||~
<> o || o || -
S — \ J

NO

=/==]

\

Hinh 2: M6i b6 3 Id bai & hang trén la mot SET,
hang dwéi khéng la mét SET. Nguon: Internet
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note:
note:

O’ Hinh 2, ta thdy b6 ba 14 bai thit nhit (& hang
trén) la mét SET, vi ba 14 bai dé6 déi mot khac
nhau & moi yéu t6 ciu thanh. Bo ba 14 bai thi
hai & hang trén ciling la mét SET, vi ba 14 bai
d6 d6i mot khac nhau & hai yéu td, loai hinh
vé va hoa tiét, dong thoi ching hoan toan
giong nhau & hai yéu t6 con lai, mau sic va sd
lrong hinh vé. Bo ba 14 bai & hang dw¢i khong
phai 1a mot SET, vi & yéu t6 hoa tiét, ching
khong giéng nhau hoan toan, cling khong déi
mot khac nhau.

C6 nhiéu cach choi bo bai SET; cach pho bién
nhéit la: Khai cudc, ngwoi diéu hanh bay ra ban
12 14 bai, nhitng nguoi choi quan sat va néu ai
phat hién ra SET trong 12 la bai d6 thi 1ay SET
dy cho minh (trwong hop cé 2 hay nhiéu
nguoi hon cung nhin thiy mot SET, ai nhanh
tay hon nguoi dé sé 1ay dwoc). Giad str c6 k SET
(trong 12 14 bai ban dau) dwoc 14y di. Khi do,
nguoi diéu hanh sé bay ti€p ra ban 3k 14 bai
va nhitng nguwoi choi lai lam nhw vira mé ta.
Qua trinh c& thé dwoc 1dp lai cho t&i khi &
trén ban c6 12 14 bai nhung khong ngu¢i choi
nao liy di SET nao (do khéng c6 hoac do
nguwoi choi khong phat hién ra); lac nay,
nguoi diéu hanh sé lan lwot bay tiép ra ban
tirng bo 3 14 bai cho téi khi c6 nguoi choi lay
di cac SET; sau khi cac SET dwoc 1dy di, néu so
la bai c6 trén ban 1on hon 12 thi nguwoi diéu
hanh sé 1ap lai cac thao tac vira néu, con néu
s6 14 bai c6 trén ban nhdé hon 12 thi nguoi
diéu hanh sé bay b6 sung cac 14 bai méi sao
cho s0 14 bai c6 trén ban vira ding la 12. Cudc
choi ctt nhw thé tiép dién cho téi khi tit ca 81
14 bai da dwoc bay ra trén ban. Nguoi thang
trong cudc choi la nguoi 1y dwoc cho minh
nhiéu SET hon ca.

Twéng nhw SET chi la mét tro choi mang tinh
giai tri don thuan. Ay thé nhwng, nhitng nguoi
yéu Toan lai nhin thiy & tro choi nay rat
nhiéu vin dé toan hoc hay va tha vi; ttr nhirng
tinh chat, cAu héi xac suit, t6 hop don gian,
cho dén nhitng ciu héi héc bia lam khé bao
nhiéu nha todn hoc. Trong bai viét nay, ching
ta sé cung diém qua mot vai vian dé trong s6
4y, tir d& dén kho.

Mdt sd tinh chat toan hoc thu vi

Trong khuén khé bai viét nay, ching tdi xin
dwoc gidi thiéu 3 tinh chat toan hoc tha vi lién
quan dén tro choi SET.

Tinh chat 1: Néu chon ngiu nhién ba 14 bai
thi kha nang ba 14 bai nay tao thanh mdét SET
1

1a 79,

Tinh chat 2: S6 loai SET, ma ba 14 bai trong
moi SET d6i mot khac nhau & ding 3 yéu tg, 1a
nhiéu nhat.

Tinh chét 3: S6 14 bai t6i thiéu cin bay ra ban
dé dam bao ludn tim dwoc mot SET 14 21.

Trudéc khi doc ti€p, cac ban hiy thir tw minh
chirng minh nhitng tinh chit néu trén xem
sao. Tinh chat nao dé thiy va tinh chit nao
khong hién nhién chat nao? D€ chirng minh
Tinh chit 1, ban phai dé€ y rang v&i hai 14 bai
bat ki sé ton tai duy nhat mot 14 bai dé hop véi
hai 14 kia tao thanh mét SET. Do d6, tong s6
SET ¢6 trong bo bai bang s6 bo 2 14 bai phan
biét chia cho 3 (vi mdi bd 3 14 béé cgo3 lwa
1.

chon cho hai la bai “nguén”), trcla 6  SET.
Lay s0 nay chia cho tong sé bd 3 14 bai c6 thé
81.80.79
c6 (1a t6 hop chap 3 ctia 81 vabang 6
ta tim dwoc xac xuit dé 3 14 bai dwoc chon ra
1
ngiu nhién 1a mot SET chinh 13 79. Tir day ta
c6 thé tinh dwoc ki vong s6 SET trong 12 14
a
B Ci ~2.78
bai dwoc ldy ra ngau nhién la 79 ., va
nhiéu tinh chat khac lién quan téi xac suit.

Mat thém vai phut, cac ban cling c6 thé ching
minh dwoc Tinh chat 2. Ba 14 bai trong mét
SET c¢6 thé d6i mot khac nhau & mot, hai, ba
hodc ca bon yéu té cdu thanh. D€ dém s6 SET
ma ba 14 bai trong SET d6i mot khac nhau & ca
4 yéu to (vi du nhw bd ba 14 bai th& nhat &
Hinh 2), ta I4n lwot chon cac 14 bai: La bai thi
nhit c6 81 cach chon. L4 bai th hai, do khac
v&i 14 bai thi nhit & ca 4 yéu té nén chi cé 24
= 16 cach chon. L4 bai cuéi cung, theo phin
chirng minh & trén, chi c6 ding 1 cach chon.
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81.1.16

Nhu viy sé ¢c6 3! =216 SET thudc loai
nay. O' day ta phai chia cho 3! vi SET khéng
tinh dén thr tw chon cic 14 bai. Bang ly luan
twong tw, ta sé tim dwoc s6 SET ma ba 14 bai
trong SET d6i mot khac nhau & ding 3, 2, 1
yéu to, twong wng, la 432, 324, 108. Twr do6 suy
ra s6 SET ma ba 14 bai trong SET d6i mot khac
nhau & dung 3 yéu t6 la 16n nhat. Do d6, mét
chién thuat khi choi 1a nham téi viéc tim cac
SET ma ba 14 bai trong SET d6i mot khac nhau
& ding 3 yéu t0, sau dé téi doi mot khac nhau
& dang 2 yéu t6, vi khd nang xuit hién cla
ching lén hon ca.

Con Tinh chit 3 thi sao? Chung tdi tin chic
rang ban khong thé tim ra loi giai trong vong
vai phat. That vay, day 1a mot két qua kho, can
xét rat nhiéu trweong hop va ngudi ta tim ra
1 gidi nho vao sw hd tro ctia may tinh. Cau
héi hoc bda va tha vi nay 1a khéi dau cho rat
nhiéu nghién ctu todn hoc ma ching ta sé dé
cip & muc tiép theo.

M6 hinh toan hoc va két qua dot pha
gan day

Dé tim hiéu cac tinh chit cuaa tro choi SET, cac
nha to4an hoc di mé hinh héa tro choi bang
khong gian cta trwong hitu han, ki hiéu 1a F3,
gom 3 phan tk, ma ta cé thé tuwdng tuwong la
0,1,2. Ta c6 thé céng trir nhan chia cic phan ti
nay theo modulo 3. Vi du 2+1 = 0 va 2x2 = 1.
Khong gian bon chiéu cda trwong hiru han
nay, ki hiéu 1a F 3 4 12 m6t khéng gian ma moi
diém dwoc x4c dinh béi 4 toa do, mdi toa do 1a
mot phan tir trong F3 Bay gid ta c6 thé coi moi
14 bai trong tro choi SET la mot diém trong
khong gian nay, véi toa do thr nhat chi loai
hinh vé (0 = hinh thoi, 1= ddu ngi, 2 = con
nhong), toa do thir hai chi mau sic cta hinh vé
(0 = xanh, 1 = do, 2 = tim), toa do thir ba chi
hoa tiét (0 = rong, 1 = t6 dic, 2 = gach soc) va
toa do cudi cung chi s6 lwgng hinh vé (0 = 1
hinh, 1= 2 hinh, 2 = 3 hinh). Vi du: 14 bai dau
tién trong Hinh 2 1a diém (2, 1, 1, 2) vi hinh vé
l1a con nhong (2), mau doé (1), to dac (1) va co
3 hinh (2).

Trong mo hinh néu trén, ba la bai tao thanh
mot SET khi va chi khi ba diém twong ng véi
chung, gia st 1a (x1, x2, x3, x4),(y1, y2, y3, y4) va

(21,22,23,4) c6 tinh chit: x; + yi + zi = 0,i = 1,4.
That vay, do & mbi yéu t6 ciu thanh, ba 14 bai
tao thanh mét SET hodc giong nhau hoan toan
hodc do6i mot khac nhau nén (xi, yi ,zi) €
{(0,0,0),(1,1,1),(2,2,2),(0,1,2)},i = 1,4; tir day
hién nhién suy ra diéu vira néu. Ta goi 3 diém
c6 tinh chat nhw vay 1a phu thudc nhau, hoac
cting c6 thé néi chung thing hang véi nhau

trong khong gian Ff Nhuw thé, mot SET chinh
12 mot dudng thiang, hay mét tip phu thudc.
Khéi niém thing hang & day phai dwoc hiéu
theo nghia rong hon trong hinh hoc Euclid
théng thwong, tuy nhién cling ¢ nhiéu diém
twong déng véi khai niém thang hang trong
hinh hoc Euclid. Vi du nhw trong hinh hoc
Euclid, néu ta xét cic diém trong hé toa do
Descartes thi ba diém c6 téng cac toa do bang
0 sé& thang hang véi nhau. Vi du khac 13, qua
hai diém bAt ki ton tai ding mot duwong thang
chira ca hai di€ém; twong rng v&i no, tir hai 14
bai bat ki ta sé tim dwoc ding mét SET. Day
chinh 1a nhin xét quan trong dé tim ra Tinh
chat 1.

Nhw da dé cip & muc trwéc, mot trong nhirng
cau hoi héc bua va nhan dwoc nhiéu sy quan
tdm nhat la so 14 bai nhiéu nhat sao cho trong
dé khong c6 mot SET nao hét. Cau hoi nay
twong &ng v&i viéc tim kich c& 16n nhat cia

F4

mot tAp cac diém trong khong gian ~ 3 sao cho
khong c6 3 diém nao thang hang. Ta goi mot
tap nhuw thé 1a tip doc 1ap (cap set). Ta cé thé
m¢ rong khai niém nay cho khéng gian n

v T’I - \ A N = A 7
chiéu ~ 3 v&i n 1a mot s6 tw nhién 1é6n hon 1.
Ta ki hiéu s6 phan tir 1én nhit ctia mot tip doc

w7
1ap trong “3 12 rn. Gid tri nay c6 thé dwoc tinh
truc tiép cho cac s6 n nhé nho su tro giup cua
may tinh. Vi du nhw r4 = 21 theo Tinh chét 3.
Vi viéc tinh gia tri chinh xac cua r» 1a vo cung
kh6 nén diéu ma cac nha toan hoc quan tim
hon ca la sy tang trwdng cua ry theo n.

Liéu ta c6 thé c6 ra > ¢3", v&i ¢ 1a mot hang s6
nao dé khéng? No6i mot cach khac, liéu ¢ ton
tai mot tip doc 14p vGi sO6 phan ti ti 1& véi
mn
tong s6 diém trong khong gian 23 hay khong?
Ttwr 1au, cac nha toan hoc da chitng minh dwoc
diéu nay 1a khong thé. Bang cach sir dung giai
tich diéu hoa, vao nam 1985 Meshulam da
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~2Nn
. . 'n < ‘i 2. Ne w
chirng minh dwoc n . Phai mat gan 30
nam sau, nam 2012, Bateman v':‘:l Katz méi tim
L mESS

ra mot két qua tét hon n't€ vdiela mot
s6 dwong nho tuy y. Tuy khong tét hon la
mdiy, ddy da dwoc coi la mot bwéc tién dang
ké, va chirng minh ctia n6 kha phirc tap, dai
mdy chuc trang.

Thang 5 nam 2016, mot bwéc dot pha trong
bai toan nay lam bat ngo cong dong toan hoc.
Ngay 5 thang 5 nam 2016, Croot, Lev va Pach
da dang tai trén arXiv (thw vién mé cua dai
hoc Cornell, noi lwu trit rat nhiéu bai bdo toan
va cdc mon khoa hoc khac) mét bai bao vé
mot bai toan twong tw. Bai bao ngay lap titc
thu hut sy chd y cia nhiéu nha toan hoc trong
linh vwc nay. Chi sau dé vai ngay, dwa vao mot
bé dé quan trong trong bai bdo nay, hai nha
toan hoc Jordan S. Ellenberg va Dion Gijswijt
doc lap chirng minh dwoc rn = 0(2.756") (theo
5), c6 nghia la mot tap ddc lap phai c6 it hon
37 phin t& rit nhiéu. Cac ban cé thé thir mét
vai gid tri cia n dé thidy dwoc 2.756" ting
3"

trwedng chdm hon 7 nhiéu thé nao. Piéu bat
ngo nhit la chirng minh nay chi von ven trong
2 trang gidy va khong st dung bat ki kién thic
cao siéu nao. Cong cu chinh la dai sé tuyén
tinh, mot chat kién thirc vé da thirc va xac suit
ngau nhién, ma bat ki sinh vién nim dau dai
hoc nao ciing c6 thé hiéu dwgc. V&i sitc manh
cua Internet, tin t&rc nhanh chéng lan truyén
trong cdng dong toan hoc. Mot loat blog toan
noi tiéng nhw blog cta Terrence Tao, Tim
Gowers, Gil Kalai, Jordan Ellenberg... da dwa
tin vé chirng minh mé&i nay. Chi sau hai tuan,
trén arXiv xuit hién mot loat cac bai bdo mai
vé viéc stt dung ki thuat mai nay dé giai quyét
cac bai toan khac, nhw gid thuyét hoa huwéng
dwong ctia Erdos-Szemerédi, mét bai todn noi
tiéng trong ly" thuyét tap hop vé mot ho tip
hop giao nhau theo hinh hoa huwéng dwong
(xem [4]). Ki thuat mé&i nay cling dwgc dung
dé loai bd mot cach hiéu qua mot thuit toan
nhan ma tran (xem [1]). Nhw t& bdo Quanta

Magazine di viét, chirng minh nay lam bang
hoang cac nha toan hoc (xem [5]).

Toan hoc con rit nhiéu nhirng diéu ki diéu
dang cho ta kham pha. La mot nghién ctru
sinh, dé6i khi toéi (D6 Thi Thu Thao) cam thiy
choang ngop vé suw phat trién chéng mat cua
Toan hoc, khi ma dé hiéu dwoc mot bai toan
hay két qua nghién ctru nao do6, ta phai doc rat
nhiéu két qua truwdc day, phai hoc di nhirng
kién thirc nay no. Chitng minh cta bai todn
tdp doc lap (the cap set prob- lem) la mot
minh chirng hiing hon ring dau day van cé
nhitng chitng minh dep va so cip dang cho ta
kham pha.

Cuoi cung, cic tac gia ctia bai viét nay xin chan
thanh cam on cac thanh vién Trai he MaSSP,
dac biét 1a ban H6 DPic (Pai hoc Chicago), vé
sw giup d&, vé nhirng gép y quy bau cho viéc
hoan thanh bai viét.
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SO nha

Thay Nam bo ra san, tinh tinh todn toan, Tuin
hoi:

- Bdo dén dén nang di shopping co ma, sao
con ngbi day?

Nam vo dau, bt tai, tra loi:

Minh hoa: Tudn Linh

- Lan trwdc ghi s6 nha nang vao dién thoai, 1&
tay x6a mat, gio khong nhé, ma nang lai méi
mat dién thoai, hen hdm nay cung di mua, nén
khong goi hoi duorc.

- Sao tim s6 nha ma lai tinh todn gi nhiéu thé?
Pi thic méc.

- Cha 1a thé nay, lan trwedc dén nha nang, nang
chwa vé nén ngo6i ndi chuyén véi bé nang.
Pang khong biét ndi gi, thay cé tiéng tré con
no dua ngoai vuedn, té hoéi: “Tré con choi ngoai
kia l1a chau ctia nha minh hét a?”. B6 nang ndéi:
“Cau cr dua, lwong day toan dau du nuoi
nhiéu con chau thé!”. Thiy bi hé, t& g gac:
“Thé cac anh chi nha minh dwoc may chau roi
a?”. La mot gido vién day chuyén Toan nén bo
nang da tra loi thé nay: “So véi ba nha xung
quanh (nha 6ng An, nha 6ng Hung, nha 6ng
Lam), s6 chau nha t6i nhiéu nhat, r6i dén nha
ong An, dén nha 6ng Hung, con nha éng LAm
c6 it nhit. Ca thiy c6 khéng dén 18 dira tré va
tich ctia s6 d&a tré trong bon gia dinh ding
bang s& nha ciia nha t6i, ma ciu da nhin thiy
khi vao nha”. Hom dé, tinh toan mot ldc, dé
xac dinh s8 tré ctia mdi nha, té phai hdi thém
la c6 phai nha 6ng LAm c6 it nhat 2 dra tré

Phan Thanh Hong va Nguyén Thi Nhung

khong. Khi b6 nang trad 101 xong, t& di noi
chinh xac so tré cla tirng nha. B6 nang cé vé
hai 1ong 13m, nén sau lan d6 thai do clia nang
khéac han. Gio dang ngbi tinh dé suy lai s6 nha
nang, ma chwa ra.

Tuin nghe xong, lién twoi cwoi bdo Nam:

- Néu t& giup ciu tim ra s6 nha nang thi ciu
tinh sao?

Nam mirng qua, bao: “Cau lam on tinh giup di,
muén gi té cling xin hiu ta”.

- Ok, khong doi gi nhiéu. Ty dwa nang vé, qua
nha sach Mu Hoa mua cho t& to Pi la duoc.

- Twéng gi, chuyén nho. Mua cho 10 td ludn,
hém trwéc di qua thdy & d6 dang treo bién
“Gidm gia hét c6” ma.

Cac ban nhanh tay tinh s6 nha dé dwoc ting
nhiéu bo Pi “trong mua giam gia” nao.

Giai dap bai: Lo Lem va di ghé
(Xem Tap chi Pis6é 1 Tap 1 nam 2017)

DA t&i gir “dong cra” ma van chwa thiy ban
nao gwi loi khuyén cho Lo Lem nén Cha quan
danh alo hoéi Pi vay.

Minh hoa: Linh Rab

Pi da bay cho Lo Lem cach biét td nao dung gi
chi bang mét ldn mé khéa! Van dé 1a & chd Lo
Lem c6 thong tin tdt cd cdc tu dang bi ddn sai
nhdn. Pi bao Lo Lem mé& mot ngan tuy y cda tu
c6 dan nhan “Hat dé + D6 den”. Gia st ngin dé
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dung dé den (trwong hop dung hat dé duoc
suy ludn twong tw). Khi d6 sé biét ngay ngin
con lai trong ti nay ciing l1a dé den, vi néu
nguoc lai thi td nay dwoc dan nhan dang. Nhw
vy da tim dwoc ti c6 hai ngan déu dung do
den. Ttr d6 suy ra dwoc luén ti c6 dan nhan

“Hat dé” 1a td c6 mot ngin dung db den, mot
ngan dwng hat dé, vi ti nay khéng thé c6 hai
ngin déu dung do den, do ti c6 hai ngin do
den di vira tim dwoc roi. Ta con lai hién nhién
1a ta c6 hai ngan dwng toan hat dé.

Chua quan
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TOAN CUA BI

fi,

Que tinh va cac con sd, phép tinh

Ching ta da quen thudc véi cac chir s6 0, 1, 2,
3,4,5,6,7, 8,9 duoc tao nén tir cac nét cong.
Tuy nhién, chit s6 dién t&r xuit hién & khip
moi noi (trén bang hiéu quang cdo, déng ho
bao tin hiéu giao thong, may tinh bé tdi, dong
ho dién t, may dém nguwoc thoi gian,. . . ) lai
dwoc tao nén tir cac doan thang!

" AEH500
1685
8bE300

Trong bai viét nay, moi cac ban thi strc voi
mot vai ciu dé vé cac con so (so dién ti, s6 La
M3) dwoc xép bang cic que tinh. Truéc tién,
ching ta can théng nhit véi nhau vé quy tac
x&p cac s6 A-Rap bing cac que tinh:

-Cacs6 0, 2,4,5,6,7, 8va9 duoc xép theo
mau sau:

Vii Anh Tuin

el H | | L [Hf

L 0
- Puoc phép xép cac s6 1 va 3 theo cac mau
sau:

- Trong mét phép tinh, trong mdt s6 thi cac
chir s6 phai c6 chiéu cao twong dwong nhau,
phai dwoc x€p cung mot ki€u. Ching han,
khong dwoc xép s6 41 nhw hinh dwdi day:

H

Duéi day, ching ta cung xem xét mot so bai
tap, cac ban nhé.

Bai 1:

a) V&i 3 que tinh ban c6 thé xép dwgc nhirng
s6 nao? SO 1é6n nhat xép dwoc la bao nhiéu?

b) C6 5 que tinh, ban c6 thé xép dwoc so 1én
nhit trong hé thip phan la mwoi mot nghin
mot tram mwoi mot (11111). P6 ban, trong
cac s6 x€p dwoc, s6 16n nhit trong pham vi
100 1a s6 nao?
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Tra loi:

a) V&i 3 que tinh ta c6 thé xép dwgc nhiéu so.
Chiing ta c6 thé xép dwoc cac s6 A-Rap: bay,
mot tram muwdi mot, va mot loat cac so La Ma:
ba, bon, sau, chin, mwdi mot, mot tram.

|
I

Hinh 1: S6 bdy va s6 mét trdam mwoi mdt trong
hé thap phan.

|| il

Hinh 2: Cdc sé La Mad: ba, bén, sdu.

e ——————————

‘/ M L

Hinh 3: Cdc s6 La Ma: chin, mwoi mét, mot
tram.

T d6, s6 1én nhat ma tac gia da xép ra dwoc
la moOt tram mwoi mot (trong hé thap phan).

b) V&i 5 que tinh, cic s6 (trong hé thip phan)
trong pham vi 100 c6 thé xép dwoc la: 2; 5;
10; 13; 17; 31; 71. Do d6, s6 16n nhit trong
pham vi 100 c6 thé xép dwgcla 71.

Bai 2: Cho phép tinh sai dwgc xép bdi cac que
tinh:

Chi di chuyén 1 que tinh, hdy lam cho phép
tinh trén tré thanh phép tinh ding.
Hwéng dan:

Véi bai toan nay, cac kha nang thay doi ma
chung ta c6 thé nghi dén gdbm:

- Thay d6i phép toan;

- Thay d6i vi tri ddu bang;

- Thay d6i cac con sé.

Két hop nhitng diéu trén véi leu y rang, sé 9
c6 thé bo di mot nét dé€ thanh s6 5 va sd 5 ¢b
thé thém vao mot nét dé tré thanh so 6, tim ta
ra cach chuyén 1 que tinh dé cé6 dwoc phép
tinh ddng nhw sau:

Cau d6 cho cac ban:

1) Cho phép tinh sai:

Di chuyén dung hai que tinh, hdy lam phép
tinh trén tré thanh phép tinh ding.

2) Xép s6 351 theo hinh dwéi day:

Bang cach di chuyén dung hai que tinh, hay
tao ra sd 1én nhat co thé.

3) Chi di chuyén mot que tinh, hdy lam cho
phép tinh v&i cac s6 La Ma sau tré thanh phép
tinh dung:

Di chuyén dung 3 que tinh, hdy lam phép tinh
trén tr¢ thanh phép tinh ding.

5) D4u xép phép tinh:
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Phép tinh trén la mot phép tinh sai. Ddu dé
Than di chuyén mét que tinh dé c6 dwoc mét
phép tinh ding. Than nghi mai chwa ra, ban cé
thé gitp Than?

Gidi dap cau d6 trong bai “Que tinh ki
diéu”
(Xem Tap chi Pis6 1 Tap 1 nam 2017)

1) Néu s6 que tinh it hon 3, khong thé xép
duwoc tam gidc. Néu s6 que tinh bang 3, xép
dwoc dung 1 tam giac.

Trwong hop c6 4 que tinh, c6 thé xé€p dwoc 4
tam giac; chang han, nhw hinh dwéi day:

Vay, can it nhat 4 que tinh dé co6 thé xép dwoc
sO tam gidc bang vdi sd que tinh.
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THE LE GU'I BAI

. Bai gri email dén bbt@pi.edu.vn cin ghi ré & Cha
dé (Subject) ctia email: Loi gidi cia bai toan nao; Bai toan
dé xult; Bai viét cho chuyén muc gi; hodc Bai viét khéng
theo chuyén muc nao.

. Trén trang dau ban thao tirng bai toan, bai viét cin
ghi r6 ho tén tac gia, dia chi thw tin, email va sé dién thoai
dé tién lién hé.

. Cac bai todn dé xuit can kém theo 101 gidi va goi y
trude vé khoi 1¢p. Ban dich hay swu tdm can ghi rd nguon.

e Ban thdo gii theo email véi dinh dang latex hodc
word, cung v¢i file dinh dang pdf.

e  Tap chi chi nhan nhitng bai chwa dang trén bao trong
va ngoai nuéec.

DIA CHi GU'I BAI
. Qua email: bbt@pi.edu.vn

. Qua bwu dién dén:

Toa soan Tap chi Pi

P705 - B8, Tang 7, Toa nha Thw vién Ta Quang Biru,
Trudng Pai hoc Bach khoa Ha N,

S6 1 Dai C6 Viét, Q. Hai Ba Trung Ha Noi.

THE LE DAT BAO

Ban doc quan tdm c6 thé dat bao theo mot trong cac hinh
thirc sau:

. Pat tai tat ca cac bwu cuc trong ca nwérc. M cla
Tap chi Pila CO57.
. bat tai website www.pi.edu.vn: chon nut bat tap

chi va lam theo hwéng dan.

. Poi véi Toa soan gki email dén dia chi
info@pi.edu.vn va dién vao form trén thw tra loi cia Toa
soan. Thanh toan vao tai khoan cta Tap chi Pi:

Tai khoan s8: 0851000012293

Ngan hang Vietcombank

Chi nhanh Dich vu khach hang dac biét

(trong ndi dung chuyén tién can ghi rd ho tén, dién thoai ngudi chuyén)

Sau khi thanh todn xong glti email d&n Toa soan dé& dwgc xac nhan.

e  Dat mua ban dién tk tai Alezaa.com
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http://alezaa.com/

BAN BIEN TAP

Ha Huy Khodi (Tong Bién tip)

Tran Nam Diing (Phé Tong Bién tip)
Nguyén Thi Lé Hwong (Thw ky Toa soan)
Nguyén Khic Minh (Trwéng ban Bién tap)

Ngd Bao Chau, Pham Huy Pién, Nguyén Thanh Nam, Tran Vin Nhung,
Nguyén Duy Thai Son, Chu CAm Tho, Ngo Viét Trung, Vii Ha Vin,
Nguyén Ai Viét, Lé Anh Vinh.

CONG TAC VIEN THUONG XUYEN

Ha Vii Anh, V6 Quéc Ba Can, Pham Ngoc Diép, Lwu Thi Thanh Ha, Tran
Minh Hién, Phan Thanh Hong, Tran Quang Hung, Ha Duy Hung, Pau
Hoang Hung, Nguyén Van Huyén, Vii Thé Khoi, Nguyén Duy Lién, Pham
Vi Loc, Tran Qudc Luat, Kidu Dinh Minh, Nguyén Thi Nhung, Pang Vin
Son, P6 Hoang Son, Lé Xuan Son, Lwu B4 Thing, Pao Manh Thang,
Nguyén T4t Thu.

TOA SOAN

Tang 7 Thw vién Ta Quang Btru, Trirong Pai hoc Bach khoa Ha Noi
Puwong Pai C6 Viét, P. BAch khoa, Quian Hai Ba Truwng, Ha N6i
Email giri bai: bbt@pi.edu.vn. Giao dich: info@pi.edu.vn

bién thoai: 04.3215.1407 Fax: 04.3623.1543

Website: www.pi.edu.vn

Ché ban: Lé Qudc Tudn, Tran Minh TAm
Po6 hoa: Nguyén Tran, Poan Xuan Truong
Anh bia 1: Lé Vin Thiém

(Nguon: Vién Todn hoc)

Gidy phép s6 484/GP-BTTTT ngay 25.10.2016
In tai: Céng ty CO phan In Ha Noi

Tap chi ra hang thang

Gia: 25.000 dong
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Pé cung nhau trao doi nhe nhang va ngan gon nhimg suy nghi cla
ban vé Toan hoc, Tap chi Pi m& cudc thi “Toi & Toan hoc”, véi thé 1é
nhu sau:

1. Noi dung Viét vé “Toi & Toan hoc": tai sao ban yéu Toan, tai sao khong yéu Toan, tai sao s¢
Todn, Toan cé ich gi cho ban,....

2. Hinh thire: bai viét khong qua 700 chir (khoang 1 trang A4, c6 chir 12).
3. Bai gUii vé: BBT@pi.edu.vn. Subject: Bai dy thi “Toi & Toan hoc”.

4. Théi gian nhan bai: tir14/3 dén 22/7, nam 2017
(luu y: 14/3 hang nam dugc lay lam “Pi day’, do viét la 3,14; con 22/7 chinh 12 gia tri gan dung cua
s6 n da dugc biét dén tir lau).

5. Bai durthi hop I&: tuan thu ding nhimg quy dinh néu trén (vé do dai, thoi gian g, dia chi
gun, subject thu), cé ghi ro Tén ngudi du thi, dia chi lién hé, noi hoc tap, lam viéc, nam sinh.

6. Bai viét co chat lugng sé dugc dang trén Tap chi Pi.

Ban Giam khao:

7. Giai thutng: Chia thanh 4 d6i tugng: - Ngé Bao Chau

* Tiéu hoc * Ha Huy Khodi,
* THCS * Nguyén Ai Viét
- THPT -
* Khac

Trong moi déi tugng co:
« 01 giai nhat: moi giai gom 01 nam bao Pi + 10 Pi tiéen mat
* 02 giai nhi, moi giai gom 01 nam bao Pi + 7 Pi tién mat

* 03 giai ba, moi giai gom 01 nam bao Pi + 3 Pi tién mat

* 10 giai khuyén khich, mai gidi gom 01 nam bao Pi.

Ghi chu: 1 Pi tién mat bang 314.159 dong.
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